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Fall 2010
ECE608, Homework #12 Solution

(1) CLR 34.1-1

(a) If Longest-Path ∈ P, then we can come up with an algorithm Longest-Path-

Length(G, u, v).

Longest-Path-Length(G, u, v)
1. for k = |V | − 1 to 1
2. do Ans = Longest-Path(G, u, v, k)
3. if (Ans = “yes”)
4. return k /* path exists */
5. return 0 /* path does not exist */

If Longest-Path runs in polynomial time, so does Longest-Path-Length.

(b) If Longest-Path-Length ∈ P, then we also can come up with an algorithm
Longest-Path(G, u, v, k).

Longest-Path(G, u, v, k)
1. Opt ← Longest-Path-Length(G, u, v)
2. if k > OPT

3. return “No”
4. else return “Yes”

Similarly, if Longest-Path-Length runs in polynomial time, so does Longest-
Path.

From (a) and (b), we can conclude that Longest-Path ∈ P if and only if Longest-
Path-Length ∈ P.

(2) CLR 34.1-6

Assume that L, L1, L2 ∈ P . The following statements hold:

• L1 ∪ L2 ∈ P since we can decide if x ∈ L1 ∪ L2 by deciding if x ∈ L1 and then
if x ∈ L2. If either holds then x ∈ L1 ∪ L2 otherwise it is not.

• L1 ∩L2 ∈ P since we can decide if x ∈ L1 and then if x ∈ L2. If both hold then
x ∈ L1 ∩ L2 otherwise it is not.

• L̄ ∈ P since x ∈ L̄⇐⇒ x /∈ L

• L1L2 ∈ P . Given a string x of length n denote its substring from index i to j
by xij. We can then decide x by deciding x1k ∈ L1 and x(k+1)n ∈ L2 for all the
n possible values of k
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• L∗ ∈ P . We can prove this by showing that the result holds for Lk for all k
and thus for ∪ki=0L

k. We will use induction on k. If k = 0 we only consider
the empty language and the result is trivial. Assume that Lk ∈ P and consider
Lk+1 = LLk. The above result on concatenation gives us that LLk ∈ P .

(3) CLR 34.2-1

Suppose the certificate y used to verify the language GRAPH ISOMORPHISM is in
the form of two lists of vertices v1, v2, v3, ..., vn in G1 and u1, u2, u3,...,un in G2 with
vi corresponding to ui (i = 1, 2, ..., n).

Use DFS (or other polynomial-time algorithms) to explore all the edges in G1. Once
an edge (vi, vj) is found in G1, we check in G2 if there is an edge between ui and uj.
If there is, we just go on. If not, G1 and G2 are not isomorphic because there isn’t
an corresponding edge between ui and uj in G2 for (vi, vj) in G1; we stop and return
false.

After we explore all the edges in G1 and all the edges in G1 have their corresponding
edges in G2, we do the same thing again by exploring all the edges in G2 and checking
if every edge in G2 has its corresponding edge in G1. If every edge in G1 (G2) has
its corresponding edge in G2 (G1), we can make the conclusion that G1 and G2 are
isomorphic and return TRUE. Otherwise, they are not isomorphic with the certificate
y, and this algorithm will return FALSE.

It is obvious that this algorithm is polynomial-time.

(4) CLR 34.2-3

Assume that HAM-CYCLE ∈ P . First notice that for each nodes exactly two incident
edges participate in the cycle. We can find a hamilton cycle as follows. Pick a node
v ∈ V and let Ev be the edges incident to v. Compute a pair e1, e2 ∈ Ev such that
G′ = (V, (E−Ev)∪{e1, e2}) contains a hamilton cycle. This can be done in polynomial
time by trying all possible pairs. Recursively apply the procedure on another node
w for the graph G′. This produces in polynomial time a graph H = (V, C) where
C ⊆ E is a hamiltonian cycle.

