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(1) CLR 1.2-2INSERTION-SORT beats MERGE-SORT when 8n2 < 64n lgn, ) n < 8 lgn,) n8 < lgn, ) 2n=8 < n, whih is true when 2 � n � 43.(You an solve for n by trial and error using a alulator. Observe that 5 � 8 < n <6 � 8 = 48, sine 25 = 32 < 40 and 26 = 64 > 48, then narrow it down with thealulator.)(2) CLR 1.2-3Algorithm 1 will be faster when 100n2 < 2n, ) n � 15.(You an solve for n by trial and error using a alulator.)(3) CLR 1.1 1 seond 1 minute 1 hour 1 daylgn 2106 26�107 23:6�109 28:64�1010pn 1012 3:6� 1015 1:269� 1019 7:4649� 1021n 106 6� 107 3:6� 109 8:64� 1010n lgn 6:2746� 104 2:801417� 106 1:33378058� 108 2:755147513� 109n2 103 7:745� 103 6� 104 2:93938� 105n3 100 391 1532 44202n 19 25 31 36n! 9 11 12 131 month 1 year 1 enturylgn 22:59�1012 23:1536�1013 23:1556736�1015pn 6:7081� 1024 9:94519296� 1026 9:95827587� 1030n 2:59� 1012 3:1536� 1013 3:1556736� 1015n lgn 7:1870856404� 1010 7:97633893349� 1011 6:8654697441062� 1013n2 1:609347� 106 5:615692� 106 5:6175382� 107n3 13733 31593 1466772n 41 44 51n! 15 16 17(4) CLR 2.1-1The operation of INSERTION-SORT an be illustrated by Figure 11
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26 31 41 41 58 59Figure 1: The operation of insertion sort for Problem CLR 2.1-1.(5) CLR 2.1-2NON-INCREASING-INSERTION-SORT(A)1. for j  2 to length[A℄2. do key  A[j℄3. � Insert A[j℄ into the sorted sequene A[1::j � 1℄4. i j � 15. while i > 0 and A[i℄ < key6. do A[i+ 1℄ A[i℄7. i i� 18. A[i+ 1℄ key
(6) CLR 2.1-3The pseudoode is as follows:LINEAR-SEARCH(A; v)1. j  12. while j � length[A℄3. if A[j℄ = v4. then return j5. else j  j + 16. return NIL 2



We need to show the algorithm is orret by using a loop invariant in the algorithm.The loop invariant is as follows:At the start of the jth loop iteration of the while loop in lines 2-5, the subarrayA[1::j � 1℄ onsists of elements not equal to v.Now we will show that the loop invariant satis�es the three properties mentioned inthe book:Initialization: When j = 1, A[1::j � 1℄ ontains no elements; hene, there an beno elements in A[1::j � 1℄ that are equal to v. Thus, the loop invariant holds.Maintenane: If at the start of the j = i iteration, the subarray A[1::i� 1℄ ontainsno elements equal to v, then there are two onditions to hek. If A[j℄ = v, thenwe exit the loop and j is not inremented; hene, the loop invariant still holds. IfA[j℄ 6= v, then j is inremented to i + 1 and A[1::i℄ ontains no elements equal to vat the start of the j = i+ 1 iteration; hene, the loop invariant still holds.Termination: If the loop terminates with j = length[A℄ + 1, then A[1::length[A℄℄ontains no elements equal to v, and the loop invariant holds. The algorithm willthen return NIL at line 6, whih is the orret response for not �nding an elementin A equal to v. If the loop terminates with j < length[A℄ + 1, then the algorithmhas found an element A[j℄ whih is equal to v, returning key j at line 4 withoutinrementing j. Note that it is still the ase that no elements in A[1::j � 1℄ are equalto v, and so the loop invariant holds.Hene, the algorithm is orret when there is an element in A whih is equal to v andwhen there is no suh element.(7) CLR 2.2-2SELECTION-SORT(A)1. n length[A℄2. for i 1 to n� 13. do min 14. � Find smallest element of urrent portion of A[i::n℄5. for j  i to n6. if A[j℄ < min7. do min A[j℄8. key  j9. � Swap the smallest A[key℄ with the element A[i℄ and work withA[i+ 1:::n℄10. exhange A[i℄$ A[key℄11. return AThe worst ase running time for SELECTION-SORT is �(n2), beause the algo-rithm must �nd the next smallest element for eah iteration. The best ase ould3



