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✬

✫

✩

✪

Closure Properties—I

base case: basis functions

inductive case: function composition, chain rule

1. Can take derivative of any expression.

2. Can take higher-order derivatives.

3. Exponential blow-up: (uv)′ = uv′ + u′v.
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✬

✫

✩

✪

Closure Properties—II

base case: basis functions

inductive case: lambda calculus, AD

1. Can take derivative of any program.

2. Can take higher-order derivatives.

3. Linear code growth.

4. Linear slowdown (small constant factor).
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✬

✫

✩

✪

Contributions

• Formulate reverse-mode AD for functional programs: non-local source-to-
source transformation.

• A first-class higher-order AD operator:
←−
J .

• Closure: can apply
←−
J to any function.

– Can apply
←−
J to closures with free variables.

– Nested application
←−
J λx

←−
J λy f(x, y).

min
x

max
y

f(x, y)

– Self application:
←−
J
←−
J .

• Tape represented as closures: higher-order derivatives.

• Preservation of asymptotic temporal and code-size complexity.
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✬

✫

✩

✪

Straight-Line Code and Jacobians

f = f1 ◦ · · · ◦ fn

x1 = f1 x0

...

xn = fn xn−1

J f x0 = (J fn xn−1)× · · · × (J f1 x0)

(J f x0)
⊤= (J f1 x0)

⊤× · · · × (J fn xn−1)
⊤
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✬

✫

✩

✪

One Way to Compute the Jacobian

−⇁
X1 = (J f1 x0)
−⇁
X2 = (J f2 x1)×

−⇁
X1

...
−⇁
Xn = (J fn xn−1)×

−−−⇁
Xn−1

−⇁
Xn = J f x0
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✬

✫

✩

✪

Another Way to Compute the Jacobian

↽−−−−
Xn−1 = (J fn xn−1)

⊤

↽−−−−
Xn−2 = (J fn−1 xn−2)

⊤×
↽−−−−
Xn−1

...
↽−−
X0 = (J f1 x0)

⊤×
↽−−
X1

↽−−
X0 = (J f x0)

⊤
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✬

✫

✩

✪

Forward-Mode AD

−⇁
x1 = (J f1 x0)×

−⇁
x0

...
−⇁
xn = (J fn xn−1)×

−−⇁
xn−1

−⇁
xn = (J f x0)×

−⇁
x0
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✬

✫

✩

✪

Reverse-Mode AD

↽−−−
xn−1 = (J fn xn−1)

⊤×
↽−
xn

...
↽−
x0 = (J f1 x0)

⊤×
↽−
x1

↽−
x0 = (J f x0)

⊤×
↽−
xn
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✬

✫

✩

✪

Sparse Unary Functions

(fi x)[j] = u x[k]

(fi x)[j
′] = x[j′] j′ 6= j

(J fi x)[j, k] = D u x[k]

(J fi x)[j
′, j′] = 1 j′ 6= j

(J fi x)[j
′, k′] = 0 otherwise

((J fi x)×
−⇁
x )[j] = (D u x[k])×

−⇁
x [k]

((J fi x)×
−⇁
x )[j′] =

−⇁
x [j′] j′ 6= j

((J fi x)
⊤×

↽−
x)[k] =

↽−
x[k] + ((D u x[k])×

↽−
x[j])

((J fi x)
⊤×

↽−
x)[j] = 0

((J fi x)
⊤×

↽−
x)[k′] =

↽−
x[k′] otherwise
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✬

✫

✩

✪

Sparse Binary Functions

(fi x)[j] = b (x[k],x[l])

(fi x)[j
′] = x[j′] j′ 6= j

(J fi x)[j, k] = D1 b (x[k],x[l])

(J fi x)[j, l] = D2 b (x[k],x[l])

(J fi x)[j
′, j′] = 1 j′ 6= j

(J fi x)[j
′, k′] = 0 otherwise

((J fi x)×
−⇁
x )[j] = ((D1 b (x[k],x[l]))×

−⇁
x [k]) +

((D2 b (x[k],x[l]))×
−⇁
x [l])

((J fi x)×
−⇁
x )[j′] =

−⇁
x [j′] j′ 6= j

((J fi x)
⊤×

↽−
x)[k] =

↽−
x[k] + ((D1 b (x[k],x[l]))×

↽−
x[j])

((J fi x)
⊤×

↽−
x)[l] =

↽−
x[l] + ((D2 b (x[k],x[l]))×

↽−
x[j])

