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/ Closure Properties—I \

base case: basis functions

inductive case: function composition, chain rule

1. Can take derivative of any expression.
2. Can take higher-order derivatives.

3. Exponential blow-up: (uv) = wv’ + u'v.

\ /
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/ Closure Properties—II \

base case: basis functions

inductive case: lambda calculus, AD

1. Can take derivative of any program.
2. Can take higher-order derivatives.
3. Linear code growth.

4. Linear slowdown (small constant factor).

\ /
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K Contributions \

Formulate reverse-mode AD for functional programs: non-local source-to-
source transformation.

A first-class higher-order AD operator: ?

— .
Closure: can apply J to any function.

S . .
— Can apply J to closures with free variables.

— Nested application f? Az f7 Ay fx,y).
min max f(z,y)
z oy

— Self application: 7 ?

e Tape represented as closures: higher-order derivatives.

Preservation of asymptotic temporal and code-size complexity.

\ /
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/ Straight-Line Code and Jacobians

f=fio ot

x; = f1 Xo

Xn = fn Xn—1

T fx0= (T fnXn-1) x - x(J f1Xo)
(T fx0) = (T fix0) %+ x (T fnXn-1)"

\

~
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/ One Way to Compute the Jacobian \

X1 = (J f1%0)
X5 = (J faxi) x X1

)Tn = (j fn anl) X anl

X, =J f X0

\ /
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/ Another Way to Compute the Jacobian \

Xn—l — (j fn Xn—l)T

S~ S~r

Xn—2 — (j fn—l Xn—Q)T X Xn—l

Xo=(J fixo) x X

VXT) = (J f XO)T

\ /
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\

Forward-Mode AD

x1 = (J f1 X0) X X0

Xn = (\-7 fn anl) X ﬂ

x, = (J f X0) X X0

NJPLS-2005
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\

Reverse-Mode AD

—

Xpn—1 = (\7 fn Xn—l)T X ?n

xo = (J fi %) x x1

X0 = (J fx0) X Xy
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/ Sparse Unary Functions

(fi ¥)5] = w x[K]
(fi x)[j'] = x[4] J# 7

(J fi x)[j, k] = D u x[k]
(J fixli' =1 i'#3
(J fix)i',K=0 otherwise

(T fix) x X)[j] = (D ux[k]) x x[K]

(T fix)x X)[i'] = <[f'] i £

(T fi x)T x "x)[k] = "x[k] + (D ux[k]) x "x[3])
(T fix)Tx "x)[j] =0
(T fi x)" x x)[K] = "x[k] otherwise

\
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/ Sparse Binary Functions

(fi x)[5] = b (x[k],x[l])
(fi )i = x[4'] J'#d
(T fi )4, k] = D1 b (x[k], x[l])
(T fix)[5,1] = D2 b (x[k], x[]])
(J fix)li’, i1 =1 i'#d
(T fi x|, K] =0 otherwise
(T fi x) x X)[5] = (D1 b (x[k],x[1))) x E[k]) +
((D2 b (x[k],x[l])) x x[I])
(T fix) x X)[j'1 = Xj] i #i
(T fi x)" x x)[k] = "x[k] + (D1 b (x[k],x[1])) x "x[5])
(J £ )" x )] = "x[] + (D2 b (x[k], x[1])) x "x[5])
(7 fix)" = x)[] =0
(T fi )T x "x)[K] = "x[K] otherwise

K (
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-~

\

Interleaving Forward Mode

x1 = f1 Xo

Xpn = fn Xn—1

x1 = (J f1 Xo0) X X0

e

X1=f1X0

x1 = (J f1 %0) X X0

Xn = fn Xn—1

X.n, = (\-7 fn anl) X Xpn—1

Xn = (j fn Xn—l) X Xn—1
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/ Forward Mode as a Transformation

~

x1 = f1 Xo X1:f1>?0
g
Xn = fn Xn-1 o = fn X1
X = (x,X)
fxX) = (f%),(J fx) x X))
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\

