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ABSTRACT 
 
This paper presents a new algorithm for solving the static traffic assignment problem that 
operates in the space of path flows. It uses a sequential equilibration technique whereby 
origin-destination (O-D) pairs are equilibrated one at a time iteratively. Labeled the slope-
based multi-path algorithm (SMPA), the approach inherits some insights from the gradient 
projection (GP) algorithm of Jayakrishnan et al., Dial’s algorithm B, and the recent GP 
method of Florian et al. However, the flow update mechanism of the SMPA algorithm is new, 
with different search directions for paths with higher and lower costs than the average cost 
for an O-D pair. It uses the slopes of cost functions in such a way as to bring the costs of 
different paths closer and enable faster convergence. Further, it does not require a line search 
for finding the move size. Computational experiments using the Sioux Falls and Borman 
Corridor networks provide insights on the SMPA algorithm and compare its performance 
relative to the GP algorithm of Florian et al. The results illustrate that the SMPA algorithm 
has a superior rate of convergence. 
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INTRODUCTION 
 
The traffic assignment problem (TAP) is a key step of the transportation planning process, 
and seeks to predict network flows. The most widely used objective for the TAP is user 
equilibrium (UE), which is based on minimizing the travel time of individual drivers. An 
equilibrium is reached when no driver can improve his or her travel time unilaterally. 
Wardrop (1) formalized the idea of user equilibrium through his first principle. The UE 
assignment problem can be formulated as a non-linear optimization problem with linear 
constraints (2).  

Several iterative algorithms have been proposed to solve the TAP, based on more than 
five decades of active research in this field. New algorithms mostly focus on improving the 
computational efficiency attainable through existing algorithms. Although these algorithms 
differ in the way the flows are updated in each iteration, they have many common 
characteristics. Most start with an initial feasible point, which represents a flow vector that 
satisfies the constraint set. The iterative process brings them closer to convergence with each 
successive iteration. As the exact equilibrium point is difficult to reach in finite time, these 
algorithms use threshold stopping criteria to terminate. As discussed later in the paper, 
several convergence measures have been proposed in the literature for tracking the threshold 
criteria for termination.   

From a methodological standpoint, existing algorithms differ not only in the way they 
update the flow vector, but also in terms of whether they update the flow vector for all origin-
destination (O-D) pairs simultaneously or sequentially “one-at-a-time”. Chen and 
Jayakrishnan (3) suggest that the “one-at-a-time” technique based on the Gauss-Seidal 
decomposition scheme has better convergence properties because the information obtained 
from the flow update of one O-D pair can be utilized to determine the flow update direction 
for the next O-D pair as well as to update the feasible path set. This is not possible when the 
flow update is performed for all O-D pairs simultaneously. However, the sequential technique 
has the additional computational burden of requiring a line search for each O-D pair unlike 
the single line search for the simultaneous update case. But, as it requires fewer iterations to 
achieve the same level of convergence, the sequential technique generally has better 
convergence properties (4).  

A third aspect in which UE solution algorithms differ is in terms of the number of 
paths which participate in the equilibration process at a time for each O-D pair. Many 
algorithms (5, 6) which operate in the space of path flows consider just two paths at a time in 
the equilibration process. These are generally the costliest and cheapest paths in the feasible 
path set.  A portion of flow is transferred from the costliest path to the cheapest path at a time 
based on the flow update technique of the algorithm. Another class of algorithms (7, 8) uses 
all feasible paths simultaneously for the equilibration process, leading to a multi-path flow 
update technique. Here, the information from the flow update of one O-D pair is utilized for 
updating the feasible path set for the next O-D pair. By contrast, the two-path based 
algorithms typically avoid using flow update information from one path pair for the next path 
pair of that O-D pair so as to reduce the computational burden that would otherwise result 
from repeating the update process for each path pair within an O-D pair. Hence, the multi-
path flow update technique can be a better approach as it uses the information from each flow 
update.      

This paper presents a new algorithm labeled as the slope-based multi-path algorithm 
(SMPA) which operates in the space of path flows, uses a sequential O-D equilibration 
scheme, and updates all feasible paths of an O-D pair simultaneously. The novelty of this 
algorithm lies in two aspects of the flow update mechanism: (i) obviating the need for a line 
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search in each iteration, and (ii) the way in which the sensitivity of path costs relative to flow, 
referred to as slopes, are used in the equilibration process. 

The rest of the paper is organized as follows. The next section reviews the literature in 
user equilibrium assignment and the characteristics of various types of solution algorithms. 
Then, the UE problem is formulated and the SMPA algorithm is discussed in detail. Next, 
some practical aspects of the SMPA algorithm, and related parameters, are discussed. This is 
followed by an illustration of the computational results and sensitivity analysis from 
numerical experiments using the Sioux Falls and Borman Corridor networks. Finally, some 
concluding remarks are presented.  
 