((J fi x)
⊤×

↽−
x)[j] = 0

((J fi x)
⊤×

↽−
x)[k′] =

↽−
x[k′] otherwise
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✬

✫

✩

✪

Interleaving Forward Mode

x1 = f1 x0

...

xn = fn xn−1

−⇁
x1 = (J f1 x0)×

−⇁
x0

...
−⇁
xn = (J fn xn−1)×

−−⇁
xn−1

x1 = f1 x0

−⇁
x1 = (J f1 x0)×

−⇁
x0

...

xn = fn xn−1

−⇁
xn = (J fn xn−1)×

−−⇁
xn−1
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✬

✫

✩

✪

Forward Mode as a Transformation

x1 = f1 x0

...

xn = fn xn−1















❀



















−⇀x1 =
−⇀
f1
−⇀x0

...

−⇀xn =
−⇀
fn
−−⇀xn−1

−⇀x = (x,
−⇁
x )

−⇀
f (x,

−⇁
x ) = ((f x), ((J f x)×

−⇁
x ))
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✬

✫

✩

✪

Forward Mode by Overloading

xj := u xk

xj := b (xk, xl)

−⇀xj := −⇀u −⇀xk

−⇀xj :=
−⇀
b (−⇀xk ,

−⇀xl )

−⇀u (x,
−⇁
x ) = ((u x), ((D u x)×

−⇁
x ))

−⇀
b ((x1,

−⇁
x1), (x2,

−⇁
x2)) = ((b (x1, x2)),

(((D1 b (x1, x2))×
−⇁
x1) +

((D2 b (x1, x2))×
−⇁
x2)))
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✬

✫

✩

✪

Reverse Mode Cannot be Interleaved

x1 = f1 x0

...

xn = fn xn−1

↽−−−
xn−1 = (J fn xn−1)

⊤×
↽−
xn

...
↽−
x0 = (J f1 x0)

⊤×
↽−
x1
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✬

✫

✩

✪

Reverse Mode via Backpropagators

x1 = f1 x0

x1 = λ
↽−
x x0 ((J f1 x0)

⊤×
↽−
x)

...

xn = fn xn−1

xn = λ
↽−
x xn−1 ((J fn xn−1)

⊤×
↽−
x)

xn

↽−
xn
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✬

✫

✩

✪

Reverse Mode as a Transformation

x1 = f1 x0

...

xn = fn xn−1















❀



















↼−x1 =
↼−
f1

↼−x0

...

↼−xn =
↼−
fn

↼−−xn−1

↼−x = (x,x)
↼−
f (x,x) = ((f x), (λ

↽−
x x ((J f x)⊤×

↽−
x)))
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✬

✫

✩

✪

Reverse Mode via a Tape—I

↼−
f x = begin x := λ

↽−
x x ((J f x)⊤×

↽−
x);

(f x) end
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✬

✫

✩

✪

Reverse Mode via a Tape—II

xj := u xk

xj := b (xk, xl)

x := λ[ ] begin
↽−
xk +:= (D u ↼−xk)×

↽−
xj ;

↽−
xj := 0;
x [ ] end

↼−xj := u ↼−xk

x := λ[ ] begin
↽−
xk +:= (D1 b (↼−xk ,

↼−xl ))×
↽−
xj ;

↽−
xl +:= (D2 b (↼−xk ,

↼−xl ))×
↽−
xj ;

↽−
xj := 0;
x [ ] end

↼−xj := b (↼−xk ,
↼−xl )
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✬

✫

✩

✪

KM: Karczmarczuk (2000a,b, 2001)

xj = uj xk

xj = bj (xk, xl)

fj : x0 7→ xj

xj = uj (fk x0)

xj = bj ((fk x0), (fl x0))
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✬

✫

✩

✪

KM: Gradients

∇ fj x0 = (D uj xk)× (∇ fk x0)

∇ fj x0 = ((D1 bj (xk, xl))× (∇ fk x0)) +
((D2 bj (xk, xl))× (∇ fl x0))
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✬

✫

✩

✪

KM: Unary Case

xj
△
= λ

↽−
x
↽−
x × (∇ fj x0)

xj = λ
↽−
x
↽−
x × (∇ fj x0)

= λ
↽−
x
↽−
x × (D uj xk)× (∇ fk x0)

= λ
↽−
x xk (

↽−
x × (D uj xk))
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✬

✫

✩

✪

KM: Binary Case

xj = λ
↽−
x
↽−
x × (∇ fj x0)