Forward Mode by Overloading

xTj = U Tk
z; = b(xg,x)
—\ —\ N\
Wy = W

—\
Z;, = b (7%, m)

o (z, E/) = ((uz),((Dux)x E’))

B (21, 79), (2, 3)) = (b (21,25)),

(((D1 b (z1,72)) % E) +
((D2 b (w1,72)) X 72)))
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/ Reverse Mode Cannot be Interleaved \

X1:f1XO

Xn = fn Xn—1

—

Xn—1 = (j fn anl)—r X Yn

Y0:(~7]01XO)T><¥1

\ /
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/ Reverse Mode via Backpropagators \

x1 = f1 Xo

X =Ax% (T fixo0) x x)

Xn = fn Xn—1

%y = A X X1 (T fa Xno1)| X X)

Xn Xn

\ /
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Reverse Mode as a Transformation

X1:f1X0 X1:f1 X0
Xn = fn Xn-1 n = fn %o
x (x,X)
fx) = (F%),Wxx((J fx)'x X))

~
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/ Reverse Mode via a Tape—I \

? x=beginx:= A xX ((J fx) x x);
(f x) end

\ /
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\

Reverse Mode via a Tape—II

Tj = UTg

x; = b(xg, x)

7 := \[] begin "z +:= (D u Tp) x ?ﬁ
?j:: 0;

Z [ ] end

T := \[] begin "z, +:= (D1 b (75, 17)) X ;3
"z = (D2 b (Th, 1)) X @5
?j = 0;
Z [] end

x;j = (x;kv /m—l)

~
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/ KM: Karczmarczuk (2000a,b, 2001)

Tj = Uj Tk

z; = b (zk,2))

ijX0l—>J?j

zj = u; (frxo)

z; = b ((fr %0), (fi %0))

\

~
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\

KM: Gradients

V fi x0 = (D uj xx) x (V fr Xo)

V fi x0 = (D1 bj (xk, 1)) x (V fr X0)) +
((D2 bj (k1)) % (V fi %0))
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KM: Unary Case
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\

KM: Binary Case

@:A?c?z: x (V f; x0)
=Xz "z x (D1 by (x,21)) X (V fr X0)) +
((Dl b] (mk,xl)) X (V fl XO)))
=Xz (o x D1 b; (z,21) X (V fr X0)) +
(& x Dy by (zx,21) X (V fi X0))
=Xz (T (& x (D1 by (wr,1)))) +
@ Cx x (D2 bj (z1,21))))
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/ KM: Overloading

p—

W = (%)

U (2,7) = ((wz), Nz z (z x (Dux))))
b ((z1,71), (%2,72)) = ((bﬁhﬂb)L
Az (@1 (2 < (D1 b (21,22)))) +
(@2 (2 x (D2 b (21,22)))))

\
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\

KM: A Fatal Flaw

x1 = b1 (20, o)

Tpn = bn (xnfly mnfl)

NJPLS-2005

November 21, 2005



N

fo

Fanout

fa

f1

NJPLS-2005

November 21, 2005




/ Outline

e Introduction

Tutorial on AD

e KM, an Incorrect Implementation of Reverse Mode

Informal Overview of Our Method

Examples

Conclusion

\

NJPLS-2005 November 21, 2005




\

Input

Ljy = Ul Ty

Ljn += Un Tk,

NJPLS-2005
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\

Global Transformation \

Tj, = Ul Tk,

Tj) = Ul Ty

aeg = Wy a0,

— —

T, +i= (D uq zp,) X T,

NJPLS-2005

November 21, 2005 32



\

Single Assignment

L1 = Uy Tk

By = Uy T8

1

n

Tl = Ul Tk,

Tp = Up Tk,

dify) o= 0
—
Tp—1 - — 0

xg, +:= (D uy xp, ) X T

Ty, +:= (D ug zh,) X 1

NJPLS-2005
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\

Backpropagators

W=\x (Duixki)x?