LITERATURE REVIEW 
 
The idea of equilibrium in traffic flow was first proposed by the economist Frank Knight in 
1924, but was formally defined by John Wardrop in 1952 through what is labeled as 
Wardrop’s first principle (1). A few years later, Beckmann et al. (9) proposed the 
mathematical equivalent of user equilibrium as an optimization problem, which is known as 
Beckmann’s transformation. They not only proved the equivalency between this 
transformation and user equilibrium but also proved that it has a unique solution in terms of 
link flows under certain simplifying assumptions. In the same year, a linear approximation 
method was devised by Frank and Wolfe (10) to solve quadratic problems. The Frank-Wolfe 
(F-W) algorithm was used to solve the UE assignment problem by Bruynooghe et al. (11), 
and later more effectively by LeBlanc et al. (12, 13) and Nguyen (14) independently. Since 
then, the F-W algorithm has been the most commonly used method to solve the UE 
assignment problem in practice. 

 The key benefits of the F-W algorithm are its low memory requirement and 
simplicity of execution. However, it has some important drawbacks, the most significant of 
which is its sub-linear convergence due to which it starts tailing into endless creep near 
convergence. Its poor performance near convergence is well-known, and is attributed to the 
fact that its search direction becomes orthogonal to the gradient of the objective function near 
convergence. Consequently, several studies in the literature have focused on improving the 
convergence properties of the F-W algorithm by improving the search direction and 
modifying its move size. This has led to many variants of this algorithm which either modify 
the search direction or move size or both. One such improvement is the parallel tangent 
direction originally suggested by Luenberger (15) and introduced in the TAP by LeBlanc et 
al. (16). It was further improved by Florian et al. (17) and analytically implemented by 
Arezki and Van Vliet (18). Another development based on improving search direction was 
devised by Fukushima (19). His method uses the search directions from previous iterations to 
find a nominal new search direction as a weighted linear combination. Then, the choice of the 
new search direction between the nominal search direction computed and the original F-W 
direction is made by using the directional derivative of the objective function. Hearn et al. 
(20) proposed a similar concept but using only a restricted set of previous solution points of 
the linearized sub-problem which is termed as the restricted simplicial decomposition 
algorithm. Weintraub et al. (21) suggested a modified move size to reduce the zigzagging 
nature of the F-W algorithm. Most of these algorithms, obtained from the modified search 
direction and move size of the F-W algorithm, operate in the space of link flows and update 
all O-D pairs simultaneously.  

Another class of algorithms operates in the space of path flows. The earliest example 
of such an algorithm comes from the method suggested by Dafermos (22) and Dafermos and 
Sparrow (23). It involves the optimal flow transfer from the costliest path to the cheapest path 
for an O-D pair at a time. The move size which determines the optimal flow is found by 
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minimizing the objective function value. This method was not implemented due to its higher 
memory requirements and the available computational technology at that time. However, the 
need for path-based solutions by planners and system operators in recent years, synergized by 
the vastly enhanced computational capabilities over the past two decades, led to a re-visit of 
the idea proposed by Dafermos and Sparrow. Important initiatives in this context are by 
Larson and Patriksson (24) and Jayakrishnan et al. (7). Larson and Patriksson used the 
concept of simplicial decomposition for the disaggregate representation of the equilibrium 
problem, and the associated solution algorithm is labeled as the disaggregate simplicial 
decomposition (DSD). The DSD methodology iterates between a master problem and a sub- 
problem. In the initial few iterations, a first order reduced gradient method is used to solve 
the reduced master problem and obtain a near-optimal solution. In later iterations, a second 
order diagonalized Newton method is used to determine a highly accurate solution. The 
solution is in terms of flow proportions which are multiplied by the O-D demand to obtain the 
path flows. A key advantage of this algorithm is its excellent reoptimization capabilities. For 
example, for the determination of the solution for a new O-D demand matrix, the flow 
proportions from the previous O-D demand matrix act as an efficient warm start point. 
Jayakrishnan et al. (7) adopt the basic Goldstein-Levitin-Polyak gradient projection (GP) 
algorithm (25, 26) to solve the assignment problem in the path flow space. The search 
direction in each iteration is the minimum of the Newton approximation of the transformed 
objective function. The demand constraints in the original UE formulation are incorporated in 
the transformed objective function, resulting in a new formulation with only non-negativity 
path flow constraints. Thereby, if the search direction results in an infeasible flow due to the 
violation of the non-negativity constraints, a projection is made to the constraint boundary by 
making the negative flow variable zero. 