= λ
↽−
x
↽−
x × (((D1 bj (xk, xl))× (∇ fk x0)) +

((D1 bj (xk, xl))× (∇ fl x0)))

= λ
↽−
x (

↽−
x ×D1 bj (xk, xl)× (∇ fk x0)) +

(
↽−
x ×D1 bj (xk, xl)× (∇ fl x0))

= λ
↽−
x (xk (

↽−
x × (D1 bj (xk, xl)))) +

(xl (
↽−
x × (D2 bj (xk, xl))))
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✬

✫

✩

✪

KM: Overloading

↼−x = (x, x)

↼−u (x, x) = ((u x), (λ
↽−
x x (

↽−
x × (D u x))))

↼−
b ((x1, x1), (x2, x2)) = ((b (x1, x2)),

(λ
↽−
x (x1 (

↽−
x × (D1 b (x1, x2)))) +

(x2 (
↽−
x × (D2 b (x1, x2))))))

↽−
xn × (∇ fn x0) = xn

↽−
xn
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✬

✫

✩

✪

KM: A Fatal Flaw

x1 = b1 (x0, x0)

...

xn = bn (xn−1, xn−1)

NJPLS-2005 November 21, 2005 28



✬✫
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✬

✫

✩

✪

Input

xj1 := u1 xk1

...

xjn := un xkn
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✬

✫

✩

✪

Global Transformation

xj1 := u1 xk1

...

xjn := un xkn















❀














































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

































































xj1 := u1 xk1

...

xjn := un xkn

↽−
x0 := 0

...
↽−−−
xn−1 := 0
↽−−
xjn := 0
↽−−
xkn

+:= (D un xkn
)×

↽−−
xjn

...
↽−−
xj1 := 0
↽−−
xk1

+:= (D u1 xk1
)×

↽−−
xj1
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✬

✫

✩

✪

Single Assignment

x1 = u1 xk1

...

xn = un xkn















❀
































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
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


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























x1 = u1 xk1

...

xn = un xkn

↽−
x0 := 0

...
↽−−−
xn−1 := 0
↽−−
xkn

+:= (D un xkn
)×

↽−
xn

...
↽−−
xk1

+:= (D u1 xk1
)×

↽−
x1

NJPLS-2005 November 21, 2005 33



✬

✫

✩

✪

Backpropagators

ui = λ
↽−
x (D ui xki

)×
↽−
x

x1 = u1 xk1

...

xn = un xkn








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

❀


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


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
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


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
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
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
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








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

























x1 = u1 xk1

...

xn = un xkn

↽−
x0 := 0

...
↽−−−
xn−1 := 0
↽−−
xkn

+:=un

↽−
xn

...
↽−−
xk1

+:=u1

↽−
x1
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✬

✫

✩

✪

Reverse Transform of Primitives

↼−u x = ((u x), (λ
↽−
x(D u x)×

↽−
x))

x1 = u1 xk1

...

xn = un xkn








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
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


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
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

















(x1, x1) =
↼−u1 xk1

...

(xn, xn) =
↼−un xkn

↽−
x0 := 0

...
↽−−−
xn−1 := 0
↽−−
xkn

+:=xn

↽−
xn

...
↽−−
xk1

+:=x1

↽−
x1
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✬

✫

✩

✪

Functions Stored in Variables

x1 = xj1 xk1

...

xn = xjn xkn


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


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
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

















(↼−x1 , x1) =
↼−xj1

↼−xk1

...

(↼−xn, xn) =
↼−xjn

↼−xkn

↽−
x0 := 0

...
↽−−−
xn−1 := 0
↽−−
xkn

+:=xn

↽−
xn

...
↽−−
xk1

+:=x1

↽−
x1
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✬

✫

✩

✪

Arbitrary Values

x1 = xi1 xj1

...

xn = xin xjn


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







(↼−x1 , x1) =
↼−xi1

↼−xj1

...

(↼−xn, xn) =
↼−xin

↼−xjn

↽−
x0 := 0 (

←−
J −1 ↼−x0)

...
↽−−−
xn−1 := 0 (

←−
J −1 ↼−−xn−1)

↽−−
xjn ⊕:=xn

↽−
xn

...
↽−−
xj1 ⊕:=x1

↽−
x1
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✬

✫

✩

✪

A-Normal Form

λx0

let x1

△
= xi1 xj1 ;

...

xn
△
= xin xjn

in xn end


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





























































































λ↼−x0

let (↼−x1 , x1)
△
= ↼−xi1

↼−xj1 ;
...

