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(B.1-2) The �rst identity an be proved using indution. The base ase is when n = 2.

A1 ∩A2 = A1 ∪A2

To prove the base ase, we need to prove that the sets on the left hand side and the

right hand side are subsets of eah other.

Let a ∈ A1 ∩ A2. Then we have that a is not ontained in atleast one of A1 or A2. If

this is the ase, then a is ontained in either A1 or A2. So, A1 ∩A2 ⊆ A1 ∪A2.

Now, to argue the other way around, let b ∈ A1 ∪A2. Then we have that b is lies
outside of either A1 or A2, whih means it is not ontained in their intersetion. As a

result, b ∈ A1 ∩ A2. Combining these two arguments, we have A1 ∩A2 = A1 ∪A2 and

we have shown that the base ase is true.

Let us now assume that the relationship is true for some n = k i.e,

A1 ∩ · · · ∩Ak = A1 ∪ · · · ∪Ak and prove that A1 ∩ · · · ∩ Ak+1 = A1 ∪ · · · ∪ Ak+1. This

an be aomplished in the following steps:

A1 ∩ · · · ∩ Ak+1 = A1 ∩ · · · ∩ Ak ∪Ak+1 = A1 ∪ · · · ∪ Ak ∪Ak+1

The �rst equality is from the base ase and the seond equality is from the indution

hypothesis. So, the �rst identity is true by the priniple of mathematial indution. The

seond part an be proved in an idential fashion.

(B.1-4) The set of odd natural numbers are ountable if they an be put in one-to-one

orrespondene with the set of natural numbers. {1, 3, 5, · · · } is the set of odd natural

numbers, and {(1 + 1)/2, (3 + 1)/2, (5 + 1)/2, · · · } is the set of natural numbers. In

general any odd number on an be put in orrespondene with the natural number

(on + 1)/2. Hene, the set of odd natural numbers is ountable.

(B.1-5) Assume that S = {s1, · · · s|S|}. We an represent any subset of V of S using a

|S| bit binary number suh that the kth
bit is 1 if sk ∈ V and 0 otherwise. Therefore, the

number of subsets of S is the number of |S| bit binary numbers whih is equal to 2|S|.

(B.2-3) A binary relation on set A an be represented as a subset of A× A.
(a) We an onstrut an example with A = {a, b, c} with all three elements being

distint. Let R = {(a, a), (b, b), (c, c), (a, b), (b, a)}. This is re�exive and symmetri but

not transitive.

(b) De�ne A = {a, b, c} with three distint elements and

R = {(a, a), (b, b), (c, c), (a, b), (b, c), (a, c)}. The relation R is both re�exive and

transitive but not symmetri.

() Similar to the preeding parts, let A = {a, b} with a and b distint. Let
R = {(a, a)}. This relation is symmetri and transitive. But it is not re�exive sine

(b, b) is not in R. Re�exivity requires that (s, s) ∈ R for all s ∈ A.

(B.4-1) Let eah professor be represented using a node and the handshake between two
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professors be denoted using an edge between the orresponding two nodes in the graph

G = (V,E). The degree of eah node is the number of edges that are inident on that

node. The number of times eah professor shakes hands is equal to the degree of the

orresponding node. The sum of all the degrees is twie the number of edges beause we

ount eah edge twie. So we have

∑

v∈V

degree(v) = 2|E|. Sine the sum of all degrees is

equal to the sum of the number of times eah professor shook hands, the sum is even.

(B.4-3) Let there be |V | = 2 nodes. If this graph has to be onneted, then there has to

be atleast one edge. Therefore, |E| ≥ |V | − 1 is satis�ed for the base ase of two nodes.

Assume that the inequality is satis�ed by a general onneted graph with |E| − 1 edges

and |V | − 1 nodes. For a larger G = (V,E), assume the ontrary that G is onneted

and |E| < |V | − 1. From the problem B.4-1, we have

∑

v∈V

degree(v) = 2|E| < 2|V | − 2.

So there is at least one vertex u, whose degree is less than or equal to 1. If the degree of

u is zero, then the graph is disonneted and we have a ontradition. If the degree of u
is 1, then onsider the graph Ḡ obtained by removing u and the inident edge. Ḡ has

|E| − 1 < |V | − 2. By applying the indution hypothesis to the smaller graph Ḡ, we say

that Ḡ is not onneted. If Ḡ is not onneted, then adding u with just one inident

edge will still not make G onneted. So, there is again a ontradition from whih we

onlude that |E| ≥ |V | − 1. So we have shown the result through indution.

(B.5-4) We �rst prove that the number of nodes at depth d annot exeed 2d. For d = 1,
there an be a maximum of 2 nodes and therefore, the ondition holds in this ase.

Assume that for depth k, the number of nodes at that depth does not exeed 2k. The
number of nodes at depth k + 1 an therefore not exeed 2k+1

beause eah of the

possible 2k nodes an only have two hildren. Adding up all the nodes in a tree of

height h, we have the bound n ≤ 2h − 1, whih an be obtained by summing a �nite

geometri series. From that bound we have h ≥ lg(n+ 1) ≥ lg(n) ≥ ⌊lg(n)⌋.
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