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(define (f x) 233)
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(define (f x) 2x° ~ (define (f' x) 6x°)
(define (g ¥ sinf(x)) ~ (define (g x) f/(x)cosf(x))
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(define (f x) 23) ~ (define (f' x) 6x%)
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(define (f x) 2% ~ (define (f' x) 6x°)
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(define (f x) 23) ~ (define (f' x) 6x%)
(define (g ¥ sinf(x)) ~ (define (g x) f’(x)cosf(x))
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= ({f — 23,/ — Ax 6x%},
Ax f/(x) cosf (x))
(map-cl osure

f ({xxv,...},€) = ({xa— f(v1),...},€)

need reflective transformation of closure bodies
want transformation done at compile time
needpolyvariantflow analysis
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Nesting

(sgrt (sqgrt x))
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(sgrt (sqgrt x))
(D (D f))
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(sqgrt (sqrt x))
(D (D 1))
(map (lanmbda (x) ... (map (lanbda (y) ...) ..) ..) ..)
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(sgrt (sqgrt x))

(D (D 1))

(map (lanmbda (x) ... (map (lanbda (y) ...) ..) ..) ..)
(D (lanbda (x) ... (D (lanbda (y) ...) ...) ...) ..))

maxminf (x,y)
Xy
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The Essence of Forward-Mode AD

flo f'lo_ (9 » ()
f(ct+e)= o T ety &t e e

Taylor, B. (1715).Methodus Incrementorum Directa et Inveréamndon.
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The Essence of Forward-Mode AD

f(c) f'(c) f'(c f0(c) |
f(ct+e)= (()!)+ 1(!)54— 2(!)52—1—--'4— i!( )5'+---

To computeD f c:
o evaluate at theterm c + ¢ to get apower series
@ extract the coefficient of, and
o multiply by 1! (noop).

Key idea: Only need output to befinite truncated power series+ be.
The inputc + ¢ is also a truncated power series.

Can do anonstandard interpretationf f over truncated power series.
Preserves control flow: Augments original values with derivatives.
(D f)is O(1) relative tof (both space and time).
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Arithmetic on Complex Numbers

a+ bi

Hamilton, W. R. (1837)Theory of conjugate functions, or algebraic couples
with a preliminary and elementary essay on algebra as the science of pure
time Transactions of the Royal Irish Acadeny|(1):293-422.
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Arithmetic on Dual Numbers

X+ Xe

Clifford, W. K. (1873). Preliminary Sketch of Bi-quaternionBroceedings of
the London Mathematical Societ§,381-95.
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Arithmetic on Dual Numbers

X+ Xe
e2 =0, bute #0

(X1 +X8) + (%2 + %) = (X1 +X2) + (X +X)e
(X1 +Xe) X (X2 +X5e) = (X1 X X2) + (X1 X X5 + X2 X X))

{(x)

(X0 ) + k2, %) = (3 + %), (X4 + %))
(0. 56) x (k2. %) = (30 x %), (X0 X X+ Xg % %))

Clifford, W. K. (1873). Preliminary Sketch of Bi-quaternionBroceedings of
the London Mathematical Societ§,381-95.
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Dynamic OverloadingsCMUTILS

(define-structure bundle prinal tangent)
(define (primal p) (if (bundle? p) (bundle-prinal p) p))
(define (tangent p) (if (bundle? p) (bundle-tangent p) 0))

(define +
(let ((+ +))
(lanbda (x1 x2)
(meke-bundl e (+ (primal x1) (prinmal x2))
(+ (tangent x1) (tangent x2))))))

(define *
(let ((++) (* *))
(lambda (x1 x2)
(make-bundle (* (primal x1) (prinmal x2))
(+ (* (prinmal x1) (tangent x2))
(* (tangent x1) (primal x2)))))))

(define ((D f) x) (tangent (f (nake-bundle x 1))))
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(define-structure bundl e prinal tangent)
(define (primal p) (if (bundle? p) (bundle-prinal p) p))
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(define +
(et ((+ +4))
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(D)
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PreprocessonbDIFOR and TAPENADE

function f(x)

doubl e precision x, f
f = 2.0d0*x*Xx*X

end
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Static OverloadingrADBAD ++

doubl e f(double x) {return 2xx*x*x;}
doubl e x;

(%)
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tenmpl ate <typenane T>

T f(T x) {return 2*x*x*x;}
T X;

Slow andinconvenient
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x.diff(0, 1).diff(0,1);
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x.diff(0, 1);

x.diff(0, 1).diff(0,1);

... f(x).d(0).d(0)
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Our API for Functional Forward AD

Differential geometry bundles poini®’ in a manifold with tangent vectoi®”

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 10/ 74



Our API for Functional Forward AD

bundle : R"xRA— (R">Rf)

Differential geometry bundles poini®’ in a manifold with tangent vectoi®”
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Our API for Functional Forward AD

bundle : R"xR"— (R"r>Rf)
primal : (R">RY) — R
tangent : (R">R") — RS

Differential geometry bundles poini®’ in a manifold with tangent vectoi®”
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Our API for Functional Forward AD

bundle : R"xR"— (R"r>Rf)
primal : (R">RY) — RO
tangent : (R"r>Rf) — RA
j* i (B RM) - (B> R - (B" > RF)

Differential geometry bundles poini®’ in a manifold with tangent vectoi®”
j * maps dunctionto its push forward
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Our API for Functional Forward AD

bundle : R"xR"— (R"r>Rf)
primal : (R">RY) — RO
tangent : (R"r>Rf) — RA
i* : R"—>R™ - (R">R7) — (R">RM))

