Stochastic Quasi-gradient Algorithm for the Off-line Stochastic Dynamic Traffic
Assignment Problem

Srinivas Peeta
School of Civil Engineering
Purdue University
West Lafayette, IN 47907-1284

and

Chao Zhou
Sabre, Inc.
1 East Kirkwood Blvd.
Southlake, Texas 76092

Abstract

This paper proposes a stochastic quasi-gradient (SQG) based algorithm to solve the off-line
stochastic dynamic traffic assignment (DTA) problem that explicitly incorporates randomness in O-D
demand, as part of a hybrid DTA deployment framework for real-time operations. The problem is
formulated as a stochastic programming DTA model with multiple user classes. Due to the
complexities introduced by real-time traffic dynamics and system characteristics, well-behaved
properties cannot be guaranteed for the resulting formulation and analytical functional forms that
adequately capture traffic realism typically do not exist for the associated objective functions. Hence,
a simulation-based SQG method that is applicable for a generalized differentiable (locally Lipschitz)
non-convex objective function and non-convex constraint set is proposed to solve the problem.
Simulation is used to estimate quasi-gradients that are stochastic to incorporate demand randomness.
The solution approach is a generalization of the deterministic DTA solution methodology; under it,
deterministic DTA models are special cases. Of practical significance, it provides a robust solution for
the field deployment of DTA, or an initial solution for hybrid real-time strategies. The solution
algorithm searches a larger feasible domain of the solution space, leading to a potentially more robust
and computationally more efficient solution than its deterministic counterparts. These advantages are
highlighted through simulation experiments.
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1. Introduction

The vast majority of dynamic traffic assignment (DTA) models in the literature are
deterministic as they assume the origin-destination (O-D) demands and supply conditions to be known
a priori for the entire planning horizon of interest. These assumptions aid the solution process and
highlight a fundamentally complex characteristic of the DTA problem; the dependence of the current
solution on the future traffic conditions. Typically, DTA solutions are specified in terms of link flows,
path assignments or path assignment proportions. Peeta and Ziliaskopoulos (2001) provide a
comprehensive review of DTA models in terms of their characteristics, formulation approaches and
solution methodologies. They can be broadly classified into two groups: analytical and simulation-
based models. Due to the complexities introduced by real-time traffic dynamics and system
characteristics, analytical functional forms that adequately capture traffic realism typically do not exist
for the associated objective functions and/or constraints. Hence, the resulting formulations generally
lack well-behaved properties, precluding the guarantee of global optimality and desirable mathematical
properties for the solution. Approaches that generate exact analytical solutions compromise on key
characteristics of the problem, primarily the traffic flow modeling aspects, raising issues of realism.
Simulation-based models can capture the traffic dynamics robustly, but mathematical properties cannot
be derived for them. Due to the unrealistic assumption of complete a priori knowledge on demand and
supply conditions for the entire planning horizon, deterministic DTA models are not robust for real-
time operations. Also, their solution procedures are computationally intensive, precluding real-time
deployment. Hence, they are primarily viewed as off-line models and serve as useful benchmarks for
real-time DTA deployment strategies.

In the context of DTA, the sources of randomness inherent to general traffic networks equipped

with advanced information systems are O-D demands, incidents and other supply conditions, driver



response to supplied information, and data measurement errors. If one or more of these sources of
stochasticity are explicitly modeled, it leads to a stochastic DTA problem. If a stochastic DTA problem
is addressed off-line, that is, ignoring on-line issues, an off-line stochastic DTA problem is obtained.
Typically, the primary focus of an off-line stochastic DTA problem is on generating an effective off-
line solution. When on-line issues that arise in the context of DTA deployment are addressed, the
resulting formulation is labeled an on-line stochastic DTA problem. These issues include solution
robustness, solution stability, real-time computational tractability, and consistency with the actual
system. Hence, an on-line stochastic DTA model should address the randomness in O-D demands and
network supply, measurement errors, and on-line driver behavior. However, due to the complexity
involved, it is practical to address these issues by deploying a combination of on-line DTA solution
strategies and consistency-checking procedures (Peeta and Bulusu, 1999). The consistency-checking
procedure seeks to bridge the potential gap between the predicted system state due to the on-line DTA
solution strategy and the actual system unfolding on-line. Hence, it acts as a corrective/feedback
mechanism after the actual conditions evolve in real-time. It addresses several factors such as incorrect
predictions, unpredicted variations, incorrect modeling, and measurement errors. The on-line DTA
solution strategies focus on solution robustness and computational tractability. Solution robustness
issues arise due to demand and supply (primarily due to incidents) randomness in real-time traffic
systems. Computational tractability implies the need to solve the problem in less than real-time to
provide drivers timely routing information or to enable real-time control strategies. The on-line
solution strategies can be classified into reactive, predictive/iterative, and hybrid approaches. Reactive
approaches (Hawas and Mahmassani, 1995; Pavlis and Papageorgiou, 1999) propose solutions based
only on current traffic conditions and avoid prediction. Predictive approaches (Peeta and Mahmassani,