T1 = Ul Tk,

Tp = Up Tk,

T1 = Ul Tiy

Tp = Up Tk,

—
I = 0

—

Tpn—1 :— 0

Tk, +:=Up Tn

~—

PR
Tk, +:=u1 X1
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\

Reverse Transform of Primitives

Car=(uz), Nz(Duz)x z))

T1 = Ul Ty

Tp = Up Tk,

A
(11@1) = U1 Tk,
A
(xnaxn) = Up Tk,
—
Zg =
-
Tp—1 = (0]
D U— P w—
Tk, +:=Tn Tn
D — PR
i S R

~
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\

Functions Stored in Variables

‘. L s
(Tn,Tn) = Tj, Tk,
—
W = avg, W zo =0
a4
-
BBy = By a8y tEp—i =0
D — D u—

Ty, +:=Tp Tp

—_ S
Tk, T =21 X1

~

NJPLS-2005

November 21, 2005



\

Arbitrary Values

L1 = T4y Ljy

Ln = xin xjn

L 4L L

(mlvﬂ) = Tiy Tjy

(%, Tn) = T4, 75,

~— =
i) ::O(J 1

Tp—1:=0 (j
D — P S
T, D=2y Tn

4L

LC())

AR
Tp—1

)
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K A-Normal Form

)\.’E()
A
let 1 = @, x;,;
Ay
A
Tn = Ti, Tjy,
in z,, end

\

A
)\1'0
N

let (/m_l,xT) — g B

L N

gﬁnaxn) = Tip, Tjy
in (Z,,

(A'zn

_1;

let “zo £ 0 (7~ o);

S A <—_1 A
Tpo1 =0 (T ' 1)
~— AN _ ~—

T, B=Tn Tn;

— A ~—

zj b=x1 X1
. N
in x( end)) end
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K Free Variables—I

FEXa ((AbAch)a)l

FENaletz; 2 Nolet x4 2 Acb
in x4 end;

VAN
To = X1 Q;
AN
r3 = T2 1
in z3 end

\
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\

Free Variables—I1I

let 71 2\ let 73 22C (0,070 "¢))
in (57, (\zslet 5 20 (7
in b end)) end;
i N
(1?2,@):931 a g
N
(r3,@3) =2 1
in (73, \ 73 let @ 20 (71 @);
— A = z_
r1=0(J ' 7);
— A = z_
2o =0 (J ! 23);
~— N ~—
1®=73 z3;
~— A__ s—
aD=Ty T2
in "a end)) end

NJPLS-2005
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\

P‘ie:g Variables—II1

?é)\lﬁ let 1 =
AD let 73 2
AT (5,0 Dlet c20 (T 0)
in "¢ end))
in (52, A s let 520 (71 D)
in b end)) end;
L N 2 2
(1’2,1172):{131 a
A A =
(irg,xg):xg ].

in (%3, (373 let @ 20 (T ‘0);
T 20 (T &)
220 (7! 1)
T20(T T
= _A__ 5=

~ AN ~
T2

in "a end)) end
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Free Variables: Bug—VII

S e D
A?:/Zleta:)\}_g. .é
AT T (b 3,00 lete 20(F
in ¢ end))
in(zg:\¢ ..., (\ay let b éﬂ(f?’l
in b end))end;
(/@A/? ,@Az)élx_l )\?. ‘@ ?;
(F3: 4,73:2D..) 2% :2C... T
in(lx_g,:j,()\xg'llet\_a éO(f?_l?:/Z);
zp é0(1771:0;1:)\T. s
“zo éO(?fllx—g:)\?...);
T 20T )
T @2@:\b... z3:1)
W eS@i AT T )
in ¢« end))end
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/ Free Variables: Bug—VIII \