Differential geometry bundles poini®’ in a manifold with tangent vectoi®”
j * maps a function to itpush forward
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Our API for Functional Forward AD

bundle : R"xR"— (R">Rf
primal : (R">RM) — R
tangent : (R">Rf) — RA
j* 0 (RV—RM) - (B> B - (B" > )

Differential geometry bundles poini&’ in a manifold with tangent vectors”
j * maps a function to itpush forward
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Our API for Functional Forward AD

bundle : 7x7 = (r>7)
primal : (r>7)—7
tangent : (7> 7)— T
j* ¢ (m—on) - (e T) = (> 7))

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward
Generalize to arbitrary types

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009



Our API for Functional Forward AD

bundle : 7x 7 = (r>7)
pri mal (t>7)—r
tangent : (7> 7)— T
j* (1 —72) = (> ) = (2> 73))

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?
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Our API for Functional Forward AD

bundle : 7x7 — (7> 7)
primal : (r>7)—>7
tangent : (7> 7)— T
j* ¢+ (momn)- (e )= (> 7))

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?

Can abbreviate > 7 as 7
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Our API for Functional Forward AD

bundle : 7x7 — 7
primal : T -7
tangent : T — 7
j* o (nom) = (7 — 72)

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?

Can abbreviate > 7 as 7
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Our API for Functional Forward AD

bundle : 7x 7 — 7

primal : T -7

tangent : T — 7
- RN N
J ¢ (m—1m)— (11— 1)

Differential geometry bundles poin&" in a manifold with tangent vectof"
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?

Can abbreviate > 7 as 7

Sometimes writg¢ * as./
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Our API for Functional Forward AD

bundle : 7x 7 — 7
primal : T -7
tangent : T — 7
j* 2 (nom) - (- 7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))

Differential geometry bundles poini&’ in a manifold with tangent vectois’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?

Can abbreviate > 7 as 7

Sometimes writg¢ * as. s

Convenient
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Our API for Functional Forward AD

bundle : 7x 7 — 7
primal : T -7
tangent : T — 7
j* 2 (nom) - (- 7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)

Differential geometry bundles poini&’ in a manifold with tangent vectois’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?

Can abbreviate > 7 as 7

Sometimes writg¢ * as. s

Convenient
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Our API for Functional Forward AD

bundle : 7x 7 — 7
primal : T -7
tangent : T — 7
j* 2 (nom) - (- 7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)
(D (D 1))

Differential geometry bundles poini&’ in a manifold with tangent vectois’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?

Can abbreviate > 7 as 7

Sometimes writg¢ * as. s

Convenient
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Our API for Functional Forward AD

bundle : 7x7 — 7T

primal : T -7

tangent : T — 7

j* 2 (nom) - (- 7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)
(D (D f))
(D (lambda (x) ... (D (lanbda (y) ...) ..) ..) ..)

Differential geometry bundles poini&’ in a manifold with tangent vectois’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent ofa dlscrete value or a function?

Can abbreviate > 7" as T

Sometimes writg * asj

Convenient
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Our API for Functional Forward AD

bundle : 7x7 — 7T

primal : T -7

tangent : T — 7

j* 2 (nom) - (- 7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)
(D (D f))
(D (lambda (x) ... (D (lanbda (y) ...) ...) ..) ..)

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent ofa dlscrete value or a function?

Can abbreviate > 7" as T

Sometimes writg * asj

Whatis(j* j*)?

Convenient
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Our API for Functional Forward AD

bundle : 7x7 — 7T

primal : T -7

tangent : T — 7

j* 2 (nom) - (- 7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)
(D (D f))
(D (lambda (x) ... (D (lanbda (y) ...) ...) ..) ..)

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a dlscrete value or a function?

Can abbreviate > 7" as T

Sometimes writg * asj

Whatis(j* j*)?

Convenient
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Our API for Functional Forward AD

bundle : 7x7 — 7T

primal : T -7

tangent : T — 7

j* 2 (nom) - (- 7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)
(D (D f))
(D (lambda (x) ... (D (lanbda (y) ...) ...) ..) ..)

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent ofa dlscrete value or a function?

Can abbreviate > 7" as T

Sometimes writg * asj

Whatis(j* j*)?

Convenient andast
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A property

X : R" X :R" f:R" — RM
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A property

x: R" X RN f:R" - RM
(7 1) 0li,j] = 20
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X : R" X :R" f:R" — RM
(7 O =258l (T 1)x) : rm
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X : R" X :R" f:R" — RM

(DN =28 (T 5% R™N ((71)x) RS R
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X : RN X RN f:R" - RM
(7 )Wl = 2B (7 1% k™0 (71 B0 LR
(primal ((j* f) (bundle x X))) =(f X
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X : R" X :R" f:R" — RM

(7 )i =250l (T Hx:R™N (F1)%) R =R
(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X
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X : R" X :R" f:R" — RM

(T 00 = 2B (TR (7Hx R LR
(primal ((j* f) (bundle x X))) =(f x

(tangent ((j* f) (bundle x X))) =(Jf)x) x X
(tangent ((j* f) (bundle x X))) =((Jf)x) X)
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X : R" X :R" f:R" — RM

(7 )i =250l (T Hx:R™N (F1)%) R =R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
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X : R" X :R" f:R" — RM

