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(1) CLR A.1-1

n n n 2
Z(zk»-1)=22k-21:”(”;D—n:n(n+1)—n:n2
k=1 k=1 k=1

(2) CLR A.1-6

Prove that 32}, O(fr(n)) = O(X1_; fr(n)).

Proof
Let A=3Y7_,0(fx(n)), and B = O(X}_, fr(n)).

Because A and B are sets of functions, we have to show A C B and B C A.

(1) ACB
Let gr(n) = O(fx(n)) for k € {1,2,...,n}. Then, there exist ¢t > 0 and ny > 0 such
that

0 <gi(n) <cfuln)  Vn=>mny

Choose ¢ = maxyeqi,2,.. n}{ck} and ng = maxpeqr 2, n3{nr}. Then, we have

.....

0 < gr(n) < cpfu(n) <cfi(n)  Vn=ng



By the linear property of the summation,

0< zn:gk.(n) §c§n:fk(n) Vn > ng
k=1 k=1

Hence, >3, gr(n) = O 1, fu(n)).

Because the above equation holds for an arbitrary gx(n), we have:

an O(fr(n)) C O(ki fe(n))

k=1

(2) (BC A
Let g(n) = O(Xp_; fx(n)). Then, there exist ¢ > 0 and ng > 0 such that

0<g(n) <cd_ fuln) Vn > ng
k=1
By the linear property of summations,
0<g(n) <> lefe(n)]  ¥n=>mng
k=1

If we choose ¢, = ¢ and ny = ng for k € {1,2,---,n} in the above inequality,
we obtain that there exist ¢, > 0 and ny > 0 for £ € {1,2,---,n}, such that
0<gn) <cfiln)+cafa(n)+ -+ cpfu(n) whenever n > ny,n > ng, -+ ,n > n,.
This means that g(n) = >_p_; O(fr(n)).

Therefore, O(X72_, fr(n)) C 35, O(fe(n)).

From (1) and (2), we have A = B.

(3) CLR A.1-7

One method of solution uses a logarithm to convert the product to a sum:

[[2-4 = 2" ][ 4"
k=1 k=1
lg(2" [T4%) = lg(2") +1g(]] 4%
k=1 k=1

= g+ 3l

= 1g(2") +1g(4) >_k

k=1



= 1) 4 215(2) "D

= nlg(2)+n(n+1)1g(2)
= n(n+2)Ilg(2)
= lg(2""?)

n
[[2 -4 = 2"»t2).
k=1
An alternative method of solution uses product and exponent rules:

[[2 48 = 20 42i?
k=1

. 2n 4 n(n2+1)
— 9n, 2n(n+1)
_ 2n+n(n+1)
o 2n2+2n

2n(n+2)

(4) CLR A.2-4

Evaluate Zk?’
=1

Since k% is a monotonically increasing function,

k=1
Hence:
4 n 4
Ty 3_ 7T 1
T < 2k < T
Giving:

Hence, > k% = O(n*)

k=1



(5) CLR A.2-5

If you bound the summation using an integral directly (the integral bounds are from
0 to n) the final solutions becomes [Inn — In0).

However, In0 is negative infinity.

So instead we break up the summation
> 1/k and rewrite it as » 1/k +1.
k=1 k=2
(6) CLR A-1
(a) Use the integral method of bounding the summation:

n n n+1
/ xrdeZkTS/ z" dx
0 P 1

1

7"+1 < /{IT 7”+1 n+1
T+ 1 |0 Z r -+ 1 |
nr—i—l Zn: n + 1)r+1 -1 - (Tl + 1)r+1
—_1 r+1 - r+1

Therefore,

zn: - @(nrJrl)

k=1

(b) On one hand,
Sho gtk <Y lgfn=nlg"n.
Clearly, >3, 1g"k = O(nlg’n).

On the other hand,
n s n/2 s n s
Sr—11g’ k= Z}E:ﬁj lg” k + Zk:m/2j+1 lg” k
ZLn/2 0+ 22k n/2)41 Ig°(n/2)

> (n/2)1g°(n/2).
We can easily prove that (n/2)1g%(n/2) = 6(nlg’n).

So > p lg*k =0(nlg’n).
(c)

On one hand,

k'lg’k < k'lg°n =1lg°n )y k"
k=1 k=1 k=1



and from part (a)

Z kr — 'r—|—1
S0,

> K'lg°k = O(n"lg°n)
k=1

On the other hand,

n/2

Z K'lg’k =Y K'lg°k + Z kE"lg’k

k=1 k=1 k=n/2

n/2

Zk’"zg%>zo+ Z (n/2)"lg*(n/2)

k=1 k=n/2

i E'lg°k > (n/2)" T g*(n/2)

And then combining the above two results it can be shown that,

> k'lg°k = O(n" g n)
k=1