Bar-Gera (5, 27) proposes an origin-based flow proportions approach that is 
conceptually similar to the algorithms proposed by Gallager (28) and Bertsekas (29) for 
routing in telecommunication networks. The main difference is that unlike Bar-Gera the 
algorithms by Gallager and Bertsekas update the flow using destination-based flow 
proportions. This algorithm, termed OBA (origin-based algorithm), updates the flow on the 
origin-based acyclic sub-network. The OBA algorithm considers one origin at a time 
sequentially to update the origin-based flow proportions for each node using a second order 
quasi-Newton search direction. The move size is determined by using a heuristic approach 
that uses the concept of social pressure introduced by Kupsizewska and Van Vliet (30). It is 
shown that the OBA outperforms the F-W algorithm both in accuracy and computational 
efficiency.  

Dial (6) proposes an algorithm labeled algorithm B that works directly in the space of 
path flows and updates flow by shifting flow from the costlier to the cheaper path. Akin to the 
OBA algorithm, it uses the concept of origin-based acyclic network. The algorithm involves 
the transfer of flow between a pair of paths iteratively until their cost difference is within a 
pre-determined threshold. Then, this procedure is repeated for another pair of paths. When all 
paths have costs that are within the pre-determined threshold of the cheapest path for an O-D 
pair, that O-D pair is implied as being equilibrated. The equilibrium process shifts to the next 
O-D pair for the same origin. After all O-D pairs for an origin are equilibrated, the procedure 
shifts to the next origin-based sub-network (called a bush). If a new path is found with cost 
lesser than that of any path in the bush, the bush is updated by including this path. The 
algorithm terminates when all bushes are equilibrated. 

More recently, Florian et al. (8) develop an algorithm based on the projected gradient 
method of Rosen (31). It also operates in the space of path flows and equilibrates one O-D 
pair at a time sequentially. A key difference is that while the Jayakrishan et al. (7) use a 
constant scaling factor as the move size, Florian et al. (8) requires a line search technique to 
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determine the move size. The flow update mechanism in Florian et al. (8) is intuitive and uses 
the average cost of an O-D pair to determine the search direction. The flows are transferred 
from the paths having cost greater than the average to the paths with costs lesser than the 
average cost.  

The SMPA algorithm proposed in this paper for the UE assignment problem inherits 
some insights from Jayakrishnan et al. (7), Dial (6) and Florian et al. (8) , but its flow update 
mechanism is new and differs from them. Akin to the GP algorithm of Jayakrishnan et al., the 
SMPA algorithm operates in the path flow space and uses a projection to the constraint 
boundary by making negative flow variables zero whenever the minimum in the search 
direction violates the non-negativity constraints. The difference lies in the search direction; 
Jayakrishnan et al. use the cost of the cheapest path to determine the search direction while 
the SMPA uses the average cost for it. Thereby, the SMPA algorithm seeks to move path 
costs towards the average cost for an O-D pair at each iteration, akin to Florian et al. (8). 
However unlike Florian et al., it does not require a line search for the move size 
determination. Further, the SMPA has different flow update mechanisms for the set of paths 
with higher costs than average as compared to the set of paths with costs lower than average. 
Finally, the SMPA algorithm inherits the concept of equilibrating an O-D pair before 
bringing another O-D pair into the equilibration process, similar to Dial’s algorithm B. 
However, it operates on all paths of an O-D pair simultaneously unlike in Dial’s algorithm 
which operates on just a pair of paths at a time.  
 
PROBLEM FORMULATION AND ALGORITHM DEVELOPMENT 
 
Let us consider a network with a set of nodes  𝒩, and a set of links A. Let ℛ be the set of 
origin nodes and 𝒮 be the set of destination nodes which may not be mutually exclusive. The 
set of paths that connect an O-D pair r-s is denoted as Krs and the O-D demand as qrs. Let xa 
and ca represent the flow and cost on link a respectively, and fk

rs and ck
rs represent the flow 

and cost on path k of O-D pair r-s, respectively. The cost of traveling on a path is equal to the 
sum of the costs on the links in that path, where the link cost is a function ca(xa) of the flow 
on that link. The UE assignment problem can be formulated as an optimization problem by 
the well-known Beckmann’s transformation (9): 
 

min 𝑓 𝑥 = 𝑐! 𝑤 𝑑𝑤
!!

!!"#

                                                                                                                                            (1) 

Subject to:  
 

𝑓!!" = 𝑞!"  ,              ∀  𝑟𝑠
!