(T 00 = 2B (TR (7Hx R LR
(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X
(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 11/74



X : R" X :R" f:R" — RM

(7 )i =250l (T Hx:R™N (F1)%) R =R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f.RY L RM

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 11/74



X : R" X :R" f:R" — RM

(T NI = 2R (F6)x:R™ (T )% R 5 R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:Rn L R

0/1 matrix, every row has exactly one 1

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 11/74



X : R" X :R" f:R" — RM

(T NI = 2R (F6)x:R™ (T )% R 5 R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:Rn L R

0/1 matrix, every row has exactly one 1

(75
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X : R" X :R" f:R" — RM

(T NI = 2R (F6)x:R™ (T )% R 5 R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:Rn L R

0/1 matrix, every row has exactly one 1

(7 1) x) = Z5all
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X : R" X :R" f:R" — RM

(T NI = 2R (F6)x:R™ (T )% R 5 R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:Rn L R

0/1 matrix, every row has exactly one 1

st _ )1 when(f x)[i] = x[j]
(TN X =5 {O otherwise
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X : R" X :R" f:R" — RM

(T NI = 2R (F6)x:R™ (T )% R 5 R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:Rn L R

0/1 matrix, every row has exactly one 1

atwf _ )1 when(f x)[i] = x[j]
(TN X =5 {O otherwise =f
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X : R" X :R" f:R" — RM

(7 )i =250l (T Hx:R™N (F1)%) R =R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:Rn L R
0/1 matrix, every row has exactly one 1

atwf _ )1 when(f x)[i] = x[j]
(TN X =5 {O otherwise =f

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
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X : R" X R" f:R" — RM

(T )i =250l (T H»:R™ (F6)%) RS R

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:Rn 5 RM
0/1 matrix, every row has exactly one 1

st _ )1 when(f x)[i] = x[j]
(T X =5 {O otherwise =f

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
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X711

1T f:mp—m

(T 1) 0,i) = Zft (THX:m 5

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:m L [y

0/1 matrix, every row has exactly one 1

st _ )1 when(f x)[i] = x[j]
(T X =5 {O otherwise =f

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
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X:T1 tT1 f:m—m

(7 1) 0li,j] = 2! (T :im =

(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:m L )

0/1 matrix, every row has exactly one 1

st _ )1 when(f x)[i] = x[j]
(T =5 {O otherwise =f

whenf is a rearrangement function
((jr f) X =(bundle (f (primal x)) (f (tangent x)))
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What is the tangent cft ?
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What is the tangent cft ?

What if we taket#t” = #f ?
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What is the tangent cft ?

What if we taket#t” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
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What is the tangent cft ?

What if we taket#t” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
f:(#t Xy —(# xy but f:(#f x vy —(# y X
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What is the tangent cft ?

What if we taket#t” = #f ?

whenf is a rearrangement function

((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
f:(#t Xy —(# xy but f:(#f x vy —(# y X

f is a rearrangement function
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What is the tangent cft ?

What if we taket#t” = #f ?

whenf is a rearrangement function

((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
f:(#t Xy —(# xy but f:(#f x vy —(# y X

f is a rearrangement function

((j+ f) (bundle (# xvy) (# X ¥)))
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What is the tangent cft ?

What if we taket#t” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

f:(#t xy) —(# x Y but f:(#f xy) —(# y X
f is a rearrangement function

((jr f) (bundle (#t xy) (# X VY)))

=(bundle (#t x vy (#f Yy X))
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What is the tangent cft ?

What if we taket#t” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

f:(#t xy) —(# x Y but f:(#f xy) —(# y X
f is a rearrangement function

((jr f) (bundle (#t xy) (# X VY)))

=(bundle (#t xvy) (#f Yy X))
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What is the tangent cft ?

What if we taket#t” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

f:(#t xy) —(# x Y but f:(#f xy) —(# y X
f is a rearrangement function

((jr f) (bundle (#t xy) (# X VY)))

=(bundle (#t xvy) (#f Yy X))
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What is the tangent cft ?

What if we taket#t” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

f:(#t xy) —(# x Y but f:(#f xy) —(# y X
f is a rearrangement function

((jr f) (bundle (#t xy) (# X VY)))

=(bundle (#t x vy (#f Yy X))

Problem avoided if we tak#t’ = #t
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Whatis(j * j*)?
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Whatis(j * j*)?

whenf is a rearrangement function
((j*x f) x) =(bundle (f (primal x)) (f (tangent x)))
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Whatis(j * j*)?

whenf is a rearrangement function
((j*x f) x) =(bundle (f (primal x)) (f (tangent x)))

bundl e, pri mal ,t angent , andj * are rearrangement functions
((j* bundle) x)=(bundle (bundle (primal x)) (bundle (tangent Xx)))
((j* primal) x)=(bundle (primal (primal x)) (primal (tangent x)))

((j* tangent) x)=(bundle (tangent (primal x)) (tangent (tangent Xx)))
((j* j*) x=(bundle (j= (primal x)) (j* (tangent x)))
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z=g(f(x))
= (fog)(x)

y="f(x)

z=g(y)
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f=fio---0ofp,
X1 = f1 Xo
Xn = fn Xn_1

T X0 = (T faXn-1) x -+ x (J f1 Xo)
(T fx0)" = (T fix0)" x -+ x (T faXn_)"
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Xn=J f X0
= (J faXn—1) X -+ X (T f2 x1)x (T 1 Xo)