be O(n) if the array is sorted by adding a linear hek to see if the array is alreadysorted; however, without this hek the best ase is �(n2).The loop invariant is that at the start of the ith iteration A[1::i � 1℄ ontains thesmallest i� 1 elements of A in sorted order.At the end of the (n�1)th iteration, the nth element of A is no smaller than the �rstn� 1 elements (by the loop invariant). And sine A[1::n� 1℄ is sorted at this point,the whole array is sorted. Thus, there is no need for the nth iteration.(8) CLR 2.2-4Just modify the algorithm to store a preomputed answer for some of the inputs.Chek for those inputs at the outset, and return the orresponding answer if it isdeteted.(9) CLR 2.3-3Base Case: For n = 2, T(2) = 2 lg 2 = 2Indution Hypothesis: Assume for n = 2k,T(2k) = 2k lg 2k.Indution Step: Show this is true for n = 2k+1, that is, T(2k+1) = 2k+1 lg 2k+1.T(2k+1)= 2T(2k+12 ) + 2k+1= 2T(2k) + 2k+1 = 2(2klg 2k) + 2k+1= 2k+1(lg 2k + 1) = 2k+1(lg 2k + lg 2)= 2k+1(lg(2� 2k)) = 2k+1 lg(2k+1)(10) CLR 2.3-4The running time for the reursive version of INSERTION-SORT is the following:T (n) = ( �(1) if n � 1,T (n� 1) + C(n) otherwise.where C(n) is the time to insert the nth element into A[1:::n� 1℄.(11) CLR 2.3-7FindMath(S,x) ;return true if found, false if notf1. Mergesort(S,1,n) ; �(n � logn)2. if x > S[n℄ + S[n� 1℄ or x < S[1℄ + S[2℄ return false ; this line is optional, it ansave some time by skipping the searh for ases where x is too small or too large tobe the sum of a pair of values in the sequene.4



3. for i 1 to n4. do if (BinarySearh(S; x� S[i℄)=true); �(logn)5. then return true6. return falseg(12) CLR 2-2(a) The output A0[1℄:::A0[n℄ should be a permutation of the input A[1℄:::A[n℄ .(b) The loop-invariant for the loop in lines 2-4 is that at the end of eah iterationA[j � 1℄ � A[k℄ for all k > j � 1. This an be proven as follows:Initialization: Before the �rst iteration either A[n � 1℄ � A[n℄ or A[n � 1℄ >A[n℄. In the former ase, the invariant will be true at the end of the �rst iterationbeause the If in line 3 evaluates to false and the exhange does not take plae.In the latter ase the If in line 3 evaluates to true, ausing the last elements ofthe array A to be exhanged, and ensuring the invariant to hold true at the endof the iteration.Maintenene: At the beginning of eah iteration, A[j℄ is known to be no greaterthan A[k℄ for all k > j. During eah iteration the elements A[j℄ and A[j� 1℄ areompared and possibly exhanged suh that the greater of the two is plaed inA[j℄. This ensures that at the end of the iteration A[j � 1℄ is not greater thanA[j℄, and by transitivity also not greater than A[k℄ for all k > j � 1.Termination: At termination j = i + 1, so j � 1 = i. Beause of the loopinvariant we have that A[i℄ � A[k℄ for all k > i.() The loop-invariant for the loop in lines 1-4 is that at the end of eah iterationthe A[1℄ � A[2℄ � A[3℄::: � A[i℄.Initialization: At the end of the �rst iteration of the outer loop i = 1 and theloop-invariant is trivially true.Maintenene: The termination ondition of the inner loop as proved in part(b)ensures that at the end of eah iteration of the outer loop A[i℄ � A[k℄ for allk > i. In the next iteration the element that is brought into A[i + 1℄ will behosen from amongst A[k℄ for k > i. We are guaranteed from the terminationondition of the inner loop in the previous iteration of the outer loop that thiselement A[i + 1℄ � A[i℄. Hene on eah iteration of the outer loop the elementbrought into A[i℄ is suh that A[i � 1℄ � A[i℄. The elements A[1℄:::A[i � 1℄ arenot disturbed during the i'th iteration. So at the end of the i'th iteration wehave that A[1℄ � A[2℄ � A[3℄::: � A[i℄.Termination: At the end of the last iteration of the outer loop i = length[A℄and the loop-invariant ensures that A[1℄ � A[2℄ � A[3℄::: � A[i℄. Thus thealgorithm terminates with the array A sorted in non-asending order.(d) The outer loop iterates n = length[A℄ times. The inner loop iterates i timeswhere i inreases by 1 on eah iteration of the outer loop. The running time ofthe algorithm an be summed as: 5

Loop invariant: At the start of every iteration of the first for loop, the subarray 
A[1..., i-1] contains the smallest (i-1) elements of A in sorted order
Initialization: Loop invariant holds prior to the first iteration of the loop. So, in 
initializtion, we need to show loop invariant holds before the first iteration of the loop. 
When i = 1, The subarray A is A[1..0] is empty, and it works out the smallest (i-1) = 0 
elements of A in sorted order. Thus, loop invariant is true before the first iteration.