               𝑓𝑙𝑜𝑤  𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛  𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡                                       (1𝑎) 

 
𝑓!!" ≥ 0  ,              ∀  𝑘, ∀  𝑟𝑠           𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦  𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡                                           (1𝑏)     

 
𝑥! = 𝑓!!"  𝛿!,!!"

!!!

  ,               𝛿!,!!" = 1  𝑤ℎ𝑒𝑛  𝑙𝑖𝑛𝑘  𝑎  𝑙𝑖𝑒𝑠  𝑜𝑛  𝑝𝑎𝑡ℎ  𝑘, 0  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                    (1𝑐) 

 
The equivalency of this formulation to the static UE problem and the uniqueness of the 
solution in terms of link flows is based on the following: (i) the O-D demand is constant and 
non-negative for all O-D pairs, (ii) the link costs are positive and the link cost functions are 
monotonically increasing, continuously differentiable functions of flow, and (iii) a link cost 
depends only on the flow on that link and does not depend on the flow on other links. 
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The above formulation is usually solved using an iterative approach. The approach 
starts with a feasible point and seeks to bring it closer to equilibrium in successive iterations 
by identifying an optimal search direction and move size. Let us consider an intermediate 
iteration of the equilibration process, represented by feasible links flows that do not satisfy 
UE. Here, feasible flows refer to the vector of flows that satisfies the set of constraints (1a, 
1b, and 1c) in the UE formulation. As the UE conditions are not satisfied, paths with non-
zero flows will not have equal cost for an O-D pair. This implies the existence of paths with 
non-zero flow but with costs higher than that of the minimum cost path for that O-D pair. 
Then, the equilibration process will entail the shifting of flows from the costlier to the 
cheaper paths. An optimal shift from the costlier paths to the cheaper paths will move the 
resulting network flows towards equilibrium, thereby decreasing the objective function value 
(Lemma 2, 6). Dial (6) proposed a mechanism for the optimal flow transfer from the costlier 
path to the cheaper path, by taking just one pair of paths at a time. In the SMPA algorithm, 
we propose a mechanism to equilibrate the entire feasible set of paths belonging to an O-D 
pair simultaneously. That is, instead of transferring flow from one path (costlier) to another 
path (cheaper), flow is optimally shifted from the set of paths with higher path costs than 
average for that O-D pair to the set of paths with lower costs than average, inheriting the idea 
from the GP algorithm of Florian et al. (8). To enable this in the SMPA, the objective 
function during the equilibration process for an O-D pair r-s can be decomposed into three 
parts: 

 

𝑓 𝑥 = 𝑐! 𝑤 𝑑𝑤 +
!!!∆!!

!
!"!

!"
\!!"

𝑐! 𝑤 𝑑𝑤 +
!!!   ∆!!!∆!!

!!"!!"
𝑐! 𝑤 𝑑𝑤

!!

!
!"#\(!!"∪!

!"
  )

 

(2) 
 
Where,  
𝑃
!"

 = set of costlier paths, comprising of paths having cost greater than the average cost for 
the O-D pair r-s 
𝑃!" = set of cheaper paths, comprising of paths having cost lesser than the average cost for 
the O-D pair r-s 
∆𝑥! = change in flow for link a due to flow update of paths in the costlier set 
∆𝑥!= change in flow for link a due to flow update of paths in the cheaper set 
 
The third part in Equation (2) considers links which do not belong to any path in the feasible 
set for the O-D pair r-s being equilibrated. The equilibration process represented by Equation 
(2) is repeated until all O-D pairs are equilibrated. The superscript rs is dropped hereafter for 
simplicity of notation as we focus on an O-D pair r-s. 
 
Path set 𝑷 (set of costlier paths) 
 
For path set 𝑃, we transfer flow such that the new path costs resulting from the new flows 
bring the path costs towards the average cost across all paths for the O-D pair r-s. Using a 
first order Taylor expansion: 
 

𝑐! 𝑓! − ∆𝑓! = 𝑐! 𝑓! − 𝑠! 𝑓!   .∆𝑓! = 𝑐!"  ,        ∀𝑘 ∈ 𝑃 ∈ 𝐾                                               (3) 
 
Where, 
𝑐! = cost of path k belonging to the set 𝑃 
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𝑓! = flow of path k belonging to the set 𝑃 
𝑠! = first derivative of the cost function of path k belonging to the set 𝑃  
𝑐!" = average cost obtained by averaging the feasible path costs for the O-D pair 
 
From Equation (3) we obtain: 
 

∆𝑓! =
𝑐! 𝑓! − 𝑐!"
𝑠! 𝑓!