(5) CLR 34.3-2

Show that ≤p is a transitive relation. Let L1 ≤p L2 and L2 ≤p L3. Then there exists
polynomial-time computable reduction functions f1 and f2 such that:

• x ∈ L1 ⇐⇒ f1(x) ∈ L2

• x ∈ L2 ⇐⇒ f2(x) ∈ L3

The function f2(f1(x)) is polynomial-time computable and satisfies that x ∈ L1 ⇐⇒
f2(f1(x)) ∈ L3 thus giving L1 ≤p L3.
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(6) CLR 34.3-3

Proof Since L ≤P L̄, there exists a polynomial-time computable function f :
{0, 1}∗ → {0, 1}∗ such that for all x ∈ {0, 1}∗, x ∈ L if and only if f(x) ∈ L̄.

It also means that x /∈ L if and only if f(x) /∈ L̄ and x ∈ L̄ if and only if f(x) ∈ L.

Thus, L̄ ≤P L.

(7) CLR 34.3-8

In order to conclude that circuit satisfiability is NP-hard, we need to show the exis-

tence of a reduction from arbitrary language L ∈ NP to circuit-satisfiability.

But any such L has a corresponding polynomial verifier A. Note that we know A
exists but we do not necessarily have A. Along with A, there is also a corresponding
polynomial exponent k, also not known to us, such that A guarantees answers in time
O(nk). Still, to show that there exists a reduction from L to circuit-satisfiability, the
existence of A and k can be leveraged. If we provide a converter F that converts
A and k into a reduction, then the existence of A and k imply the existence of the
reduction, as desired.

Professor Sartre is wrong because he or she is insisting that we provide the actual
reduction, when all we needed to show was the existence of a reduction. Given F ,
the existence of A and k are all we need to know that the reduction exists as well.

This argument is analogous to the following. Suppose I am thinking of a natural
number. Can you prove that the square of the number I am thinking of is a natural
number, without knowing what number I am thinking of? Of course you can, by
simply showing that the square of any natural number is a natural number. In the
circuit-satisfiability NP-completeness proof we have shown that whatever algorithm
A and value k is being “thought of”, the corresponding F produces as its output a
reduction to circuit satisfiability.

(8) CLR 34.5-1

SUBGRAPH ISOMORPHISM is defined as follows:

INSTANCE: Two graphs G1 = (V1, E1) and G2 = (V2, E2).

QUESTION: Does G1 contain a subgraph that is isomorphic to G2, that is, a subset
V ⊆ V1 and a subset E ⊆ E1 such that |V | = |V2|, |E| = |E2|, and there exists a
one-to-one function f : V2 → V satisfying (u, v) ∈ E2 if and only if (f(u), f(v)) ∈ E1.

First we demonstrate that SUBGRAPH ISOMORPHISM is in NP. It is easy to
verify the isomorphism by ensuring that, for the given G1, G2, G = 〈V,E〉 and
f : V2 → V , that |V | = |V2|, |E| = |E2|, V ⊆ V1, E ⊆ E1, and that the function f
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correctly maps all edges in E2 to all of the edges in E. This requires polynomial time
to count the edges and vertices in G and G2, check the subsets, and check whether
f ’s requirements are satisfied.

Next we show that the problem is NP-hard byCLIQUE ∝ SUBGRAPH ISOMORPHISM.
One CLIQUE of size k will be isomorphic to another of the same size, so we can
create a SUBGRAPH ISOMORPHISM problem in which we are attempting to
find a subgraph in G1 that is isomorphic to a graph G2, which is simply a completely
connected graph with k vertices.

To do this we use our original undirected graph from the CLIQUE problem G1 =
(V1, E1), and construct a completely connected graph of size k as our second graph,
G2 = (V2, E2), such that |V2| = k and E2 contains the edges that are needed to make
G2 completely connected (i.e., a K-CLIQUE). Clearly it requires only polynomial
time to create G1 and G2. If there there exists a CLIQUE of size k in G1 then
SUBGRAPH ISOMORPHISM should determine that it is equivalent to G2. If
there there is no K-CLIQUE in G1 then SUBGRAPH ISOMORPHISM would not
find a subgraph that is equivalent to the G2. Hence we have shown that CLIQUE ∝
SUBGRAPH ISOMORPHISM. Based on this and the fact that SUBGRAPH

ISOMORPHISM is in NP, we conclude that SUBGRAPH ISOMORPHISM is
NP-complete.