= (J f1 Xo)
= (J faxq) x X1
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Xn=J f o
= (J faXn—1) X -+ x(J f2 X1) % (T f1 Xo)

X1 = (J 1 %o)
X5 = (J f2x1) x X1

X

n= (j fn Xn—l) X Xn-1
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Xo=(J fxo)"
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Xo=(J fxo)"
= (j f1 XO)T X X (j fao1 Xn—Z)TX(j fn Xn—l)T

Xn-1 = (j fn Xn—l)T

Xn—2 = (J fa-1 Xn—2)—r X Xp-1

Yo:(jf]_XO)TXY]_
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Xn = (J f Xo) X X§
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X1 = (J f1 Xo0) X Xg

Xp = (J faXn—1) X Xn-1
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y=AXX

|

x

n = (J T Xo) x X§

=
= f XoX§
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y=AXX
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Xq = (J f Xo) x X§

=
= f XoX§

o= (J f x0)" x Xn

N ¢ N
= f Xg Xp
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Xalii] = ' x0 §
= (T f x0)[;]
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Xalii] = ' x0 §
= (T f x0)[;]

YO[?”:T:XOE
= (T f x0)[;]
= (J f xo)[i;]
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y =B x (A xX)
= (B xA)xXx
= 9(f(x))
= (feg)(x)

(T faXn_1) X - x (T fiX0) = (f{ Xo) 0+~ 0 (fn Xn_1)

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 23/74
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y =B x (A xX)
= (B xA)xXx
= 9(f(x))
= (feg)(x)

(T faXn_1) X -+ X (T f1x0) = (f Xp) 0 --- 0 (T Xn_1)
f,

(T fix0)" x - x (T faxn_1)' = (faXn_1) 0o (
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Xi—1= ’X| 1[1‘

Xi = fi Xi—1 = (’Xi—l[l] ‘

x| xR | [ xioam]])
Ui xia[R] |-+ [xia[R] |-+ [ xia[m] )
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Xi—1 = (|Xi—1[1] |- Xi—1[Li] ""Xilw Xi—1[S] ""’Xi—l[m] ‘)
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Li R S
| ! |
1
1
L — 0 b/l blz
1
R — 1
S - 1
1

by = Dy bi (xi—1[Ri], xi—1[S])
by = Dy bi (xi—1[R], Xi—1[S])
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X = fi xi_1%1
(J fi Xi—1) X Xi—1
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X = f xi_1%1
= (Jfixi_1) X X1
xi—1[1] 1 xi—1[1]
%Al — 1) 1 %Al — 1)
U x Xi_1[R] 0 u Xi—1[Li]
Xi—1[Li + 1] - 1 Xi1[Li + 1]
Xi—1[R] 1 Xi—1[R]
Xi—1[m] 1 Xi—1[m

U =D ui Xi—1[R]
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X = f xi_1%1
= (Jfixi—1) X Xi—1
Xi—1[1] 1 Xi—1[1]
%Al — 1) 1 %l — 1)
U x Xi_1[R] 0 u Xi—1[Li]
xaLi+1 | = 1 X AL+ 1]
X|__{[R|] 1 Xl_—ﬂR]
Xi—1[m] 1 Xi—1[m]

U =D ui Xi—1[R]
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X = f xi_1%1
= (Jfixi—1) X Xi—1
Xi—1[1] 1 Xi—1[1]
%Al — 1) 1 %l — 1)
U x Xi_1[R] 0 u Xi—1[Li]
xaLi+1 | = 1 X AL+ 1]
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A (Not So) Brief Tutorial on AD

X o= T oxa %
= (JfiXi—1) x Xi—1
Al 1 A1)
%L — 1] 1 5L — 1
b x 5 1[R] + by x 57[S] 0 b b il
%L + 1 1 il + 1]
1R 1 % 1R]
CE) 1 %3S
i 1(m 1)\ x7am

b} = D1 bi (xi—1[R],xi-1[S])
b, = D2 bi (xi—1[R], xi—1[S])
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X o= T oxa %
= (Jfixi1) x X1
Al 1 Al
%L — 1 1 5L — 1
by x X 1[R] + by x 5[5 0 b b il
%L+ 1 1 il + 1]
1R 1 % 1R]
CE) 1 %ils)
il 1) \ sim

b} = D1 bi (xi—1[R],xi-1[S])
b, = D2 bi (xi—1[R], xi-1[S])
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X = Txaxi
= (Jfixi1) x X1
1] 1 11
%L — 1 1 5L — 1
by x X[R] + by x SIS 0 b b % 1lL)
%L + 1] 1 AL+ 1]
5 1IR] 1 % 1R]
7S] 1 5 1lS]
K4l 1) \ sqm

b} = D1 bi (xi—1[R],xi-1[S])
b, = D2 bi (xi—1[R], Xi—1[S])
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Xic1 = fi X1 X
= (Jfix) x X

e . e
XL — 1] 1 L - 1]
0 0 “xi[Li]
il + 1] - 1 XilLi+ 1
o x “xi[Li] + "xi[R] u 1 ?{[F«]
Xm 1)\ Sim

u =D U Xi—1[R]
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“xi[1]
?i.[l—i —1]
0

“xilLi + 1]

u"x?im + Xi[R]

i
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Xi—1

“xi[1]
?i.“-i -1
0
Xi[Li + 1

b, x %lL] + %[R]

wkﬁm+2m

%im

Jeffrey Mark Siskind (Purdue/ECE)
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(T fixic)" x X