                                                                                                                                                                                                  (4) 

 
 
Path set 𝑷 (set of cheaper paths) 
 
For path set 𝑃, we add flow to the paths such that the new path costs resulting from the new 
flows bring these costs to a higher value  𝜇. This new cost 𝜇  may not be equal to average path 
cost cav for O-D pair r-s, but will definitely be close to it. Using a first order Taylor 
expansion: 
  

𝑐  ! 𝑓! + ∆𝑓! = 𝑐  ! 𝑓! + 𝑠! 𝑓!    .∆𝑓! = 𝜇  ,                        ∀𝑙 ∈ 𝑃 ∈ 𝐾                                                                         (5) 
 
Where, 
𝑐  ! = cost of path l belonging to the set 𝑃 
𝑓! = flow of path l belonging to the set 𝑃 
𝑠! = first derivative of the cost function of path l belonging to the set 𝑃 
 
From Equation (5) we obtain: 
 

∆𝑓! =
𝜇 − 𝑐  ! 𝑓!

𝑠! 𝑓!
                                                                                                                                                                                            (6) 

 
For flow conservation for the O-D pair, the total flow transferred from the various paths from 
set 𝑃  should be equal to the sum of flows being added to the paths of set 𝑃. Hence, 
 

∆𝑓!
!"!

= ∆𝑓!
!"!

                                                                                                                                                                                    (7) 

 
Using Equations (4), (6) and (7) we obtain: 
 

𝑐! 𝑓! − 𝑐!"
𝑠! 𝑓!!"!

=
𝜇 − 𝑐  ! 𝑓!

𝑠! 𝑓!
                                                                                                                                        

!"!

 

 

⟹   
𝑐! 𝑓!
𝑠! 𝑓!!"!

−   
𝑐!"

𝑠! 𝑓!!"!

= 𝜇  
1

𝑠! 𝑓!!"!

−
𝑐  ! 𝑓!

𝑠! 𝑓!!"!
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⟹ 𝜇 =

    
𝑐! 𝑓!
𝑠! 𝑓!!"! −      𝑐!"

𝑠! 𝑓!
+   

𝑐  ! 𝑓!
𝑠! 𝑓!

!"!!"!

1
𝑠! 𝑓!

!"!    

 

 
From Equation (6) we have: 
 

∆𝑓! =
𝜇 − 𝑐  ! 𝑓!

𝑠! 𝑓!
=

𝜇

𝑠! 𝑓!
−
𝑐  ! 𝑓!

𝑠! 𝑓!
                                                                                                                                   

 
Substituting for µ, 

∆𝑓! =

    
𝑐! 𝑓!
𝑠! 𝑓!!"! −      𝑐!"

𝑠! 𝑓!
+   

𝑐  ! 𝑓!
𝑠! 𝑓!

!"!!"!

𝑠! 𝑓! . 1
𝑠! 𝑓!

!"!    

−
𝑐  ! 𝑓!

𝑠! 𝑓!
                                           

 
We now have the following flow update mechanism: 
 

  𝑓! → 𝑓! − ∆𝑓!     ,                  𝑘 ∈ 𝑃                            (𝐴) 
 

𝑓! →   𝑓! + ∆𝑓!       , 𝑙 ∈ 𝑃                                  (𝐵) 
 

Expressions (A) and (B) are used iteratively until the maximum difference between the costs 
of used paths (that is, those with non-zero flow) is less than a predefined threshold value β. 
While transferring flow at each move, the maximum amount of flow which can be transferred 
from any path is at most equal to the current flow on that path to satisfy the non-negativity 
constraint. Hence, the ∆𝑓! and ∆𝑓! to be used at each move are: 
 

∆𝑓! = min 𝑓! ,
𝑐! 𝑓! − 𝑐!"
𝑠! 𝑓!

                                                                                                                                                          (8) 

 

∆𝑓! =

    !"! min 𝑓! ,
𝑐! 𝑓! − 𝑐!"
𝑠! 𝑓!

+   
𝑐  ! 𝑓!
𝑠! 𝑓!

!"!

𝑠! 𝑓! . 1
𝑠! 𝑓!

!"!    

−
𝑐  ! 𝑓!

𝑠! 𝑓!
                              (9) 

 
Figure 1 illustrates the logic of the proposed flow update mechanism. For example, let 

us assume that an O-D pair has six paths in the feasible set of paths labeled 1 to 6 in the 
figure. The paths labeled 1, 2 and 3 have costs lesser than the average cost and will form the 
cheaper path set. The paths labeled 4, 5 and 6 have costs greater than the average cost and 
will form the costlier path set. At each move, the flow update mechanism seeks to reduce the 
costs of costlier paths and bring them to the average cost (cav) for the O-D pair, and aims to 
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increase the costs of the cheaper paths to a value µ. The positions of the paths after the flow 
update are represented by the dotted ellipses in the figure. After each move, the flows, the 
costs and the slopes of links and paths are updated. The new average path cost for the O-D 
pair is found based on the updated flows. This process is repeated iteratively whereby the 
difference between cav and µ decreases in each successive iteration. The O-D pair is assumed 
to be equilibrated if the difference between its µ and cav is less than a pre-specified small 
threshold value β. 

