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funtion Edge-Connetivity(G)

selet any vertex u ∈ V

for eah vertex v ∈ V − {u} do
set up he �ow network Guv as desribed

�nd the maximum �ow fuv on Guv

end for

return the minimum of the |V | − 1 max-�ow values: minv∈V−{u} |fuv|
end funtion

Figure 1: Edge onnetivity 26.2-11

(26.1-4) To show that the �ows form a onvex set, we need to show that for any two

�ows f1 and f2 and any 0 ≤ α ≤ 1, we have that αf1 + (1− α)f2 is also a �ow.

Firstly we have for any u, v ∈ V , αf1(u, v)+ (1−α)f2(u, v) ≥ 0 sine f1 and f2 are �ows.

Sine f1(u, v) ≤ c(u, v) and f2(u, v) ≤ c(u, v), we have that

αf1(u, v) + (1− α)f2(u, v) ≤ αc(u, v) + (1− α)c(u, v) = c(u, v)

For �ow onservation�sine f1 and f2 obey �ow onservation�for any

∑
v∈V f1(u, v) = 0

and

∑
v∈V f2(u, v) = 0 for any u ∈ V − {s, t}. Thus,

∑

v∈V

(αf1(u, v)+(1−α)f2(u, v)) = α
∑

v∈V

f1(u, v)+(1−α)
∑

v∈V

f2(u, v) = α×0+(1−α)×0 = 0

So, any onvex ombination of �ows is also a valid �ow. Hene, �ows form a onvex set.

(26.1-6) Create a vertex for eah orner, and if there is a street between orners u and

v, reate direted edges (u, v) and (v, u). Set the apaity of eah edge to 1. Let the

soure be orner on whih the professor's house sits, and let the sink be the orner on

whih the shool is loated. We wish to �nd a �ow of value 2 that also has the property

that f(u, v) is an integer for all verties u and v. Suh a �ow represents two

edge-disjoint paths from the house to the shool.

(26.2-11) For any two verties u and v in G, we an de�ne a �ow network Guv onsisting

of the direted version of G with all edge apaities set to 1, s = u, and t = v. (Guv has

O(V ) verties�atually, |V |�and O(E) edges, as required. We want all apaities to be 1

so that the number of edges rossing a ut equals the apaity of the ut.) Let fuv
denote a maximum �ow in Guv. We laim that for any u ∈ V , the edge onnetivity k

equals minv∈V −u |fuv|. We show that this laim holds. Assuming that it holds, we an

�nd k as shown in Fig. 1.

The laim follows from the max-�ow min-ut theorem and how we hose apaities so

that the apaity of a ut is the number of edges rossing it. We prove that
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k = min |fuv|, for any u ∈ V by showing separately that k is at least this minimum and

that k is at most this minimum.

� Proof that k ≥ minv∈V−{u} |fuv|: Let m = minv∈V−{u} |fuv|. Suppose we remove

only m− 1 edges from G. For any vertex v, by the max-�ow min-ut theorem, u

and v are still onneted. (The max �ow from u to v is at least m, hene any ut

separating u from v has apaity at least m, whih means at least m edges ross

any suh ut. Thus at least one edge is left rossing the ut when we remove

m− 1 edges.) Thus every node is onneted to u, whih implies that the graph is

still onneted. So at least m edges must be removed to disonnet the graph�i.e.,

k ≥ minv∈V −{u} |fuv|.

� Proof that k ≤ minv∈V−{u} |fuv|: Consider a vertex v with the minimum |fuv|. By
the max-�ow min-ut theorem, there is a ut of apaity |fuv| separating u and v.

Sine all edge apaities are 1, exatly |fuv| edges ross this ut. If these edges are
removed, there is no path from u to v, and so our graph beomes disonneted.

Hene k ≤ minv∈V −{u} |fuv|.

� Thus, the laim that k= min |fuv|, for any u ∈ V is true.

(26.3-3) An augmenting path is a simple path s t in the residual graph Gf . Sine G

is bipartite, it has no edges between verties in L and no edges between verties in R.

So the �ow network G and Gf also do not have any suh edges. The only edges

involving s or t onnet s to L and R to t. Thus any augmenting path must be of the

form s → L → R → · · · → L → R → t , rossing bak and forth between L and R at

most as many times as it an do so without using a vertex twie. It ontains s, t, and

equal numbers of distint verties from L and R�at most 2 + 2×min(|L|, |R|) verties
in all. The length of an augmenting path (i.e., its number of edges) is thus bounded

above by 2×min(|L|, |R|) + 1.

(26-4) a) Just exeute one iteration of the Ford-Fulkerson algorithm. The edge (u, v) in
E with inreased apaity ensures that the edge (u, v) is in the residual graph. So look

for an augmenting path and update the �ow if a path is found.

Time: O(V + E) = O(E) if we �nd the augmenting path with either depth-�rst or

breadth-�rst searh. To see that only one iteration is needed, onsider separately the

ases in whih (u, v) is or is not an edge that rosses a minimum ut. If (u, v) does not
ross a minimum ut, then inreasing its apaity does not hange the apaity of any

minimum ut, and hene the value of the maximum �ow does not hange. If (u, v) does

ross a minimum ut, then inreasing its apaity by 1 inreases the apaity of that

minimum ut by 1, and hene possibly the value of the maximum �ow by 1. In this

ase, there is either no augmenting path (in whih ase there was some other minimum

ut that (u, v) does not ross), or the augmenting path inreases �ow by 1. No matter

what, one iteration of Ford-Fulkerson su�es.

b) Let f be the maximum �ow before reduing c(u, v). If f(u, v) = 0, we don't need to

do anything. If f(u, v) > 0, we will need to update the maximum �ow. Assume from
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now on that f(u, v) > 0, whih in turn implies that f(u, v) ≥ 1. De�ne
f ′(x, y) = f(x, y) for all x, y ∈ V , exept that f ′(u, v) = f(u, v)− 1. Although f obeys

all apaity ontraints, even after c(u, v) has been redued, it is not a legal �ow, as it

violates skew symmetry and �ow onservation at u and v. f ′
has one more unit of �ow

entering u than leaving u, and it has one more unit of �ow leaving v than entering v.

The idea is to try to reroute this unit of �ow so that it goes out of u and into v via

some other path. If that is not possible, we must redue the �ow from s to u and from v

to t by one unit. Look for an augmenting path from u to v (note: not from s to t).

� If there is suh a path, augment the �ow along that path.

� If there is no suh path, redue the �ow from s to u by augmenting the �ow from

u to s. That is, �nd an augmenting path u s and augment the �ow along that

path. (There de�nitely is suh a path, beause there is �ow from s to u.)

Similarly, redue the �ow from v to t by �nding an augmenting path t v and

augmenting the �ow along that path.

Time: O(V + E) = O(E) if we �nd the paths with either DFS or BFS.
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