1
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“xi[1]
?i.“-i —1]
0
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X1 = f]_ Xo
- 7
X{ = f1 X0 X3
Xn = fnXno1
7 —
Xn = fn Xno1 Xn—1

(x1,X1) = ((f1x0), (f1 X0 Xq))
(Xn, Xn) : ((fn Xn-1), (ﬁ Xn—1 Xn-1))
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X1:f1XQ leﬁro
Xn = fn Xn_1 Xn :ﬁm
X = (X X)
T X =((Fx), (T xX))
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—\
X i =UXg ~ X, = Ui XR;
X, =bi OR,Xs) ~ X = b (R,XS)

=((ux),((Dux) x X))
b (%, %) = (b (x1.%)), (D1 b (X1, %)) X X) + (D2 b (¥1,%)) x %))
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A (Not So) Brief Tutorial on AD

Jeffrey Mark Siskind (Purdue/ECE)

~ N ~
X1 = fl Xo Xp—1 = fn Xn—1 Xn
N N7 h
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Xn = faXno1
~ SN N
Xn—1 = faXn—1 Xn
~ Np N~
Xo = fi1Xo X1
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A (Not So) Brief Tutorial on AD

Xn = fn Xn—1

—

Xn=AX X1 (fiXo X)
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A (Not So) Brief Tutorial on AD

N
(x1,%1) = ((fix0),(A'x %o (frx0 X))

(%) = ((f¥os), AX %t (Ta 0 X))
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A (Not So) Brief Tutorial on AD

X1:f1XQ IX—lzﬁ/X—O

Xn = fn Xn_1 Xn = /E)IT—I
X = (x,%)

TX=((%,0x x(F xX)
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A (Not So) Brief Tutorial on AD

T x=beginx:= Ax X (F x X);
(f x) end
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A (Not So) Brief Tutorial on AD

X = A[] begin‘g—i-‘— (DU 5R) x X

X|_i = U XRi ~ [l] en(;)’
)(Ti:: Ui )a
X = A[] begin Xg +:= (D1 b (&, %8)) x X.;
s +i= (D2 bi (R, 58)) X X
X, =bi (Xr,Xs) ~ X, = 0;
L, X[]end
X|_I = b| (XR,Xs)

Z_
X

X
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X|_i = U XRi ~

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming

A (Not So) Brief Tutorial on AD

A

A
X, = U XR

Xrti= (DU Xg) X X
> /iLi::O L L
X = bi (%R, Xs)

XRti= (DLbi (R, %5)) X X
xs+:= (D2 by (Xr,X5)) X Xi;
X, =0

X =x

U January 2009



The Functional Reverse-Mode Transformation

X, = U1 Xg;

XL, = Un Xsg,
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The Functional Reverse-Mode Transformation

X, = UnXs
X = 0
XL, = W Xg :
: A~ Xm = 0
X, = UnXs, Xs, +:= (DunXs) X X,
TM = 0
x5, +i= (Duixg) X X,
\ TH = =0
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The Functional Reverse-Mode Transformation

X1 = Uz Xg
Xn Un Xs,
X1 = WXy Xo 0
0 ~ .
Xa = UnXs, Xp-1 = 0
X5, +:= (DunXs) X Xn
L Tsl +:= (D Uq Xsl) X ?1
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The Functional Reverse-Mode Transformation

X1 = Uz Xg
Xn Un Xs,
X1 = WXy Xo 0
0 ~ .
X = UnXs, -1 = 0
Xs, +:= (DunXs) X X
L Tsl +:= (D Uq X31> X ?1
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The Functional Reverse-Mode Transformation

( Xy = Ur Xs,
Xn — Un XSn
Sl
X; = U Xg X = 0
~ :
: -
Xn = UnXs, Xp—1 = 0
~ I v
X& +:: Un Xn
~ ' I W
L Xg, +:= U1 Xg
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The Functional Reverse-Mode Transformation

(X1, %) = U1 Xs
(Xn;)Tn) = ﬁnx&
X; = U Xg X = 0
. ~ .
Xn = UnXs, -1 = 0
Xs, +:= Xn Xn
X5, += X x1

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 47174



The Functional Reverse-Mode Transformation

- A
(x1,X1) = Ui Xs
- ' 4—
(X0, %) = Un Xs,
X; = U Xg X = 0
: A
Xn = UpXs, Xn—1 = 0
Xs, +:= Xn Xn
X5, += X x1
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The Functional Reverse-Mode Transformation

(X, %) = xR X
(X%, %) = Xg, X
X1 = Xg, Xg Xp = 0
: e d
Xn = XRj, Xs Xp—1 = 0
~ N~
Xs, +:= Xn Xn
Tsl +i= X x
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The Functional Reverse-Mode Transformation

( (Xlaxil) = XR;, Xg
(Xm%) = Ry X
X1 = XR, Xg Xg = 0
: od
Xn = XR, Xs, Xn—1 = 0
A A
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The Functional Reverse-Mode Transformation

(X;]-?Xl) = )/(_R’l)g
%) = R/

~— 1

X1 = X Xg Xo = 0(j XO)

s

’ — =

Xn = Xr, Xs, Xn—1 = 0(J " Xn—1)
Xs, D= Xn Xn
X5, o= XX
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The Functional Reverse-Mode Transformation

A
)\Xo let X1 = XR;, Xs;;

A
Xn = XR, Xs,
in x, end

Jeffrey Mark Siskind (Purdue/ECE)

Xr X
in (%, (A let % 2 0(7 1 %);
— A — A
Xn-1=0(J X 1);
Xs BE% Yo

s— A __ ~—
Xg, ®=X1 X1

in "xo end)) end
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The Functional Reverse-Mode Transformation

A
)\Xo let X1 = XR;, Xs;;

A
Xn = XR, Xs,
in x, end

s— A __ ~—
Xg, ®=X1 X1

in "xo end)) end

The above is a white lie. The truth is a lot more complicated.