S e D
A?:/Zleta:)\}_g. .é
)\?T(? ?,(AT) let ¢ éO(?*?.T)
in ¢ end))
in(G1:0e...,07 letd 20F1%:7)
in b end))end;
(j@u\? .,:Eg:/\T:A‘...)é/E )\?. IE:X;
(lx_gzlz,x*g:)\fb )élx_g)\?/?
in(lx_g:?,()\xgzlletﬁa:OéO((j_l?:?);
T [120(T 1500 .. )
T2 [120(T 152 ..);
T:020(71 1)
T @2@:\b... z3:1)
Ta ®2@5: \2s... @21 [])
K in a
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\

:jletfﬂ:)\?...

Free Variables: Bug—IX

A

A?:/Zleta:)\}_g. .é
e T(? j,(A?:llet c éﬂ(?_
in ¢ end))
in(zg:\¢ ..., (\ay let b éO(f?’
in b end))end;
(130_2/\7 ,Tg:/\z...)é/ﬂ:)\?. ‘@ ?;
(’@:IZ,@ Aj)éEA?T
in(lx_g:?,()\xg'lletﬁa:()éO(?_l?:?);
T [120(T 1500 .. )
T2 [120(T 152 ..);
T:020(71 1)
T ®2@:\b... w3 1)
o @2@z: A\ m:))
in ¢« end))end
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Free Variables: Bug—X

S e D
Ab: 4 letig: \G.... 2
. = = = ~T JAN 12— ‘T
Ac: 1 (b:4,(Ab:1let c:0=0(J "' ¢c:1)
in ¢ :0end))
in(F1:0C...,072 let s 20T 170 1)
in b end))end;
(130_2/\7 ,:Eg:/\T:A‘...)é/E Ab ... a4y
(B3: 4,73:00..) 20 0 C... 1
. L = ~— A 12— “F
in(zs: 4,Azg:1llet a:0=0(J *'a: 4);
~— AN <~ z_ e
z1:[]=0(T LT Ab ..
— AN <~ i P
2o:[]=0 (T T3¢ ...);
T:020(71 1)
T o2@s:AD... m3:1)
~— VAN ~— ~—
a ®=Tz: A\ 24 xo:[])
K in ¢« end))end J
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:jletfﬂ:)\?...

Free Variables: Bug—XI

A

A?:/Zleta:)\}_g. .é
e T(?:?,()\bsllet c 020(7_1?:
in ¢ :0end))
in(zg:\¢ ..., (\ay let 5 2 (?’17:
in b end))end;
(130_2/\7 ,Tg:/\z...)élaﬁ:)\?. IE:X;
(’@:IZ,@ Aj)éEA?T
in(lx_g:?,()\xg'lletﬁa:()éO(?_l?:?);
T [120(T 1500 .. )
T2 [120(T 15 AT ),
T:020(71 1)
T:O@é(ig'/\hb. ?3‘1):07
o @2@z: A\ m:))
in ¢« end))end
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Free Variables: Bug—XII

S e D
A/F:/Zletm:)\fr_g. .é
e T(?:?,()\bsllet c 020(7_1?:
in ¢ :0end))
in(52:0C...,07:[Jlet s 20F 1% :
in b end))end;
(130_2/\7 ,Tg:/\z...)élaﬁ:)\?. IE:X;
(’@:IZ,@ Aj)éEA?T
in(lx_g:?,()\xg'lletﬁa:()éO(?_l?:?);
T [120(T 1500 .. )
T2 [120(T 15 AT ),
T:020(71 1)
T:O@é(ig'/\hb. ?3‘1):07
o @2@z: A\ m:))
in ¢« end))end
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= A
f=Xa

A

\

:jletIE:A?...

