
 

Topic 2.3 Moments

we do 4 things in this class

Build models

counting when all elements of discrete

sample space are equally likely
conditional events

any gtx o that is piecewisecontinnons
with

finite integral

Compute probabilities for a given model

Axioms of probability

pmf pdf cdf

Learn

Bayes Rule

compute summary statistics

expected value variance moments



Topic 3 moments of RVs chapter 3.3 and 4 3

Once we know p lx f Ix or Fx x we

know everything about the probability
model for the RV X

But it may take a lot of detail to convey

Sometimes we just care about summary information

minimum
maximum
mean
mode most common value
median middle half of experiments

percentile quartile will have an outcome

standard deviation
larger than the median

variance
nth moments

Expected value mean a real number

thx M E x
even if X is discrete

ELN E x p lx for discrete X
X CSx when Sx X Xz
00

ELX fx fxhddx for continuous X
OO

Defined only if this sum or integral converges absolutely



Examples discrete RV

Bernoulli RV p lxj
l p x o

p 21 1

ELN xp lx
XEsx

o l p l p p

Uniform Discrete RV

Px x Im for each xESx

Suppose Sx o l M l

EH
s
xPxlx o tm t l tm t i M Dtm

In Eiji In MIME EL

Note if M is even say M 6 then

ELN GI Sz This is ok even

though Etx is not

a member of Sx



Examples discrete Rv

The 3 game series alternating home andaway

X times team C wins

y games the teams play

p l p x 0

Px Ix
peu p t l pp K

pll p tp3 c lap p 21 2

Py ly 2pct p y 2

I 2pct p y 3

EL X X Pdx
XES

o.pl l p I P2 l p t l p13

21pct p e p d p p

p p3 t l 3p 3p2 p
3 Zp Zp 2

2ps Zp 4 p 2p3
2ps Zp p 11 if I did the math right

ELY YES Y Pyly 212pct pl t 3ft 2pct

4pct p 6pct p 13 3 2pct p



Examples continuous RV

continuous uniform RV section 4 4.1

Auniform RV in the interval a b has PDF

f lx Yao a a Ex Eb

0 else

EH fjxf tx dx fabEa DX

X
b b 2 a

fx
la I btza if a

a
a b
Efx

btza the middle

Intuitively E X is the balance point
the center of mass



Examples continuous Rv

Exponential RV
x

fxlx te X o

O else

Elx xf lx dx Xx e DX

Integrate by parts Sadr ur frdu
u x dV he Mdx
du _dx v e XX

ELX X e fo t f e dx

00

x e f f e f
Lo o f o l

mean of an exponential RV with
parameter is ly



Expectation of a function of a RV

chapter 3.31

whatifmdm
have another RV y gcx whats ELY

Example X is a voltage among the set

Sa 2 1,0 1,2 3 4,5
where all are equally likely Pax xES

else

we know how to compute

tool 2 tiffs too Zz

et Y X Find ELY my
Method Find Sy o 1,4 9 16,25
Find pyly ELY _y syYPx'D

off

l 11 I using

34 g Take
HEI 191

3 1 16 too 1251
18

451 Yg 7.5



Method 2 what if you just want ELY

and don't care about pyly
ELY ELX eqX2pxlX

too 4 1 to 11 14
191 6 25

7.5

More generally

ELY Elglx glxtp.ir dYffs

XCE4ECglXD Jgtx fxlx dx mRt

Why if we group terms of that

map to the same y gcx

ELY Y E Pdx

sum is over those
x such that gCxJ y

y g
Y Pyly which is pycys

Law of the unconscious Statistician Lotus



Another way to look at the
same example

p D

t
i

i

8 sum 648

Fes Pxtx yEs Y Pyly



Properliesoft
Linearity El g X HIX EIGHT E hull

scale Elad CELX where cis constant

Dc shift Elk d ELX d where dbi a constan

E d D where disia constant

Applyiwofexpectamexamp.liLet be a noise voltage uniformly
distributed

Sx 3 1 1,3
Let 4 2 10 Let 2 Y Whatis ECA

Solution Elz ELY E 2 105

Ef 4 X t 40 X t 100

4 Et Xt t 40 ELX 100

Compute EH O ELXY I 9 1 1 9 5

So E Z 20 t too 120



Example X temperature in F

Y temperature in
k

y Lx 34T
ELY Ig Eu 32

IS EL gLX g EIN

In general ne Example ELX t xD
in general



Variance and standard deviation of a RV
Chapter 3 3 2

mean is often called the first moment of X

ELX I moment

Elk 2ndmoment
E Xh nth moment

Variance is the 2nd central moment

0 2 VARIX EUX Mx

Central moments measure moments of the RV
with the mean removed centralized

Variance describes how much X varies
about its mean during differentexperiments

since X Mx is a function of X
we can compute

VARIN E.s.tx mxtp.ly digest

00
a continuous

VARIX f x Mx fix DX RBL
OO



Standard deviation

ox STD X FARE
why standard deviation and not variance

Units q2 has units units of X

q has nails units ofX

unit meters feet pounds Kg m2

Example the temperature in July is on average
85 F with a standard deviation of loop

Ashortanana
Varix EL X Mx

E X 2X my Mx

E X 2 Mx E X t M
2

IVarlxt ELXYm.TT
I'll often express this as

Varlx E X Y ELD

Noti.EC Y
VarlIfuIEy



Warning about computing
variance on a computer

method 1 method 2

Sum1 0 Sum 1 0

sum 2 0 for i in

for i 1in sum It Xln
sum I 1 X h end
sum 2 1 Xln 12 sum 14h

end
sum I f n sum 2 0

Sum 21 4 fo i 1 n

var sum 2 sum I sum sum 2t Xen sum 2

end
sum 2 f n

var Sum 2
Implements

ELX ElXP Implements
E X Eld

If n is very large why might
these not give the same numerical
result which one will be more

accurate

The difference is also magnified when most xln
are near ELX



Variance examples
Bernoulli RV Recall XA to

eventottaurs

else
Sx o l

Pall PIA p p lo l p

E Xa O p lo t t p l P

Var XA EIN E X

o p lo t 12 put p2

p p pC

coin toss w a biased coin

symmetric

if ri
is small if
p is small or if
p is near 1

Variance is largest
when p Yz



Variance examples pxix
x I I f

h
a pix FYI x I T

0 else

Mx O

Varlx Eli mi Easy
I Ltd t I l D2 I

X 1000b
p x f II x tooo Pxix

1 2 11
o else 1

My O

Varlx Eli ME Easy
ti 000 1000

Z

I 000 000

STD X 1000

c X heads in 3 tosses of a fair coin

ELX Egil
i
E

i

0 too t l Z z Z 3 f E 1.5

Varlx ELN ELX

o too life 124 34 s H
243 9T Eg 24



Properties of Variances

Var X 30 always

Varl Xtc Varix if c is constant

proof
Var Xtc E Htc E Xtc

E x't 2cXtE EG 2cECx to

ELK 2cElX id E x
2
2cElX c

E Xi Elx Var X

This makes sense Adding a constant doesn't

change how much variation there is about

the mean

h h
Var CX c Varlx if e is a constant

proof Var CX E W E CX

Eli XY c ELA c ELN Eld
g var LX

Var c 0 if c is a constant



Comparison of properties

mean variance

E ax aELX Var ax alvarlx

ETtyEXEYVarxyarxlmoreonthis.laeytVarlY

ELXta EH a VarlXta Varlx
if a is constant if a is constant

XminEELX EXmax Varlk O