 
 

FIGURE 1 The logic of the flow update mechanism 
 

The use of the slopes of the path cost functions represents an important aspect of the 
SMPA algorithm. The sensitivity of path costs with respect to flow in the form of the slopes 
of the cost functions are used in the flow update mechanism to determine the optimal flow 
transfer which brings the costs of different paths in the feasible set closer. The slopes of the 
path cost functions are derived from the slopes of the link cost functions. However, the slopes 
of the link cost functions are not constant and depend on the current link flow values. Hence, 
the slopes of the link cost functions and then those of the paths are updated after each move. 

Once an O-D pair is equilibrated, the next O-D pair is brought into the equilibration 
process in a sequential manner. Before commencing the flow shifts (move) for an O-D pair, if 
any new path is found that is not in the feasible set and has a lower cost than the average cost 
for that O-D pair, it is included in its feasible path set. Hence, the SMPA algorithm consists 
of an inner loop which seeks the equilibration of an O-D pair and an outer loop that 
sequentially moves from one O-D pair to the next and checks some termination criteria after 
all O-D pairs are considered. The steps of the SMPA algorithm are illustrated in Figure 2, and 
the algorithm is summarized thereafter. 

Flow (f )
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FIGURE 2  The SMPA algorithm. 
 
Steps of the SMPA algorithm 
 
Step 1: Initialize the network using an all-or-nothing (AON) assignment or a warm start. Update the link 

flows, link costs, slopes of cost functions, and path costs. 
 

Step 2: Check the termination criteria. If termination criteria are satisfied, then stop; the UE solution is 
the set of the path flows and path costs. Else, go to Step 3.  
 

Step 3: Select the first O-D pair.  
 

Step 4: Find the average cost (cav) of paths in the feasible set (having non-zero flows) for the O-D pair. 
Then, find the shortest path. If this path is not present in the set of feasible paths and its cost is 
less than cav, include it in the set of feasible paths and update cav. Else, go to Step 5. 
 

Step 5: Update flows for paths having cost greater than cav using Equation (8) and (A). 
 

Step 6: Update flows for paths having cost lower than cav using Equation (9) and (B). 
 

Step 7: Update link flows, link costs, slopes of cost functions, and path costs. 
 

Step 8: If the current O-D pair is equilibrated, go to Step 9. Else, go to Step 4. 
 

Step 9: If this is the last O-D pair, go to Step 2. Else, select next O-D pair and go to Step 4. 
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Analysis of Convergence 
 
The flow vector which solves the minimization problem represented by Beckmann’s transformation 
(Equations 1, 1a, 1b, and 1c) also satisfies the user equilibrium conditions (2). This implies 
that the minimum of the objective function (1) is obtained when all used paths between an O-
D pair have equal (and lowest) cost. Since the decomposed objective function (4) is 
equivalent to the objective function (1), its minimum will also be achieved when all paths in 
the feasible set have equal cost. In the decomposed objective function, the links that belong to 
the third part do not participate in the equilibration process. Hence, the minimum of f(x) is 
obtained when the sum of the first two terms is minimum.	
  As the true equilibrium for real 
networks is difficult to reach, the equilibrium is assumed to be reached when the difference 
between path costs in the feasible set is less than a pre-specified threshold β. The 
equilibration process represented by the flow update using Expressions (A) and (B) 
iteratively continues until the difference between cav and µ becomes less than β, at which 
point it is terminated. Then, to prove convergence, it is sufficient to prove that the flow 
update mechanism decreases the value of the objective function.  
 
Proof by contradiction: Let us suppose that the flow update process increases the value of 
the objective function at the termination of the equilibration process. This would imply that 
the increase in the second part of the objective function is larger than the decrease in first 
part. This implies that the value of µ is higher than the average cost cav; that is, the increase to 
the objective function value due to the flow increases in the cheaper path set is more than the 
decrease to the objective function value due to the flow decreases in the costlier path set. This 
indicates that the equilibration process is not complete. This, along with the increase in the 
objective function value, implies that the path costs are not close, which means the difference 
between the µ and cav is greater than β.  This contradicts the initial assumption that the 
equilibration process terminated. This completes the proof.  
 