(9) CLR 34.5-2

Checking a solution in polynomial time: Given A, x and b, perform the matrix
multiplication of Ax in O(mn2) time. For each of the m elements of vector b check
and confirm if Ax < b.

In order to prove that 0-1 linear programming is NP-hard we will polynomially reduce
3-CNF-SAT to 0-1 linear programming. We now describe the reduction.

We are given any arbitrary instance of the 3-CNF-SAT problem. Say there are C
clauses and V variables in total. We construct the matrix A of a 0-1 linear program-
ming problem in the following manner. There are C + 2V rows in A, one for each
clause and 2 for each variable. Ther are 2V columns in A, one for each variable and
one for its compliment. The element values are filled into A using the following rules:

• For clause i, if v1, v2, and v3 are its inputs then in the row corresponding to
the i’th clause set the elements corresponding to the columns of v1, v2, and v3
to −V , and set all remaining elements in that row equal to 1. Note, if the
compliment w̄ of a variable w appeasr as the input for a clause then it is the
column corresponding to w̄ thats gets the −V and the column of w gets a 1.

• For the first row corresponding to variable w, set all entries to 0 except the
elements corresponding to the columns of w and w̄, which are set to 1.

• For the second row corresponding to variable w, set all entries to 0 except the
elements corresponding to the columns of w and w̄, which are set to -1.
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The vector b consists of a zero for all rows corresponding to a clause, and it has a 1
corresponding to the set of first rows for variables and a -1 corresponding to the set
of second rows for variables.

To show correctness of this reduction we show that 3-CNF-SAT is satisfiable if and
only if the 0-1 linear programming is satisfiable.

←: Look at the truth assignment that satisfies 3-CNF-SAT. For each variable, or its
compliment which has a value of TRUE, we place a 1 in its corresponding position
in vector x and place 0 in the remaining entries.

In the rows corresponding to the clauses, each row has a −V in at least one of the
columns corresponding to its inputs. For every clause at least one of its inputs is
TRUE, so at least one of the −V terms multiplies by 1. Hence the resulting sum-
product for that row is negative, satisfying its part in the Ax < b inequality.

For each row in the first set of rows corresponding to variables, either the column
of the variable or of its compliment multiplies by a 1 but not both (because both
the variable and its compliment cannot be simultaneously TRUE, and hence cannot
simultaneously have a 1 in the vector x). Hence the sum-product for each of the first
set of variable-rows satisfy Ax < b also.

For each row in the second set of rows corresponding to variables, either the column
of the variable or of its compliment multiplies by a 1 (because either the variable
must be TRUE or its compliment must be TRUE, so at least one of tham has a 1 in
the vector x).Hence the sum-product for each of the first set of variable-rows satisfy
Ax < b also.

This accounts for all rows thus Ax < b holds.

→: We know that each row satisfies Ax < b. Rows corresponding to each clause has
at least one −V term that multiplies by a 1 in x. That variable ( or compliment of
variable) can be set to TRUE in 3-CNF-SAT circuit and that corresponding clause
is satisfied. We can repeat this for every clause, thus 3-CNF-SAT is satisfied.

To ensure that the truth assignments to variables are logically consistent we require
that for each variable, one and only one out of the variable and its compliment must
be TRUE. The first row set corresponding to variables satisfies Ax < b, implying
that for each variable, both the variable and its compliment are not simultaneously
TRUE. The second row set corresponding to variables also satisfies Ax < b, implying
that for each variable, at least one out of the variable and its compliment is TRUE.
Thus if x satisfies Ax < b we have a satsifiying truth assignment for 3-CNF-SAT
which is logically consistent.