In maintenance step, we need to show loop invariant holds in each iteration. 
If A[j] < A[j - 1] then they will be swapped which ensures A[j - 1] is a smallest 
element of A[j - 1...n] which holds the loop invariant for the i

The loop terminates when j = i. Thus, when the loop ends, A[i] will be the smallest
element of A[1...n]



T (n) = nXi=1 nXj=i 1T (n) = nXi=1(n� i)1T (n) = nXi=1 n1 � nXi=1 i1T (n) = n21 � n(n + 1)2 1T (n) = 12n21 � n2 1T (n) = �(n2)The running time for BUBBLESORT is the same as the worst-ase runningtime for INSERTION-SORT(13) CLR 2-4(a) The input sequene, h2; 3; 8; 6; 1i, has the following inversions: f(1; 5); (2; 5); (3; 5);(4; 5); (3; 4)g.(b) The array with the most inversions ontains unique elements and is reversesorted, for example, A = fn; n � 1; : : : ; 1g. In this ase, there are the followingnumber of inversions:Ninv = (n� 1) + (n� 2) + � � �+ (n� (n� 1)) = n�1Xi=1(n� i) = n�1Xi=1 i = n(n� 1)2() Eah element j of the array that is not in the orret position is shifted left untilit reahes the element i suh that A[i℄ > j. The number of shifts performedby insertion sort orresponds to the number of inversions of every element k,j � k < i in the relation to i (i.e., inversion(k,i)). Eah shift eliminates aninversion from the set.(d) The algorithm to determine the number of inversions in �(n lgn) usesMERGE-SORT with an enhanement in the MERGE proedure. When an array Alow(A with the lower index range) is merged with an array Ahigh (A with the greaterindex range, further from the index 1), if an element is piked from the top ofAhigh, the number of elements left in Alow should be added to form the totalnumber of inversions at the end of the algorithm.For example, h5; 2; 4; 6; 1; 3; 2; 6i has Ninv = 13, using the MERGE-SORT en-hanement (see Figure ??). 6
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Figure 2: The MERGE-SORT enhanement for the example in Problem CLR 2-4(d).MERGE-SORT an be modi�ed to ount inversions by adding line 18 toMERGE, as shown below. Note that Num of inv is a global variable initial-ized to zero that ontains the total number of inversions whenMERGE-SORTterminates. This will not hange the asymptoti behavior of MERGE-SORT.MERGE(A; p; q; r)1. n1  q � p+ 12. n2  r � q3. Create arrays L[1::n1 + 1℄ and R[1::n2 + 1℄4. for i 1 to n15. do L[i℄ A[p+ i� 1℄6. for j  1 to n27. do R[j℄ A[q + j℄8. L[n1 + 1℄ 19. L[n2 + 1℄ 110. i 111. j  112. for k  p to r13. do if L[i℄ � R[j℄14. then A[k℄ L[i℄15. i i+ 116. else A[k℄ R[j℄17. j  j + 118. Num of inv  Num of inv + n1 + 1� i(14) CLR 3.1-2To show that (n + a)b = �(nb), we want to �nd onstants 1, 2, and n0 > 0 suhthat 0 � 1nb � (n+ a)b � 2nb for all n � n0. Note that n+ a � n+ jaj � 2n, when7



jaj � n, and n + a � n � jaj � n2 , when jaj � n2 . Thus, 0 � n2 � n + a � 2n, whenn � 2jaj. Sine b > 0, the inequality ontinues to hold when all parts are raised tothe power of b: 0 � (n2 )b � (n+a)b � (2n)b and 0 � (12)bnb � (n+a)b � 2bnb. Thus,1 = (12)b, 2 = 2b, and n0 = 2jaj satisfy the de�nition.Another way to look at this is as follows:0 � 1nb � (n + a)b � 2nb#0 � 1nb � (n(1 + an))b � 2nb#0 � 1nb � nb (1 + an)b � 2nb#0 � 1 � (1 + an)b � 2Let n0 = 2jaj, then 1 = (12)b and 2 = (32)b.(15) CLR 3.1-6Prove that the running time of an algorithm T (n) = �(g(n)) if and only if the worst-ase running time is O(g(n)) and the best-ase running time is 
(g(n)).Proof(()Let T (n) be the running time of the algorithm. Then, if the worst-ase running timeof the algorithm is O(g(n)), it follows that T (n) = O(g(n)), beause the algorithmannot operate more slowly than the worst ase. If the best-ase running time of thealgorithm is 
(g(n)), it also follows that T (n) = 
(g(n)), beause it is impossible forthe algorithm to operate faster than the best ase.Hene, by the Theorem 3.1 in CLR, T (n) = �(g(n))())If the running time T (n) = �(g(n)), there exist onstants 1 > 0, 2 > 0, and n0 > 0suh that 0 � 1g(n) � T (n) � 2g(n) for all n � n0. Thus, by the de�nition ofO(�);
(�), T (n) = O(g(n)) and T (n) = 
(g(n)).(16) CLR 3.1-7Prove that !(g(n)) \ o(g(n)) is the empty set.Proof 8



