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Lambda Calculus

Higher-Order Functions
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Higher-Order Functions
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Lambda Calculus

Lambda Expressions

Anonymous Functions
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Lambda Expressions

Anonymous Functions
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Lambda

Lambda Expressions

Anonymous Functions

n

Ziz = FoLD (m,n, SQR, +,0)
=

SQRI = iIX1
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Lambda Expressions

Anonymous Functions

n
Ziz = FOLD (m,n, (\iixi),+,0)
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Lambda Calculus

Nesting, Free Variables, and Closures

(M2xx)3 = 6

(M Ayx+y)3 = ({x—=3hL Ay x+y)
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Lambda Calculus

It is, of course, not excluded that the range of arguments or range of values of
a function should consist wholly or partly of functions. The derivative, as this
notion appears in the elementary differential calculus, is a familiar mathemat-
ical example of a function for which both ranges consist of functions.

(p- 194

Church, A. (1941). The Calculi of Lambda Conversion. Princeton University
Press, Princeton, NJ.
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Derivatives

:(R—-R)— (R—>R)
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Differential Calculus in Lambda-Calculus Notation

Partial Derivatives
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Ox dy
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Partial Derivatives
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Differential Calculus in Lambda-Calculus Notation

Gradients

Vix = (Difx),....,(Dyfx)

vV : R"-R)— (R"—->R"
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Differential Calculus in Lambda-Calculus Notation

Jacobians
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Differential Calculus in Lambda-Calculus Notation

Operators

D, V, and J are traditionally called operators.
A more modern term is higher-order functions.
Higher-order functions are common in mathematics, physics, and engineering:

summations, comprehensions, quantifications, optimizations, inte-
grals, convolutions, filters, edge detectors, Fourier transforms, dif-
ferential equations, Hamiltonians, . . .
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Essence of the Derivation of Functional Reverse Mode

Reverse Mode on Imperative Programs

X2 = u xi

xy = b(x,x3)
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Essence of the Derivation of Functional Reverse Mode

Reverse Mode on Imperative Programs

X2 =
PUSH x
X2 =
POP xp
W =
X3 =

nd (Purdue/ECE)

u xi

b (Xz,)c3)

(D1 b (x2,x3)) X “x2
(D2 b (x2,x3)) X “x2

(D uxl) X T2

Programming Lar

forward phase

reverse phase

16/43



Essence of the Derivation of Functional Reverse Mode
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Essence of the Derivation of Functional Reverse Mode

Notation

In the following slides, I use X, y, Xx;, and y; to denote tuples of scalar
variables, i.e. (x47,x19, X33).

Tuse °x, 'y, “x;, and “y; to denote tuples of corresponding sensitivities of
scalar variables, i.e. ("x47, “X19, "X33).
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Essence of the Derivation of Functional Reverse Mode

Subroutines and Tapes

Unary Primitives

u:x+—y
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Essence of the Derivation of Functional Reverse Mode

Subroutines and Tapes

Unary Primitives

Uu:x—y
. PUSH x
u:x—y =

y = ux
_ A POP x
u:'ym—'"x =

x 4+:= (Dux)x y
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Essence of the Derivation of Functional Reverse Mode

Subroutines and Tapes

Binary Primitives

b:(x,y)z
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Essence of the Derivation of Functional Reverse Mode

Subroutines and Tapes

Binary Primitives

b:(x,y)—z

L . PUSH x

b :(x,y)—z = PUSH y
z = b(xy)
POP X

- A POP

bz (%) 28 o
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Essence of the Derivation of Functional Reverse Mode

Subroutines and Tapes

User-Defined Functions

i = fix

Yo = faXy
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Essence of the Derivation of Functional Reverse Mode

Subroutines and Tapes

User-Defined Functions

i = fix
A

fix—=y =

Yo = faXy

i = fix
— A
fix—=y =

Y. = fnxn
_ L[ =AY
f:y—="x = :
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Essence of the Derivation of Functional Reverse Mode

Representing the Tape as Function Arguments and Results

Unary Primitives

Uu:x—y

u:ix—(y,x) = {y = ux

_ A —

u:(x,y)=»x = {x +i= (Dux)xTy
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Essence of the Derivation of Functional Reverse Mode