(10) CLR 34-3

(a) We will use to colors, RED and BLUE. Modify BFS in the following manner.
Color the root BLUE instead of GRAY. After dequeuing a node from the queue,
check its color and obtain the opposite color (which is what the neigbors of that node
should be colored with). While traversing the adjacency list of the node if a neighbor
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node is WHITE then color it with the required neighbor color and enqueue it. If a
neighbor node is not WHITE then ensure that its color matches what the required
neighbor color is, if there is a conflict then terminate with a “NO” else just loop
to next node on the adjacency list. If algorithm completes with the color-conflict
termination then the graph is 2-colorable. The running-time complexity is that of
BFS.

(b) The decision problem version of graph coloring asks if a given graph G can be
colored using k colors. If the graph coloring problem can be solved in polynomial
time then we can simply color the graph and solve the decision problem by answering
YES or NO depending on how many colors were used for the optimal coloring of the
graph.

If the decision problem for k colors and a graph G with V vertices can be solved in
polynomial time then we can solve the general graph coloring problem by running
the decision algorithm a polynomial number of times as follows. Iteratively run the
decision problem for k = 1 starting with an empty graph G′, and each time adding
one vertex from G into G′. We stop when the decision returns NO. At that point
color all vertices so far in G′ with color1. Set k = 2 and continue iterating again until
the decision returns NO. Now color the uncolored nodes in G′ with color2. Repeat
the decision problem for upto V times and obtain an optimal coloring of the graph.

(c) Any instance of 3-COLOR can be polynomially reduced to an instance of the
decision problem in part (b) by simply setting k = 3. Hence the graph coloring
decision problem is NP-complete also.

(d) Each literal w and its negation w̄ have an edge between themselves and also an
edge each to the RED node. Because RED is directly connected to w, w cannot
be colored RED, hence it must be colored TRUE or FALSE. Similarily RED is also
directly connected to w̄, so w̄ cannot be colored RED, hence it must be colored TRUE
or FALSE. But w and w̄ are also directly connected to each other so that cannot have
the same color. Therefore if must be the case that one of them is colored TRUE and
the other is colored FALSE. This statement is true for every variable. Hence we
know that if the graph of literal edges is 3-colorable then a logically consistent truth
assignment exists. And conversely for any truth assignment, we can obtain a valid
3-coloring by, for each literal or compliment, coloring it TRUE if it is TRUE in the
assignment or coloring it FALSE if it is FALSE in the assignment.

(e) We will try to prove this by contradiction. Lets assume that all 3 literals x, y,
and z are colored FALSE. Then we can attempt to color the remaining nodes of the
widget as shown in Figure 1. Because node E has both a TRUE neighbor and a
FALSE neighbor, it must be colored RED. Then node D has both a TRUE neighbor
and a RED neighbor so it must be colored FALSE. Now each of the nodes A,B, and
C each have a FALSE neighbor, so each of them can only use either RED or TRUE.
But A,B, and C are also connected to each other so that no two of them can assume
the same color. Because we have only 2 available colors, we cannot color A,B, and
C without two of them conflicting with each other. Hence it is not possible to color
the clause widget if all x, y, and z are FALSE. If either one of x or y were TRUE,
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Figure 1: An attempt to color the clause widget and obtain a TRUE at the output node
while using FALSE for each of the input nodes

then its neighbor (either A or B) could be colored FALSE and the trio of A,B and C
would have a satisfying coloring possible. If Z were TRUE, then E could be colored
FALSE, forcing D to be colored RED. Now we could color C false leaving two unique
colors available for A and B.

(f) We know from part (d) that any 3 coloring is logically consistent with a truth
assignment. By repeating the argument of part (e) for each clause we also known that
a 3 coloring is possible if and only is a satisyfing truth assignment for 3-CNF-SAT
exists. Hence we have succesfully reduced 3-CNF-SAT to an instance of 3-COLOR,
proving that 3-COLOR is also NP-complete.
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