(↼−xn, xn)
△
= ↼−xin

↼−xjn

in (↼−xn,

(λ
↽−
xn

let
↽−
x0

△
= 0 (

←−
J −1 ↼−x0);

...
↽−−−
xn−1

△
= 0 (

←−
J −1 ↼−−xn−1);

↽−−
xjn ⊕

△
=xn

↽−
xn;

...
↽−−
xj1 ⊕

△
=x1

↽−
x1

in
↽−
x0 end)) end
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✬

✫

✩

✪

Free Variables—I

f
△
= λa ((λb λc b) a) 1

f
△
= λa let x1

△
= λb let x4

△
= λc b

in x4 end;

x2

△
= x1 a;

x3

△
= x2 1

in x3 end
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✬

✫

✩

✪

Free Variables—II

↼−
f

△
= λ↼−a let ↼−x1

△
= λ

↼−
b let ↼−x4

△
= λ↼−c (

↼−
b , (λ

↽−
b
↽−
c ))

in (↼−x4 , (λ
↽−
x4 let

↽−
b

△
= 0 (

←−
J −1

↼−
b )

in
↽−
b end)) end;

(↼−x2 , x2)
△
= ↼−x1

↼−a ;

(↼−x3 , x3)
△
= ↼−x2

↼−
1

in (↼−x3 , (λ
↽−
x3 let

↽−
a

△
= 0 (

←−
J −1 ↼−a );

↽−
x1

△
= 0 (

←−
J −1 ↼−x1);

↽−
x2

△
= 0 (

←−
J −1 ↼−x2);

↽−
1 ⊕

△
=x3

↽−
x3;

↽−
a ⊕

△
=x2

↽−
x2

in
↽−
a end)) end
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✬

✫

✩

✪

Free Variables—III
↼−
f

△
= λ↼−a let ↼−x1

△
=

λ
↼−
b let ↼−x4

△
=

λ↼−c (
↼−
b , (λ

↽−
b let

↽−
c

△
= 0 (

←−
J −1 ↼−c )

in
↽−
c end))

in (↼−x4 , (λ
↽−
x4 let

↽−
b

△
= 0 (

←−
J −1

↼−
b )

in
↽−
b end)) end;

(↼−x2 , x2)
△
= ↼−x1

↼−a ;

(↼−x3 , x3)
△
= ↼−x2

↼−
1

in (↼−x3 , (λ
↽−
x3 let

↽−
a

△
= 0 (

←−
J −1 ↼−a );

↽−
x1

△
= 0 (

←−
J −1 ↼−x1);

↽−
x2

△
= 0 (

←−
J −1 ↼−x2);

↽−
1

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 ⊕

△
=x3

↽−
x3;

↽−
a ⊕

△
=x2

↽−
x2

in
↽−
a end)) end
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✬

✫

✩

✪

Free Variables: Bug—I
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—II
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—III
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—III
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—IV
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—V
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—VI
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—VII
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—VIII
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—IX
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end

NJPLS-2005 November 21, 2005 51



✬

✫

✩

✪

Free Variables: Bug—X
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—XI
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—XII
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—XIII
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables: Bug—XIV
↼−
f

△
= λ↼−a :

↼−
4 let ↼−x1 : λ

↼−
b . . .

△
=

λ
↼−
b :

↼−
4 let ↼−x4 : λ↼−xc . . .

△
=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△
= 0 (

←−
J −1 ↼−c :

↼−
1 )

in
↽−
c : 0 end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [ ] let

↽−
b : 0

△
= 0 (

←−
J −1

↼−
b :

↼−
4 )

in
↽−
b : 0 end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△
= ↼−x1 : λ

↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△
= ↼−x2 : λ↼−c . . .

↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△
= 0 (

←−
J −1 ↼−a :

↼−
4 );

↽−
x1 : [ ]

△
= 0 (

←−
J −1 ↼−x1 : λ

↼−
b . . .);

↽−
x2 : [ ]

△
= 0 (

←−
J −1 ↼−x2 : λ↼−c . . .);

↽−
1 : 0

△
= 0 (

←−
J −1

↼−
1 );

↽−
1 : 0⊕

△
=(x3 : λ

↽−
b . . .

↽−
x3 : 1) : 0;

↽−
a : 0⊕

△
=(x2 : λ

↽−
x4 . . .

