



































































































































Topic 2.7 Pdf of Y g X

we do 4 things in this class

Build models

counting allelementsequally likely
conditional events with the Theoremof total prob

any gtx o that is piecewisecontinnons
with

finite integra
common pdfs and pmfs

given fxix and Y g x find fyly

Compute probabilities for a given model

Axioms of probability

pmf pdf cdf

Learn

Bayes Rule
conditioning event C contains RV

chop and scale

compute summary statistics

expected value variance moments
conditional mean conditional variance



PDFofafnnoti chapter 4.5

i e given X and its pdf 5 1 1
and given y g x what is fy ly

Recall Y is a random variable

with respect to ig mcm
can beconsidered to be comptabilitiesthIthepurposeofcreatingpwbabilitymodet

why is this useful
characterize the output of a system
if you know the functional form of the

system and know the PDF of the input

have a good probability
model for X

but want to know about y

ex measure V I compute power

glX
progressively harder problems

PL g Lx E y for a specific value y

F y ly for all values of y

f y ly
4



Some useful functions

y ax b linear
y x quantize

y X n Y Fx z X Qu quantization
error

y IN

y Ix
Y log X

Y sin x

notifier
O X co y

ta

limiter

4 fax a s
a x a

1 t a

methods
1 General case always works

a 2 step process to find
a Fy ly and then

b fy ly
2 specific cases short cuts only relevant

a g x is linear y aX b
sometimes

b glx is monotonically increasing
decreasing

and differentiable
c GLX has flat parts



E thru progressively harder problems

Y Tx x is uniform between o I

a what's ELY
ELY Fx f Lx dy ft dx

don't need to compute pdf of Y

b whats pl Y e't y k

ply e k Phi e k p x e EI

Pl X E 14 14
transform event in y into an event in X

c generalize what's Plyey ie whats Fyly
what ranges of y are relevant
Look at both g x and fix any specialise