Representing the Tape as Function Arguments and Results

Binary Primitives

b:(x,y)—z

by = (5(xy) 2 {z = by

B:((x,y), 7))~ (F,5) 2 {:i - Egi%;ig
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Essence of the Derivation of Functional Reverse Mode

Representing the Tape as Function Arguments and Results

User-Defined Functions

yi = fix
fix—=y 2

Yo = fauXa
L A yi.tt = i x
f X (y7 (th 7tn)) = L

Ynatn = fn Xy

Yn +:= f; (tna m)

\
1>
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Essence of the Derivation of Functional Reverse Mode

Representing the Tape as Closures

Unary Primitives

U:xe—y
. . A y =
u x— (y,u) = - = A

U:yr—'x =
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Essence of the Derivation of Functional Reverse Mode

Representing the Tape as Closures

Binary Primitives

b:(x,y) =z

D (6,y) > (2b)

Il
N
N
1
7
5

>
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Essence of the Derivation of Functional Reverse Mode

Representing the Tape as Closures

User-Defined Functions

yi = hix
fix—=y z :

Yo = faXy

th

]

I
>
<
3
|

+:= fnvﬁt
+= AW
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Essence of the Derivation of Functional Reverse Mode

Details for Handling Closures Omitted
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AD in Lambda-Calculus Notation

Traditional Formulation of AD as Transformations

Forward Mode: R"” — R™ ~~ (R" x R") — (R™ x R™)
Reverse Mode: R" — R™ ~» (R" — (R™ x RY)) x ((R” x RY) — R")
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AD in Lambda-Calculus Notation

New Formulation of AD as Higher-Order Functions
Perturbation Types

null = null

-7
R =R
TN XTy = T X T
T/ T,
7'11 nz = 771>< ><77n
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AD in Lambda-Calculus Notation

New Formulation of AD as Higher-Order Functions
Forward Types

null = null x nuli
—_ —
R = RxR
- 0\ N N
TN XTy = T1 X T
[ . N
T{yeesTh N T e Ty
] — T2 = T — T
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AD in Lambda-Calculus Notation

New Formulation of AD as Higher-Order Functions
Sensitivity Types

‘null = null
R = R
TN X T = T X T2
TiseTn N T
T1 = TIX'”X Tn
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AD in Lambda-Calculus Notation

New Formulation of AD as Higher-Order Functions
Reverse Types

PA—
null = null
A
R = R
B L L
TI XT) = T1 XN
4L PAN DA
T{seesTa L T e Ty N N
n ' o= (M x (= (1 X X T,) X 7))
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AD in Lambda-Calculus Notation

New Formulation of AD as Higher-Order Functions

Forward Mode: ? T T
< z_
Reverse Mode: J :7— T
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An Example

Saddle Points

Continuous Two-Person Zero Sum Games

x : R™

y:R”

PAYOFF : R" x R" — R
mxin max PAYOFF (X,y)
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An Example

Saddle Points

Continuous Two-Person Zero Sum Games

x : R™

y:R”

PAYOFF : R" x R" — R
mxin max PAYOFF (X,y)

(X*7 y*) = let x* é ARGMIN ((AX MaAX (()‘y PAYOFF (X7 Y))a Yo, 6))7 X0, 6)
in (x*, (ARGMAX ((Ay PAYOFF (x*,y)),Yo,€)))
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Benefits of this Approach

Our Approach is Efficient

source-to-source transformation

no overloading

no interpretation of tape

transformation conceptually done reflectively at run-time

e © 6 ¢ ¢

sophisticated compilation techniques can move transformation to
compile-time
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Benefits of this Approach

Our Approach Exhibits Closure Properties

<_
@ Can apply 7 and <;7 to any function
including 7 and J themselves.

@ The output of 7 and ? are functions.
= =
@ Can apply 7 and J to the output of 7 and 7.
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Benefits of this Approach

Our Approach Exhibits Closure Properties

<_
@ Can apply 7 and <;7 to any function
including 7 and J themselves.

%
@ The output of 7 and J are functions.
= =
@ Can apply 7 and J to the output of 7 and 7.
@ Can take derivatives of arbitrary order.
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