↽−
x2 : [ ]) : 0

in
↽−
a : 0 end)) end
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✬

✫

✩

✪

Free Variables—IV
↼−
f

△

= λ↼−a let
↼−x1

△

=

λ
↼−
b let

↼−x4

△

=

λ↼−c (
↼−
b , (λ

↽−
b let

↽−
c

△

= 0 (
←−
J

−1 ↼−c )

in ([
↽−
b ],

↽−
c ) end))

in (↼−x4 , (λ
↽−
x4 let

↽−
b

△

= 0 (
←−
J

−1
↼−
b );

[
↽−
b ]⊕

△

=
↽−
x4

in ([ ],
↽−
b ) end)) end;

(↼−x2 , x2)
△

= ↼−x1
↼−a ;

(↼−x3 , x3)
△

= ↼−x2

↼−
1

in (↼−x3 , (λ
↽−
x3 let

↽−
a

△

= 0 (
←−
J

−1 ↼−a );
↽−
x1

△

= 0 (
←−
J

−1 ↼−x1);
↽−
x2

△

= 0 (
←−
J

−1 ↼−x2);
↽−
1

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2,

↽−
1)⊕

△

=x3

↽−
x3;

(
↽−
x1,

↽−
a)⊕

△

=x2

↽−
x2;

[ ]⊕
△

=
↽−
x1

in ([ ],
↽−
a) end)) end
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✬

✫

✩

✪

Free Variables—V
↼−
f

△

= λ↼−a let
↼−x1

△

=

λ
↼−
b let

↼−x4

△

=

λ↼−c (
↼−
b , (λ

↽−
b let

↽−
c

△

= 0 (
←−
J

−1 ↼−c )

in ([
↽−
b ],

↽−
c ) end))

in (↼−x4 , (λ
↽−
x4 let

↽−
b

△

= 0 (
←−
J

−1
↼−
b );

[
↽−
b ]⊕

△

=
↽−
x4

in ([ ],
↽−
b ) end)) end;

(↼−x2 , x2)
△

= ↼−x1
↼−a ;

(↼−x3 , x3)
△

= ↼−x2

↼−
1

in (↼−x3 , (λ
↽−
x3 let

↽−
a

△

= 0 (
←−
J

−1 ↼−a );
↽−
x1

△

= 0 (
←−
J

−1 ↼−x1);
↽−
x2

△

= 0 (
←−
J

−1 ↼−x2);
↽−
1

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2,

↽−
1)⊕

△

=x3

↽−
x3;

(
↽−
x1,

↽−
a)⊕

△

=x2

↽−
x2;

[ ]⊕
△

=
↽−
x1

in ([ ],
↽−
a) end)) end
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✬

✫

✩

✪

Free Variables—VI
↼−
f

△

= λ↼−a let
↼−x1

△

=

λ
↼−
b let

↼−x4

△

=

λ↼−c (
↼−
b , (λ

↽−
b let

↽−
c

△

= 0 (
←−
J

−1 ↼−c )

in ([
↽−
b ],

↽−
c ) end))

in (↼−x4 , (λ
↽−
x4 let

↽−
b

△

= 0 (
←−
J

−1
↼−
b );

[
↽−
b ]⊕

△

=
↽−
x4

in ([ ],
↽−
b ) end)) end;

(↼−x2 , x2)
△

= ↼−x1
↼−a ;

(↼−x3 , x3)
△

= ↼−x2

↼−
1

in (↼−x3 , (λ
↽−
x3 let

↽−
a

△

= 0 (
←−
J

−1 ↼−a );
↽−
x1

△

= 0 (
←−
J

−1 ↼−x1);
↽−
x2

△

= 0 (
←−
J

−1 ↼−x2);
↽−
1

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2,

↽−
1)⊕

△

=x3

↽−
x3;

(
↽−
x1,

↽−
a)⊕

△

=x2

↽−
x2;

[ ]⊕
△

=
↽−
x1

in ([ ],
↽−
a) end)) end
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✬

✫

✩

✪

Free Variables: Correct Operation—I
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end

NJPLS-2005 November 21, 2005 60



✬

✫

✩

✪

Free Variables: Correct Operation—II
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end
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✬

✫

✩

✪

Free Variables: Correct Operation—III
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end
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✬

✫

✩

✪

Free Variables: Correct Operation—IV
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end
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✬

✫

✩

✪

Free Variables: Correct Operation—V
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end
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✬

✫

✩

✪

Free Variables: Correct Operation—VI
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end
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✬

✫

✩

✪

Free Variables: Correct Operation—VII
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end
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✬

✫

✩

✪

Free Variables: Correct Operation—VIII
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end
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✬

✫

✩

✪

Free Variables: Correct Operation—IX
↼−
f

△

= λ↼−a :
↼−
4 let

↼−x1 : λ
↼−
b . . .