YEI TX is undefined
te ko

so y so is special

AND fxlX is nonzero
for 0 Exel only soHH

Tf
y

y al is also special

so to compute pcyc.gl we need to consider 3 regions

yao of yet icy



Case1 y O

pl Y e y 0 if y so cannot happen

case 2 y I Y d

f
ply c y P RED ft't

m y

p X EyY

L if y I

case 3 0 Ey El

ply Ey perxey PL X E y

T dy XP y

fyH fgyI I
d what's fyly check is Fy ly continuous

fy ly
dt
yY Ey Yo yet fy yO y I z

Recall X was uniform
check doespdfhavearea 1 I



How do you know if your answer iscorrect

fo fyly dy I

It is a function of y not x

You have found the answer for

every value of y

You have substituted the
relevant

f lx or Fx tx

See if your answer makes sense in

a small region

common mistakes to avoid

if 4 112 Fy ly Fx x
2

if y Xl fy ly fx 4
2

Neither are correct



The method of finding Fy ly and differentiating

to get fy ly always works
we can use it to compute a shortcut for when

g X is linear

Example 4.31 Y is a linear function of X

Y aX b when a to

whats Fy ly and fy ly
2 step process find Fy ly and differentiate to

get fyly

Fy ly PLY Ey PlaX b E y

2 casts from here a O and a L O

case1 a 0

Fy ly pL X E Kab Fx Kab

case 2 i a LO

Fy ly P LX Ha I Fx Kab

for a continuous RV

next



whats fy ly dt y g
dy

use the
easel a 0 fy ly Fy Fx Iab chain rule

f Kab day Iab
bee below

fx Iba ta

case 2 aco fy ly Fy 1 Fx Iba

f Iab Fy I t

fx ET I

combine.me
inearshortcutfylyIta Fx Kab for all ato

whenY aX

Recall the chain rule

9 gz x g galxD gilx

so day Fx gel x fx gd x 4921 1



Example of the linear
shortcut

f lx
5 OE XE

foelse
y glX I

sx
a X lb where aisle

b 1

then fyiyj s.IT f 7

substitute when oeT t 45

then fy ly 5 2

and zero otherwise

Simplify the condition of ytle't

fyly 2 i ey y
YE Yz

0 else
f

2

fyly

Fretted y



A linear function of a Gaussian RV
is also a Gaussian RV

X NN M o't
y a Xtb

fix exp f txt
fyly ta f Kab sinheoarrtout

fat expf K 1
retold exp 193172

Y N N qutb a o

This makes sense E aXtb aECxItb aµtb
Var aXtb a VarCA a 262

EX X n v ly o

2 Xi
Z n N lo 1 standard

normal



Derived RVs y g x are often mixed RVs

E nimR 3
and Y min X D X KI gipper

I 1131
what is the pdf of y

fxlxAnswer
1

f x I OEXEZ

0
else

X o X CO

F ex fx't dt
xg2 offOO

y

Fyly PLYEy
91
11 slope o

what

intervals

of y
Qfferesting

x

case yal or
if glx has

O



Case 1 yet
we can apply the

linear shortcut

fyly fx y
k dy I

O ya 0

or do it out

Fy ly PLY e g Plxey Fx ly

case 3 y I

Fyly PLY E y L

fy ly 0

case 2 y I

Fyly PLY El

sketch

5
E'D

91 ya

1

Differentiating fyly

fy ly
fxly yet

in a 42

12081g de y
A mixed RV



An intuitive approach to the previous problem

fxlx
Ya r P X l I Fx i

i

0 I 2 X

gtx
groped

2 X

f maee values
region doesn't of in this range
change to 1 delta function
PDF

with area PCX 1

fy ly

Yy 19

I

0 I



Another special case aka shortcut

if Y glX gl is a differentiable and
monotonic function

then we can directly compute fyly from f hD
without computing Fyly

Monotonic
increasing glx glxz Grall X Ch

decreasing gtx gtx for all x c Xc

Amonotonic function can be inverted

y glx x hly
glhly y

ex y glx explx hly ta buy for a to
ex y ax b hly Iab for a.to

monotonic shortcut

mfm fi iIfar nan
and recall fxl f h ye



Let's verify this is true when glx is monotonically
increasing

Use 2 step process

Fyly pl g X EY PIX Ehly tI h

differentiate w r't y using the chain rule

fyly f hug tho
To put this in the form

d

above using gix directly
differentiate both sides of y glhly

I IT 941yd dhady

d glx dhly since hly Y
DX dy

so dhly
Jd dIx

DX

Add the absolute value which will include the

case where glx is monotonically decreasing

toqetbutdjntfr9
fyly

fx Cx
this needs to

d9d I be expressed in

when glx monotonic differentiable terms of g



Application of the monotonic shortcut

Y glx tix and X is uniform 0,1

X YZ h Y this is the same

example as above
We shared get the

same answer
dot t
dy 2Fx f tx

fyly
t xelo I

1441 L o else

But this is not in
terms of y so we are not done

fyly 2 Fy f ly y E Lo I

else
0

good this
29 when ye 6,13 Yangtze
0 else



simulating a RV on a computer

X r and l u X E o I

uniformly distributed
X is actually discrete

with say 2 values
generater pseudorandomly

a good approximation to a continuous RV

Tuppose we want Z H have a CDF Fztz

what 2 g x will create a

RV Z with the proper CDF

Answer If g x Fz z then Z has

the desired CDF

as long as glx is a monotonic function
and Fz z is invertible

proof Fz z pl z e z P g X E z

pl X E g z Fx g Cz

g z in the desired range
since X is uniform
so Fx x x in the

Fz z
desired range



Some of the common continuous RVs are

functions of other common RVs

Cauchy RV 0 is uniform f Iz Iz
Y tan 0 is Cauchy

Chi squared RV X is Gaussian

Y X is Chi square

log normal RV
X is Gaussian

Y exp X is log normal



Deriving the Cauchy distribution
Given

y tan where 0 is uniformly distributed

on f Ia E
what's the pdf of Y answer the Cauchy

distribution

slept express fold fold

fold H Ecott
o else ITI Th O

step 2 find Folo

Foto
µ

Hat O.EE
2cocitkOzT

zstep3Fyly PCyeyJ p tanOEy
PCOEtan y Fo tan y
tan y 4 2

Ty
in region of vinterest

Note by substituting here w Fo O we can avoid
chain

rule
step4 fyly ELIN Fyi IE yD

y



Review
You can always apply the 2 step process

Fx Cx Fy ly find this 1St

Fy ly goal

substitute eitherwww.Ewoutrthfes the
math easier

Howlysolve
1 can you apply one of the short cuts

linear glx
any flat spots in g x

monotonic differentiable g x

2 Find Fy ly PLY Ey
identify distinct regions for various

values y
these regions depend on gtx and fx x

manipulate ye y into the same event

but expressed using X not Y
substitute Fx x here if it simplifies computatsin

and substitute to eliminate x

3 Differentiate Fy ly to get fy ly
apply chain rule if necessary
substitute f lx here if needed