 
PRACTICAL ASPECTS OF THE ALGORITHM 
 
The description of the SMPA algorithm in the previous section seems to suggest that it 
satisfies all constraints in each iteration. However, a careful inspection of the move direction 
for the cheaper paths indicates the possibility of a theoretical violation of the non-negativity 
constraint. This situation may arise when the second term in equation (9) is greater than the 
first term, resulting in a negative flow change for the cheaper path set. Then, if this flow 
change is greater than the existing path flow, it will result in a negative path flow for that 
path. To visualize this, consider a situation in which the move direction is such that the value 
of µ is below the average cost cav and the feasible set has a path with cost smaller than the 
average cost but greater than µ. Since the SMPA move direction tends to bring all paths 
having cost lesser than the average cost towards µ, if a path cost is greater than µ, the move 
direction will seek to reduce it by decreasing its flow. While flow conservation is satisfied in 
this process, the possibility exists that this move may result in an infeasible flow, thereby 
violating the non-negativity constraint. While such a situation is not common and will 
involve small amounts of flow, it is important to resolve this theoretical issue to make the 
flow update mechanism consistent with the formulation constraints. This is done by the 
backtracking in the direction opposite to the move direction for paths in the cheaper path set 
up to the point at which the sum of the flow changes becomes equal to the magnitude of the 
negative flow. Thereby, the infeasible flow is projected back to the feasible space, satisfying 
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the non-negativity constraint and the conservation of flow. The detailed sequence of the steps 
to implement the SMPA algorithm is illustrated in Figure 3.  
 
 

 
 

FIGURE 3 Detailed implementation flow chart for the SMPA algorithm.  
 
The second aspect which needs discussion is the interdependencies among path costs. 

Some paths in the feasible set may have some common links; then, the increase or decrease 
of flow on one path will alter the cost on the other path(s). The SMPA addresses this problem 
by incorporating slope (of path cost) terms in the move direction. As the slope of a path cost 
is obtained by summing the slopes of the associated link cost functions, if a link appears in 
more than one path the slope of that link will appear the corresponding number of times in 
the flow update equation of the cheaper path set thereby decreasing the magnitude of the 
move direction.  

The third aspect is the notion of introducing a scaling factor α. The scaling factor here 
refers to a parameter which is used to scale the move size. It is used to speed up the 
convergence, and for the SMPA it can be any positive number which remains constant for all 
iterations. A scaling factor is introduced in the move direction for the costlier path set. As the 
move direction for the cheaper path set is derived by satisfying the flow conservation 
constraint (Equation7), it is automatically introduced in its expression. The move directions 
after introducing the scaling factor are shown in Equations (10) and (11); they replace 
Equations (8) and (9) during the implementation of the SMPA algorithm. 
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                                                                                                                                                          (10) 
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∆𝑓! =

    !"! min 𝑓! ,𝛼
𝑐! 𝑓! − 𝑐!"
𝑠! 𝑓!

+   
𝑐  ! 𝑓!
𝑠! 𝑓!

!"!

𝑠! 𝑓! . 1
𝑠! 𝑓!

!"!    

−
𝑐  ! 𝑓!

𝑠! 𝑓!
                                          (11) 

 
Numerical experiments were performed to obtain the optimum value of the scaling 

factor α for the test networks. The CPU time to reach the convergence level of 10-5 in terms 
of the termination criterion (normalized gap) was determined for different values of the 
scaling factor. Figure 4 indicates that the algorithm performs best under the scaling factor 1.5 
for Sioux Falls network, which is used for the computational experiments in this paper. A 
similar approach for the Borman Corridor network indicates that the algorithm performs best 
under the scaling factor 1.8. 

 

 
 

            FIGURE 4 Effect of scaling factor on convergence for Sioux Falls network. 
 
 The fourth aspect in the implementation context is the measure of convergence, 
labeled the termination criterion. Past studies have proposed several measures of 
convergence: decrease in the UE objective function, relative gap, relative lower bound gap, 
normalized gap, etc. (32). This paper uses the normalized gap (Ngap) as the measure of 
convergence: 
 

𝑁𝑔𝑎𝑝 =
𝑐!!"𝑓!!"  ! −!! 𝑐!"#!" 𝑓!!"!!!

𝑓!!"  !!!
 