Free Variables: Bug—XIII

A

A y

Ab: 4 letig: \G.... 2
AT (P 7,0 :11et c:020 (7!
in ¢ :0end))
in (£1:\C...,(\z4:[]let 5:020 (T
in b : 0 end)) end;
(jac_Z/\? ,xgz/\zl...)élﬂz)\?. ‘@ j;
(lx_gzlz,ﬁ Aj)éEA?T
in(la:_g:?,()\xg'lletﬁa:OéO(y_l?:?);
T [120(T 1500 .. )
T2 [120(T 15 AT ),
T:020(71 1)
T:O@é(T'Aj. z3:1):0;
o @2@z: A\ m:))
in ¢« end))end
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FrfeAz Variables—IV

let z; =
Ab let 73 2
a = ~ S= .
AT (b,(\blet c20(7 D)
in ([ b], ¢) end))
S = L=
in (21, (A x4 let béO(J_1 b);
BEEE
in ([ ], T) end)) end,;
L VANV,
(z2,72) =71 a;
L N =
(1‘371‘3):1‘2 1 -
in (73, \zslet @20 (7 @);
 u— <— A
1'120(({71 1'1);
Eéogfl 3);
T20(T 1)
(w2, 1) @273 w3;
N v AN N
(xl, a)EB:xQ T2;
VAND
[]®= 1
in ([], a) end)) end
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F£eAe Variables—V

let z; =
2D let 53 2
Ae (5,0 blet c20(7 1 @)
in ([ b], ¢) end))
in (za, (A x4 let b 20 (?‘1 IF),
[b]®= "z
in ([], T) end)) end;
(1‘/_275”2) é /55_1 IE;
(73,73) 285 1
in (.’El_s7 ()\73 let @20 (?71 /E);
20T &)
220 (T )
"1 = 0 (? 1 T g
(o2, 1) @575 o3;
(21, a) ®=T7 w25
IEEE
in ([], a) end)) end
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FrfeAz Variables—VI1

let z; =
Ab let 73 =
., = — A (—71 .
Ac (b,(Ablet ¢c=0(J " ¢)
in ("], "¢) end))
~ = L=
in (za, (A x4 let béO(J_1 b);
BEEEY
in ([], b) end)) end;
z_ VANV,
(22,72) =71 a;
N
(1‘371‘3):1‘2 1 -
in (73, (N zslet @ 20 (7 @);
 u— <— A
1'120(({71 1'1);
Eéog ' 53);
Téﬂ(j O ;
(2, 1) @275 35
(71, a) @2 T3 w2;
e
in ([], a) end)) end
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20T Tletf:Ab.. 2
Ab 4 letTz:NT .. 2
e :T(0: 2,00 lete 20F'%T: D)
in((b ], c )end))
Q P ~ N <—71/— P
in(zz:Ac...,(\ x4 let b =0(J " b: 4);
ERREEEY
in([],’b )end))end;
(?2 \c ,@:)\Z...)éﬁ:)\b 7:4;
(F: 4,73:0b..) 25 \T... 1
. = ~ A <__1; =
in(zz: 4,ANaz:1let a =0(J "~ a: 4);
~— A (-_1/_ L=
ae :O(J 1311>\b...);
h % PAN. PN,
To éO(J_lajgzx\c...);
"1 éO(f?_1 1)
(za .1 )e2zm:Ab... @51
(?1 a YB=T2: \ 24 2o 2
o2
k in([]," ) end))end J
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ee Variables: Correct Operation—I




E

ST Tletf:ab.. .2
Ab 4 letg:aT.. 2
e :T(0: 2,00 lete 20F'%T: D)
in((b ], c )end))
. . ~ A <—71’— ‘L
in(zz:Ac...,(\ x4 let b =0(J " b: 4);
ERREEEY
in([],’b )end))end;
(EAT ,@:)\Z...)éﬁ:)\b. ‘@ 4,
(F: 4,73:0b..) 25 \T... 1
= ~— A <__1; d—
in(zs: 4, ANz3:1let a:0=0(J  a: 4)
ol []éO(fZ_IxI—l:Ab...);
22 0] 20 (T 5 AT .,
T:OQO(?_I 1);
(22,1 )@=2T3:A\b... a3: 1
~— S~ YAN S
(z1 , a )®O=Tz:\ a4 ) ;
IR
k in([]," ) end))end J
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Free Variables: Correct Operation—III