Jeffrey Mark Siskind (Purdue/ECE)
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Modularity

A f (x) af (x)
Vfx = B O
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>
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Modularity

A f (x) af (x)
Vfx = B O
AN
GRADIENTDESCENTT Xg = o Xipr = VXL
. N
argmin f = ...GRADIENTDESCENTf Xp. . .

(1>

NEUTRONFLUX r
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Modularity

A f (x) af (x)

Vfx = B O
VAN

GRADIENTDESCENTT Xg = o Xipr = VXL

. A

argmin f = ...GRADIENTDESCENTf Xp. . .
VAN

NEUTRONFLUX 1 = classified

1>

DEVIATION r ((NEUTRONFLUX T) — NEUTRONFLUthica|)2
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Modularity

A f (x) af (x)
Vfx = B O
GRADIENTDESCENTT Xg = o Xipr = VXL
. N
argmin f = ...GRADIENTDESCENTf Xp. . .
A

NEUTRONFLUX r

1>

DEVIATION r ((NEUTRONFLUX T) — NEUTRONFLUXCmica|)2

(1>

r argmin DEVIATION
Fermi, E. (1946)The Development of the first chain reaction pile
Proceedings of the American Philosophy Soci@¢20—4.
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BreakingModularity

Vfx

I
|
|

GRADIENTDESCENTT Xg = o Xipr = VXL
. A
argmin f = ...GRADIENTDESCENTf Xp. . .
VAN T
NEUTRONFLUX 1 = classified
VAN
DEVIATION r = ((NEUTRONFLUX T) — NEUTRONFLUXCmica|)2

(1>

r argmin DEVIATION
Fermi, E. (1946)The Development of the first chain reaction pile
Proceedings of the American Philosophy Soci@¢20—4.

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 51/74



BreakingModularity

vT

I
|
|
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BreakingModularity

vT

I
|
|

X

T

—_N\
GRADIENTDESCENT f Xg e Xipri=... VO X

L= N -
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VAN T
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T
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Polyvariant Flow Analysisk-CFA
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Shivers, lll, O. G. (1991)Control-Flow Analysis of Higher-Order Language:
or Taming LambdaPh.D. thesis, CMU.
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Game Theory

B
by ... by ... bn
ap
A g ... PAYOFF(a;,by)
am

von Neumann, J. and Morgenstern, O. (1944)eory of Games and
Economic BehaviorPrinceton University Press, Princeton, NJ.
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Game Theory

B
by ... by ... bn
ap
A g ... PAYOFF(a;,by)
am

maxmin PAYOFF(a, b)
acA beB

von Neumann, J. and Morgenstern, O. (1944)eory of Games and
Economic BehaviorPrinceton University Press, Princeton, NJ.
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Game Theory

Rn
b

R™ a| ... PAYOFF(ab)

max min PAYOFF(a, b)
acRMbeRn

von Neumann, J. and Morgenstern, O. (1944)eory of Games and
Economic BehaviorPrinceton University Press, Princeton, NJ.
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Cathode Ray Tubes

Path of Charged Particle

10

=

Sprague, C. S. and George, R. H. (1932athode Ray Deflecting Electrade
US Patent 2,161,437.

George, R. H. (1940)Cathode Ray TubeJS Patent 2,222,942.
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Performance Comparison

saddl e particle
FF FR RF RR FF FR RF RR

STALINV 1.00 1.00 1.00 1.0¢ 1.00 1.00 1.00 1.00

IKARUS 150.12 194.49 2235 33.17 197.32 33195 243.78 329.86
STALIN 162.20 202.23 26.15 36.54 222.87 380.89 212.39 269.96
SCHEME->C | 298.53 312.39 4152 54.33 39465 583.13 424.48 537.91
CHICKEN 847.28 1088.64 124.56 203.881117.53 2030.66 1565.15 5291.80
BiGLoO 385.67 394.14 55.89 69.72 541.27 764.74 431.03 607.71
GAMBIT 349.43 40447 49.70 71.16 43553 748.82 53235 712.63
LARCENY 537.53 543.88 66.47 85.35 696.14 1163.91 564.50 747.98
MzC 2234.68 2456.97 319.20 428.2®765.03 3406.98 1311.92 1843.73

MzScHEME | 1874.02 2229.77 273.29 397.182314.17 4059.10 1651.69 2416.09
SCMUTILS 1141.06 1351.11 156.71 236.2201428.85 2354.06 1163.29 1660.56

MLTON 42.42 69.48
SML/NJ 63.20 84.59
OCamL 79.65 121.60
GHC 117.74 157.47
FADBAD++ 21.64 74.01
ADIFOR 1.96 1.46
TAPENADE 2.47 3.27
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Gradient-Based Optimization

(define (e i n)
(if (zero? n)
"0
(cons (if (zero? i) 1.0 0.0)
(e (- 1 1) (- n1)))))

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 59/74



Gradient-Based Optimization

(define (e i n)
(if (zero? n)
"0
(cons (if (zero? i) 1.0 0.0)
(e (- 1 1) (- n1)))))