△

=

λ
↼−
b :

↼−
4 let

↼−x4 : λ↼−c . . .
△

=

λ↼−c :
↼−
1 (

↼−
b :

↼−
4 , (λ

↽−
b : 1 let

↽−
c : 0

△

= 0 (
←−
J

−1 ↼−c :
↼−
1 )

in ([
↽−
b : 1],

↽−
c : 0) end))

in (↼−x4 : λ↼−c . . . , (λ
↽−
x4 : [1] let

↽−
b : 0

△

= 0 (
←−
J

−1
↼−
b :

↼−
4 );

[
↽−
b : 1]⊕

△

=
↽−
x4 : [1]

in ([ ],
↽−
b : 1) end)) end;

(↼−x2 : λ↼−c . . . , x2 : λ
↽−
x4 . . .)

△

= ↼−x1 : λ
↼−
b . . . ↼−a :

↼−
4 ;

(↼−x3 :
↼−
4 , x3 : λ

↽−
b . . .)

△

= ↼−x2 : λ↼−c . . .
↼−
1

in (↼−x3 :
↼−
4 , (λ

↽−
x3 : 1 let

↽−
a : 0

△

= 0 (
←−
J

−1 ↼−a :
↼−
4 );

↽−
x1 : [ ]

△

= 0 (
←−
J

−1 ↼−x1 : λ
↼−
b . . .);

↽−
x2 : [0]

△

= 0 (
←−
J

−1 ↼−x2 : λ↼−c . . .);
↽−
1 : 0

△

= 0 (
←−
J

−1 ↼−
1 );

(
↽−
x2 : [1],

↽−
1 : 0)⊕

△

=x3 : λ
↽−
b . . .

↽−
x3 : 1;

(
↽−
x1 : [ ],

↽−
a : 1)⊕

△

=x2 : λ
↽−
x4 . . .

↽−
x2 : [1];

[ ]⊕
△

=
↽−
x1 : [ ]

in ([ ],
↽−
a : 1) end)) end
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✬✫

✩✪

F
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✬

✫

✩

✪

Outline

• Introduction

• Tutorial on AD

• KM, an Incorrect Implementation of Reverse Mode

• Informal Overview of Our Method

• Examples

• Conclusion
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✬

✫

✩

✪

Saddle Points
Continuous Two-Person Zero-Sum Games

min
x

max
y

Payoff(x, y)
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✬

✫

✩

✪

Gradients

∇ f x
△
= Cdr ((Cdr ((

←−
J f) (

←−
J x))) 1)
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✬

✫

✩

✪

Gradient Descent

Argmin (f, x0, ǫ)
△
=

let g
△
= ∇ f x0

in if ||g|| ≤ ǫ

then x

else Argmin

(f,
(x0 + ((LineSearch ((λk f (x0 + (k × g))), ǫ))× g)),
ǫ) fi end
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✬

✫

✩

✪

Finding the Optimal Strategy (x∗, y∗)

Argmax (f, x0, ǫ)
△
= Argmin ((λx − (f x)), x0, ǫ)

Max (f, x0, ǫ)
△
= f (Argmax (f, x0, ǫ))

let x∗
△
= Argmin ((λx Max ((λy Payoff (x, y)), y0, ǫ)), x0, ǫ)

in (x∗, (Argmax ((λy Payoff (x∗, y)), y0, ǫ))) end
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✬

✫

✩

✪

Outline

• Introduction

• Tutorial on AD

• KM, an Incorrect Implementation of Reverse Mode

• Informal Overview of Our Method

• Examples

• Conclusion
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✬

✫

✩

✪

Contributions

• Formulate reverse-mode AD for functional programs: non-local source-to-
source transformation.

• A first-class higher-order AD operator:
←−
J .

• Closure: can apply
←−
J to any function.

– Can apply
←−
J to closures with free variables.

– Nested application
←−
J λx

←−
J λy f(x, y).

min
x

max
y

f(x, y)

– Self application:
←−
J
←−
J .

• Tape represented as closures: higher-order derivatives.

• Preservation of asymptotic temporal and code-size complexity.
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✬

✫

✩

✪

Web Site

http://www-bcl.cs.nuim.ie/~qobi/stalingrad/
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