ANT:Tletf:20...2
Ab:dlethg:ae... 2
Xe:T(b:4,0b:11et’ ¢ 20T '%:
in([(b:1], ¢ )end))
in(Gz: 2., 07 let b 2075 :
[7;_}@@?4
in([], b )end))end;
Go:XC....Fa: A a..)261: 2D ... T : T,
(3:4,753:0b..)2&m:2¢... T
1n(m;3'j,()\x3 llet a 0—0(?7_17 ?),
[ 20(T 25 2D )
o2 [0]20 (T 5T
T:OQO(?_IT;
(YQ ,T )@é$3!A7...?3!1;
Cz:i ,a )@2Tm:Nas... 22
IR
k in([,"a )end))end
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C Free Variables: Correct Operation—IV \
/

SXNT: Tletd:ADb ... 2
Ab 4 letd AT 2
Ac: 1 (b:4,(Ab:1let ¢c:0=0(J ¢ : 1)
in (b :1], ¢ :0) end))
. A z_ ~— ~ A <—71’— ‘L
in(zz:Ac...,(\ x4 let b =0(J b : 4);
ERREEEY
in([],’b )end))end;
(T2 NC ..., @3 N za..) 282D ... G 4,
(F5: 4,73: 2 b..)80m:\C... 1
T ~ — . =
in(zz: 4,Aas:1let a:0=0(J ' a: 4);
~ A 1 — =
T2 0] 20 (T ENT L),
T:OQO(?_I 1);
(?2 ,T )@éfglAj...?gll;
~— ~— N ~— ~—
(z1 , a )®=T2:Axa... T2 ;
[18= =
k in([]," ) end))end J
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Free Variables: Correct Operation—V \
A e = P — A
=)Xa : 4 letz1: b ...=
Ab 4 letg:aT.. 2
e T (B:7,00:11et c:020(7 ¢ :T)
in (b :1], ¢ :0) end))
Q P ~ N <—71/— P
in(zz:Ac...,(\ x4 let b =0(J " b: 4);
ERREEEY
in([],’b )end))end;
(TQ:AT .,ZEQ:)\Z...)éﬁi)\b. 7:4;
(3:4,753:0b..)2&m:2¢... T
. = ~— A <__1; d—
in(zs: 4, ANz3:1let a:0=0(J  a: 4)
ol []éO(fZ_IxI—l:Ab...);
22 0] 20 (T 5 AT .,
T:OQO(?_I 1)
Cz2: 1], 1:0)®273: A b... 23 1;
(z1 ,a )@ém:)\m Tzg: [1];
IR
k in([]," ) end))end J
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Free Variables: Correct Operation—V1

SXNT: Tletd:ADb ... 2
Ab o Tletig:Ae.. 2
\e T(T:T,(z\ﬁb:lletﬁc:()éO(?fl?:
in (b :1], ¢ :0) end))
in(Z2:2C...,(Aaa:[1]1et b éO(?’I?:
[5_18% Tz 1
in([], b )end))end;
(TQ:AT ,ZCQZ)\Z. )éx;l:)\? 7:?;
(%:?,x3:A7...)§E:A?...T
1n(m;3:j,()\x3 llet a OéO(?_lt.?);
[ 20(T 25 2D )
\E:[O}éO(?*E:/\T...);
T:OQO(?_IT,
Cz2: 1], 1:0)®273: A b... 23 1;
Caer ,a )@ém:)\m zo 1]
[18= =
k in([],"a )end))end
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/ Free Variables: Correct Operation—VI1I
N RN R
Ab:dlethg:ae... 2
\e T(?:?,(A?:llet c:()éO(?*ll?:T)
in (b :1], ¢ :0) end))
in (4 )\cA..,()\E:[l}lethb:OéO(?fll?:/Z);
(o 1@= e [1]
in([], b )end))end;
(?QZAT .,:cgz)\z...)éx;l:)\?...tzi;
(x;g.lz,xgz)\ﬁb )éEA?T
in(5: 4,0 7s:11et @:020(7 '@ : 71);
[ 20(T 25 2D )
\E:[O}QO(?*E:AT s
T:OQO(?_IT;
Cz2: 1], 1:0)®273: A b... 23 1;
(21 e )@2T3:A7a... 22:[1;
BN
K in([,"a )end))end
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/ Free Variables: Correct Operation—VIII \
N RN R
Ab:dlethy AT, 2
\e T(T:T,(z\ﬁb:lletﬁc:()éO(?fl?:T)
in (b :1], ¢ :0) end))