 
The normalized gap, also labeled as the average excess cost, represents the excess cost of 
paths above the minimum path cost for the O-D pair averaged over the whole network. 
Another measure, the relative gap (Rgap) is defined as: 
   

𝑅𝑔𝑎𝑝 =
𝑐!!"𝑓!!"  ! −!! 𝑐!"#!" 𝑓!!"!!!
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From these definitions, it can be noted that the Rgap typically will be smaller than the Ngap 
for the same level of convergence. Boyce et al. (33) suggest that an Rgap of the order of 10-4 
may be sufficient for most planning purposes. This paper adopts an Ngap of 10-5 as the 
termination criterion for the algorithm. 
 
COMPUTATIONAL RESULTS 
 
The SMPA algorithm was coded in Matlab. The computational environment used is a Dell 
desktop PC with Intel core 2 quad processors (3 GHz) with 4 GB RAM and 32-bit Windows 
Vista operating system. The computational experiments were conducted for the Sioux Falls 
and Borman Corridor networks. The Sioux Falls network consists of 24 nodes, 76 links and 
576 O-D pairs and Borman Corridor network in northwest Indiana consists of 197 nodes, 460 
links and 1849 O-D pairs. The new GP algorithm (labeled FGP hereafter) of Florian et al. (8) 
was also coded in Matlab using the same data structure and executed on the same computer.  
 

 
FIGURE 5a Convergence characteristics of the algorithms for the Sioux Falls network. 

  

 
FIGURE 5b Convergence characteristics of the algorithms for the Borman network. 
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The computational results are shown in Figure 5. The SMPA algorithm performs 
better under the scaling factor 1.0 in the initial stages, but much better with the scaling factor 
1.5 for Sioux Falls network and scaling factor 1.8 for Borman Corridor network in the later 
stages. Even under the scaling factor 1.0, the SMPA overtakes the FGP in the early stages 
and consistently performs better until convergence. The FGP was found to be efficient up to 
the Ngap of the order of 10-3, but thereafter the relative performance of SMPA was found to 
be much better, especially under the scaling factor 1.5. The better performance of SMPA over 
FGP can be attributed to the efficient utilization of the sensitivity of path costs with respect to 
the path flows (slopes of cost functions). The FGP uses the same move size for the move 
direction for all paths of an O-D pair; however, some paths may be more sensitive to flow 
and their cost function slopes may be higher than those of other paths. By contrast, the SMPA 
uses the slope of the cost function in the equilibration process in a manner which ensures 
smaller flow changes for paths with higher slopes of the cost functions.   

Sensitivity analysis was performed for both the SMPA and FGP algorithms with 
respect to the level of demand, and their performance was compared using the Sioux Falls 
network. The level of demand was varied by multiplying the Sioux Falls demand by factors 
ranging from 0.8 to 1.2 in increments of 0.2. The scaling factor 1.5 was adopted for the 
SMPA algorithm for the sensitivity analysis. Figure 6 shows the results under the various 
demand levels. They indicate that as the level of demand increases the CPU time required to 
reach the same level of convergence increases for both algorithms. However, the SMPA 
algorithm performed better in all cases, and by substantial margins as demand increases.  
 

 
 

FIGURE 6 Sensitivity analysis for varying demand levels for the Sioux Falls network. 
 
CONCLUDING COMMENTS 
 
This study proposes a new algorithm labeled SMPA for solving the static user equilibrium 
traffic assignment problem. The algorithm operates in the space of path flows and 
equilibrates one O-D at a time sequentially. The algorithm uses the sensitivity of path costs 
relative to flow in the form of the slopes of path cost functions to determine the move 
directions. The slopes of path costs are used in such a way as to bring the path costs closer at 
each move; this represents the key aspect of the algorithm in achieving faster convergence. In 
addition, the SMPA algorithm has different flow update mechanisms for the set of paths with 
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larger costs than average as compared to the set of paths with costs lower than average. The 
SMPA algorithm does not use a line search for finding the move size, but uses a constant 
scaling factor.  

Computational experiments were performed using the Sioux Falls and Borman 
Corridor networks. The SMPA algorithm was benchmarked against the recent GP algorithm 
of Florian et al. The computational results illustrate that the SMPA algorithm has a faster 
convergence rate and can be used to obtain the UE solution with high convergence levels. 
The sensitivity analysis indicates that as the level of demand increases, the performance of 
both algorithms (FGP and SMPA) diminishes. This may be due to the larger number of 
feasible paths at higher demand levels which increases the burden of flow update in each 
iteration. It is possible that the SMPA algorithm may converge even faster if the scaling 
factor is determined through a line search, but the tradeoffs in terms of the additional 
computational burden need to be investigated. The calculation of the slopes of the cost 
functions introduces computational cost in each iteration of the SMPA algorithm, but the 
gains in terms of faster convergence more than compensate for this burden. Future work will 
explore computational coding aspects to analyze mechanisms to further improve the 
performance of this algorithm.  
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