(define ((gradient f) x)
(let ((n (length x)))
(map (lanmbda (i) (tangent ((j* f) (bundle x (e i n)))))

(iota n))))

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 59/74



Gradient-Based Optimization

(define (e i n)
(if (zero? n)
"0
(cons (if (zero? i) 1.0 0.0)
(e (- 1 1) (- n1)))))

(define ((gradient f) x)
(let ((n (length x)))
(map (lanmbda (i) (tangent ((j* f) (bundle x (e i n)))))
(iota n))))

(define (gradient-ascent f x0 n eta)
(if (zero? n)
(list x0 (f x0) ((gradient f) x0))
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x0

((gradient f) x0))
(- n1
eta)))
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Gradient-Based Optimization

(define ((gradient f) x) (cdr ((cdr ((*j f) (*j x))) 1.0)))

(define (gradient-ascent f x0 n eta)
(if (zero? n)
(list x0 (f x0) ((gradient f) x0))
(gradi ent-ascent f
(zip (lanmbda (xi gi) (+ xi (* eta gi)))

x0

((gradient f) x0))
(- n1
eta)))
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Neural Networks

Rumelhart, D. E., Hinton, G. E., and Williams, R. J. (198&arning
representations by back-propagating errodature, 323533-6.
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Neural Networks in/LAD

(define ((sumactivities activities) bias ws)
((fold + bias) (zip » ws activities)))
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(define ((sumactivities activities) bias ws)
((fold + bias) (zip » ws activities)))

(define (sumlayer activities ws-layer)
(map (sumactivities activities) ws-1ayer))

(define (sigmid x) (/ 1 (+ (exp (- 0x)) 1)))

(define ((forward-pass ws-layers) in)
(if (null? ws-layers)
in
((forward-pass (cdr ws-layers))
(map sigmoid (sumlayer in (car ws-layers))))))

(define ((error-on-dataset dataset) ws-|ayers)
((fold + 0)
(map (lanbda ((list in target))
(* 0.5 (nmagnitude-squared (v- ((forward-pass ws-layers) in) target))))
dataset)))

(gradi ent-descent (error-on-dataset '(((0 0) (0))

((0 1) (1)
((10) (1)
(11 (0)))

"(((0 -0.284227 1.16054) (0 0.617194 1.30467))

((0 -0.084395 0.648461)))
1000.0
0.3)
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Performance Comparison

STALINV
FADBAD++
ADOL-C
CPRAD
ADIC
ADIFOR
TAPENADE

Jeffrey Mark Siskind (Purdue/ECE)

forward scalar

1.39
103.65
12.80
44.10
17.50
12.38
11.86

AD for Probabilistic Programming

forward vector

35.38
4.07

4.13
2.79
4.54

reverse
1.00
52.40
32.55
22.20

5.80

U January 2009
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Probabilistic Lambda Calculus

P = if xo then O else ifx; then 1 else2

Koller, D., McAllester, D. , and Pfeffer, A. (1997ffective Bayesian
Inference for Stochastic ProgramBroceedings of the 14th National
Conference on Artificial Intelligence (AAAI), pp. 740—7.
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23
Po:Pr e r0,1,2,2)
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Probabilistic Prolog

p(0).
p(X):-a(X).
q(l).
a(2).
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Probabilistic Prolog

Pr(p(0).) =po
Prip(X):-q(X).)=1-po
Pr(q(1).)=mp1
Pr(a(2).)=1-ps
Pr(?-p(0).) =po
Pr(?-p(1).) = (1—po)p1
Pr(?-p(2).)=(1—-po)(1—p1)

11 Pr(?- 0. ) = po(1 — po)®pa(1 — pr)?
ae{p(0),p(1),p(2) ,p(2) }
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Probabilistic Prolog

Pr(p(0). ) =po
Pr(p(X):-a(X).)=1-po
Pria(1).)=m
Pra(2).)=1-m

Pr(?-p(0). ) =po
Pr(?-p(1).) = (1—po)ps
Pr(?-p(2).) = (1-po)(1—p)
11 Pr(?-q. ) = po(1 — Po)®pa(1 — p1)?
ae{p(0) ,p(1) ,p(2) ,p(2) }
argmax 11 Pr(?-q.) = <‘11, ;>

PoPL e p(0) (1) ,p(2) ,p(2) }
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Probabilistic Lambda Calculus

(define (eval uate expression environment)
(cond
((const ant - expr essi on? expressi on)
(singleton-tagged-distribution
(const ant - expr essi on-val ue expression)))
((vari abl e- access- expressi on? expression)
(1 ookup-val ue
(vari abl e- access- expressi on-vari abl e expression) environnment))
((l anbda- expr essi on? expressi on)
(singl eton-tagged-distribution
(1l anbda (tagged-distribution)
(eval uate
(1 anbda- expr essi on- body expressi on)
(cons (make-bindi ng (| arbda- expressi on-vari abl e expressi on)
tagged-di stribution)
environnment)))))
(else (let ((tagged-distribution
(eval uate (application-argunent expression)
environnment)))
(map-tagged-di stribution
(l anbda (val ue) (val ue tagged-distribution))
(evaluate (application-callee expression) environnent))))))
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Probabilistic Lambda Calculus

(gradi ent - ascent
(lanbda (p)
(let ((tagged-distribution
(evaluate if xpthenOelseif x;thenlelse?2
(l1'i st Pr(xo— true) =py Pr(xo— false) = 1 —po