5]
in ([], 1) end)) end;
Go:XC....Fa: A a..)261: 2D ... T : T,
(3:4,753:0b..)2&m:2¢... T
1n(m;3:j,()\x3 llet a 0:0(?_17 ?),
[ 20(T 25 2D )
w020 (T AT,
T:OQO(?_IT;
(zs [1},7:0)@éﬁ:A7...?3:1;
(?1 a )@QE:AE‘..E:[H;

[J&= =
K in([],@? ) end)) end J
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Free Variables: Correct Operation—IX

ST Tletf:ab.. .2
Ab 4 letg:aT.. 2
s L L A ~ N (—71/_ A
Ac: 1 (b:4,(Ab:1let ¢c:0=0(J ¢ : 1)
in (b :1], ¢ :0) end))
— ~— N <—71’— 4—
in(zz:Ac ..., Aza:[l]let b:0=0(T " b : 4);
[ : 1] ®2 74 : [1]
in ([], b : 1) end)) end;
(?QZAT ,@:AZ...)éﬁzkb...7:4;
(Tz: 4,23: A b )éxbg)\/f 1
. = ~— A <__1; d—
in(zs: 4, ANz3:1let a:0=0(J  a: 4)
Z.[]éo(z—l:ﬁ:m...);
22 0] 20 (T 5 AT .,
T:OQO(?_I 1)
(YQ:[I},T'O)@éfg:/\TJ zs 1
(er:[), a: )@=Tz: N aa... w2 : [1];
(1@ a1 : []
K in ([], 7@ : 1) end)) end
NJPLS-2005
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Saddle Points
Continuous Two-Person Zero-Sum Games

min max PAYOFF(x, y)
z oy

\
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Gradients

V a2 Cor ((Cor (T ) (T 2)) 1)
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Gradient Descent

ARGMIN (f,zg,€) =
let g = V f o
in if [lg]| < ¢
then z
else ARGMIN
(fs
(zo + ((LINESEARCH ((Ak f (2o + (k X g))),€)) X 9)),
€) fi end
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Finding the Optimal Strategy (z*, y*)

ARGMAX (f,x0,€)
Max (f7 Io,E)

ARGMIN (A\x — (f x)), x0,€)
f (ARGMAX (f, g, €))

> 1>

let 2* 2 ARGMIN ((Az MAX ((\y PAYOFF (2,9)), 4o, €)), Zo, €)
in (z*, (ARGMAX ((Ay PAYOFF (z*,9)),v0,¢))) end

~
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K Contributions \

Formulate reverse-mode AD for functional programs: non-local source-to-
source transformation.

A first-class higher-order AD operator: ?

— .
Closure: can apply J to any function.

S . .
— Can apply J to closures with free variables.

— Nested application f? Az f7 Ay fx,y).
min max f(z,y)
z oy

— Self application: 7 ?

e Tape represented as closures: higher-order derivatives.

Preservation of asymptotic temporal and code-size complexity.

\ /
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Web Site

http://www-bcl.cs.nuim.ie/~qobi/stalingrad/
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