If !(g(n)) \ o(g(n)) is non-empty then 9f(n) suh that f(n) 2 o(g(n)) and f(n) 2!(g(n)). For every f(n) 2 o(g(n)) we know that limn!1 f(n)g(n) = 0. But suh anf(n) =2 !(g(n)) beause that requires limn!1 f(n)g(n) = 1. Thus by ontradition weknow that !(g(n)) \ o(g(n)) must be empty.(17) CLR 3.2-2Proofalogb=(loga)logb =(loga�logb) = logalogb =logba(18) CLR 3.2-3Stirling's approximation: n! = p2�n(ne )n(1 + �( 1n))(1) lg(n!) = �(n lgn)ProofBy Stirling's approximation,lg(n!) = lgfp2�n(ne )n(1 + �(1n))g= lg 2�2 + lgn2 + n lgn� n lg e+ lgf1 + �(1n)gBeause n lgn is the dominant term in the above equation, lg(n!) = �(n lgn).(2) n! = !(2n)ProofBy Stirling's approxmation,limn!1 n!2n = limn!1p2�n( n2e)n(1 + �(1n))= limn!1 (p2�)n(n+ 12 )(2e)n= 1Hene, n! = !(2n).(3) n! = o(nn)ProofBy Stirling's approxmation,limn!1 n!nn = limn!1p2�n(1e)n(1 + �(1n))= limn!1 p2�nen= limn!1 p2�2pnen by L0Hospital0s rule= 0 9



Hene, n! = o(nn).(19) CLR 3.2-5lg�(lgn) is asymptotially larger than lg(lg� n).ProofLet m = lg� n, and assume that n � 4. Hene lg�(lgn) = m� 1. We are now om-paring between lg(lg� n) = lgm and m � 1. Clearly m � 1 is asymptotially largerthan lgm when m is suÆiently large. Thus we an onlude that lg�(lgn) is asymp-totially larger than lg(lg� n).(20) CLR 3-2 (refer to Figure3?? for table)(a) If f(n) = lgk n, then f 0(n) = k lgk�1 n lg en ; hene, by using L'Hôpital's rule asfollows:limn!1 lgk nn� = limn!1 k lgk�1 n lg e�n� = limn!1 [k(k � 1) lgk�2 n lg2 e℄�2n� = � � � = limn!1 k! lgk e�kn� =0, we onlude that lgk n = o(n�)) hene O(n�).(b) If f(n) = n, then f 0(n) = n ln ; hene, by using L'Hôpital's rule as follows:limn!1 nkn = limn!1 knk�1n ln  = � � � = limn!1 k!n lnk  = 0,we onlude that nk = o(n)) hene O(n).() limn!1 pnnsin(n) = limn!1n 12�sin(n)Sine sin(n) osillates between +1 and �1, n 12�sin(n) takes a value between n� 12and n+ 32 . Thus, an asymptoti omparison annot be made.(d) limn!1 2n2n=2 = limn!1 2n=2 =1. Thus, 2n = !(2n=2)) 
(2n=2).(e) limn!1 nlg(m)mlg(n) = limn!1 1 = 1, beause nlg(m) = mlg(n). Thus, nlg(m) = �(mlg(n)) )nlg(m) = O(mlg(n)) and nlg(m) = 
(mlg(n)).(f) lgn! = �(n lgn) and lg(nn) = n lgn. Thus, lgn! = �(n lgn) = �(lg(nn)) andwe have lgn! =O(lg(nn)) and lgn! = 
(lg(nn)).
(21) CLR 3-3(a) Ranking by asymptoti growth rate, equivalent lasses are enlosed by '[ ℄'.10