Pr(x; — true) = p; Pr(x; — false) =1—p;

~))))

(map-reduce
1.0
(lambda (val ue)

(l'i kel'i hood val ue tagged-distribution))

'(0123)))
' (0.5 0.5)

1000. 0
0.1)
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Probabilistic Prolog

(define (proof-distribution term clauses)
(let ((offset ..))
(map-reduce
append
"0
(1 anbda (cl ause)
(let ((clause (al pha-renanme clause offset)))
(let loop ((p (clause-p clause))
(substitution (unify term (clause-term clause)))
(terns (clause-terns clause)))
(if (bool ean? substitution)
"0
(if (null? terms)
(l'ist (make-double p substitution))
(map-reduce
append
"0
(1 ambda (doubl e)
(loop (* p (double-p double))
(append substitution (doubl e-substitution double))
(rest termns)))
(proof-distribution
(appl y-substitution substitution (first ternms)) clauses)))))))
cl auses)))
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Probabilistic Prolog

(gradi ent - ascent

(lanmbda (p)

(let ((clauses (list Pr(p(0).)=npo
Prip(X):-a(X).)=1-po
Pria(1).)=p
Pra(2).)=1-p1)))

(map-reduce
1.0
(lanmbda (query)
(l'i kel'i hood (proof-distribution query clauses)))
"(p(0) p(1) p(2) p(2)))))
"(0.5 0.5)
1000.0
0.1)
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Generated Code

static void f2679(doubl e a_f2679_0, doubl e a_f2679_1, doubl e a_f2679_2, double a_f2679_3){

int t272381=((a_f2679_2==0.)?20: 1);

doubl e t272406;

doubl e t272405;

doubl e t272404;

doubl e t272403;

doubl e t272402;

i f((t272381==0)){
doubl e t272480=(1.-a_f2679_0);
doubl e t272572=(1.-a_f2679_1);
doubl e t273043=(a_f 2679_0+0.);
doubl e t274185=(t 272480%a_f 2679_1) ;
doubl e t274426=(t274185+0.);
doubl e t275653=(t 272480+t 272572) ;
doubl e t 275894=(t 275653+0. ) ;
doubl e t277121=(t 272480+t 272572);
doubl e t277362=(1277121+0.);
doubl e t277431=(t277362%1.);
doubl e t277436=(t 275894t 277431);
doubl e t277441=(t274426+t277436);
doubl e t277446=(t273043+t277441);

doubl e t1777107=(t 1774696+t 1715394) ;
doubl e t1777194=(0. -t 1745420) ;
doubl e t1778533=(t 1777194+t 1419700);
t272406=a_f 2679_0;
t272405=a_f 2679_1;
t 272404=t 277446;
t272403=t 1778533;
t272402=t 1777107; }

else {...}

r_f2679_0=t 272406;

r_f2679_1=t 272405;

r_f2679_2=t 272404;

r_f2679_3=t 272403;

r_f2679_4=t272402;}
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Performance Comparison

probabilistic- probabilistic-

| anbda- cal cul us prol og

forward reverse forward reverse
STALINV 1.00 1.00 1.00 1.00
IKARUS 499.13 419.37 10,384.61 4,347.82
SCHEME->C 934.34 660.69 11,394.23 5,838.50
BiGLOO 1,367.10 967.60 14,531.25 7,701.86
GAMBIT 1,155.64 1,035.55 24,831.73 12,931.67
LARCENY 2,294.07 1,412.75 24,471.15 12,906.83
STALIN 1,313.00 1,925.84 22,524.03 14,633.54
CHICKEN 2,168.67 2,659.16 53,320.31 28,434.78
SCMUTILS 6,448.24 3,449.89 85,697.11 43,416.14
MzC 5,227.44 5,325.36 144,765.62 118,192.54
MzSCHEME 8,667.32 6,370.29 157,965.74 124,975.15
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Eval uation: C Wak paper, but it will not be an
enbarrassnment to have it in POPL.

Confidence: Z. | aman inforned outsider and tried
ny best to understand the paper.

Shows how to optimize a functional |anguage with a built-in automatic
differentiation operator.

The results | ook useful, but | wonder whether POPL is the right place to
present them Yes, the devel opnent involves functional progranmmng. But it
al so involves a lot of concepts fromscientific conputing that may be
unfam liar to many and that are explained only mnimally or not at all.
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It is, of course, not excluded that the range of arguments or rafgalaes of
a function should consist wholly or partly of functions. The derivative, as t
notion appears in the elementary differential calculus, is a familiar matherr
ical example of a function for which both ranges consist of functions.

Jeffrey Mark Siskind (Purdue/ECE) AD for Probabilistic Programming U January 2009 73174



It is, of course, not excluded that the range of arguments or rafgalaes of
a function should consist wholly or partly of functions. The derivative, as t
notion appears in the elementary differential calculus, is a familiar matherr
ical example of a function for which both ranges consist of functions.

14)

Church, A. (1941)The Calculi of Lambda ConversipRrinceton University
Press, Princeton, NJ.
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Gottfried Leibniz

Jacob Bernoulli
Johann‘BernouIIi
Leonha‘\rd Euler
Joseph Lo‘uis Lagrange
SimeorL Poisson
MicheI‘ChasIes
Hubert An‘son Newton
Eliakim Ha‘stings Moore

\
Oswald Veblen

\
Alonzo Church
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