item O o 
 ! �a yes yes no no nob yes yes no no no no no no no nod no no yes yes noe yes no yes no yesf yes no yes no yesFigure 3: Table for Problem CLR 3-2.[1, n1= lg n℄, lg (lg� n), [lg�(lgn), lg�(n)℄, 2lg� n, ln lnn,plgn, lnn, lg2 n, 2p2 lg n, (p2)lg n,2lgn, [n lgn, lg(n!)℄, [4lg n, n2℄, n3, (lgn)!, [nlg lg n, (lgn)lg n℄, (3=2)n, 2n, n2n, en, n!,(n+ 1)!, 22n, 22n+1(b) 22n+5(sin(n) + 1)(22) CLR 3-4(a) False. Let g(n) = n2 and f(n) = n, so that f(n) = O(g(n)), i.e., n =O(n2). Butthis does not imply that g(n) = O(f(n)) as n2 6= O(n).(b) False. Let f(n) = n2, g(n) = n, then f(n) + g(n) = n2 + n = �(n2):�(min(f(n); g(n))) = �(n) and �(n2) 6= �(n).Thus, f(n) + g(n) 6= �(min(f(n); g(n))).() If we assume that f(n) and g(n) represent the time omplexities for an algorithm,then they are monotonially inreasing funtions. Given these assumptions, thelaim is true. Given f(n) = O(g(n)) and f(n) � 1, we know 1 � f(n) � 1g(n)for all n � n0 and 1 > 0. Sine f(n) � 1, lg(f(n)) � 0, lg(g(n)) is positive, andlg(f(n)) is positive, lg 1 � lg(f(n)) � lg(1g(n)).) 0 � lg(f(n)) � lg 1 + lg(g(n))) for 1 � 1 and 0 � lg(f(n)) � 2 lg(g(n)), for 2 � 1.(d) False. Given f(n) = O(g(n)), we have 0 � f(n) � g(n) for positive , n0, andn > n0. Then if it is true that 0 � 2f(n) � 2g(n) for some , n0, and n > n0,then 0 � 2f(n)2g(n) �  and 0 � 2f(n)�g(n) � .However, if f(n) = 5n and g(n) = n, then 0 � 24n �  is impossible.(e) If 0 � f(n) � (f(n))2 for some positive , n0 and n � n0, then 0 � f(n)(f(n))2 � and 0 � 1f(n) � .With additional assumptions as stated in (), this laim is true. But withoutthose additional assumptions about f(n), then if f(n) = 1n , this laim is false.11



(f) True. f(n) = O(g(n)) implies that for some positive 1 and n0, 0 � f(n) �1g(n), for all n � n0. g(n) = 
(f(n)) implies that for some positive 2 and n0,0 � 2f(n) � g(n), for all n � n0.limn!1 f(n)g(n) = , 0 �  <1, given that f(n) = O(g(n)).Case 1: If  = 0, limn!1 f(n)g(n) = 0. Here limn!1 g(n)f(n) = 1, so f(n) is a lower boundof g(n).Case 2: If  > 0, limn!1 f(n)g(n) = . Here limn!1 g(n)f(n) = 1 = 0, where 0 > 0.Based on those two ases, g(n) = 
(f(n)).(g) False. Consider f(n) = 2n and f(n2 ) = 2n2 , then if f(n) = �(f(n2 )), we must have2n � 22n2 ) 2n2 � 2, whih is impossible as there is no 2 for �xed n0.(h) True. 0 � 1f(n) � f(n) + o(f(n)) � 2f(n)) 0 � 1 � 1 + o(f(n))f(n) � 2, but limn!1 o(f(n))f(n) = 0 by the de�nition of o(f(n)).Hene, there is a 1, say 1 and a 2 for suÆiently large n and n � n0.(23) CLR A.1-1nXk=1(2k � 1) = 2 nXk=1 k � nXk=1 1 = 2n(n+ 1)2 � n = n(n+ 1)� n = n2(24) CLR A.1-6Prove that Pnk=1O(fk(n)) = O(Pnk=1 fk(n)).ProofLet A = Pnk=1O(fk(n)), and B = O(Pnk=1 fk(n)).Beause A and B are sets of funtions, we have to show A � B and B � A.(1) A � BLet gk(n) = O(fk(n)) for k 2 f1; 2; : : : ; ng. Then, there exist k > 0 and nk > 0 suhthat 0 � gk(n) � kfk(n) 8n � nkChoose = maxk2f1;2;:::;ngfkg and n0 = maxk2f1;2;:::;ngfnkg. Then, we have0 � gk(n) � kfk(n) � fk(n) 8n � n012
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