1995a) use historical data and predictive components (in terms of demand and/or supply conditions) in



addition to the current traffic conditions to determine the path assignment proportions. Hybrid
approaches (Peeta and Zhou, 2002) combine elements of predictive and reactive approaches to
generate deployable solutions.

Peeta and Mahmassani (1995a) propose a stage-based rolling horizon framework for real-time
DTA deployment. It is an iterative approach in which accurate predictions of future O-D demands and
network supply conditions are assumed available for the next stage. Since it is stage-based, the rolling
horizon approach ensures that unpredicted variations in on-line traffic conditions can be adequately
accounted for in subsequent stages. However, if the actual O-D desires and network conditions in a
stage are significantly different from the forecasts, the solution is sub-optimal. Also, despite solving
DTA problems for truncated horizons represented by the stages, the rolling horizon approach can entail
substantial computational burden in centralized architectures.

Hawas and Mahmassani (1995) propose a reactive decentralized DTA strategy to address the
on-line computational burden. The traffic network is divided into small regions in which local
controllers use currently available information and heuristics to make local path assignment decisions.
An attractive feature of this approach is the flexibility in defining the territorial size of each controller
based on its processing capabilities, thereby circumventing issues of computational burden. Also, it
does not require O-D demand predictions. However, since controllers act independently based only on
local rules, there is no coordination between them. If the proportion of inter-territory vehicles is large,
the associated solution deviates substantially from the optimal solution. Hawas (1995) extends the
above approach to develop a cooperative scheme that enables exchanging information between
neighboring controllers. While the decentralized architecture is more robust under incident situations
because the local rule heuristics are more responsive to current network conditions, there can be

substantial degradation in performance under non-incident conditions compared to the benchmark



centralized deterministic DTA solution. Also, this approach does not exploit historical data on time-
dependent O-D demand and incidents.

Pavlis and Papageorgiou (1999) propose a computationally efficient reactive decentralized
feedback strategy that avoids predictions and reacts to real-time measurements based on simple control
rules to establish equal instantaneous travel times on the used routes for an O-D pair. However, akin to
Hawas and Mahmassani(1995), historical data is not exploited. Also, the underlying driver behavior
processes are not explicitly incorporated, limiting its robustness to specific network topologies.

The three deployable DTA approaches discussed heretofore address the on-line DTA problem,
but do not explicitly incorporate the various sources of randomness. Peeta and Zhou (2002) develop a
hybrid DTA deployment approach consisting of off-line and on-line components for the on-line
stochastic DTA problem for traffic networks with advanced information systems. It aims to exploit
historical traffic data while ensuring real-time solution tractability. Based on the a priori optimization
concept (Jaillet, 1988), the computationally intensive off-line component is used to generate a robust
initial solution, called the a priori solution, for real-time operations. The on-line component updates
the a priori solution in real-time based on the unfolding demand and supply conditions for that specific
day. The off-line component solves deterministic DTA problems for the entire planning horizon for
likely O-D demand realizations generated from historical probability distributions. The associated
solutions are combined to determine the a priori solution. Hence, the off-line component solves the
off-line stochastic DTA problem in which demand randomness is explicitly considered. Following the
a priori optimization concept, the on-line component for a given day consists of efficiently updating
the off-line solution for each assignment interval using a dynamic solution update heuristic. Supply
randomness, primarily manifesting as incidents, is addressed on-line (Peeta and Zhou, 2002) since

incident characteristics can be incorporated seamlessly with minor time lags. The dynamic update



heuristic under incidents uses the deterministic DTA solutions generated off-line for several likely
incident scenarios, in addition to the a priori solution. Thereby, the off-line component exploits
historical data and the on-line component circumvents demand/supply predictions and the need to
solve a DTA problem in real-time.

A key focus of the a priori optimization technique is the robustness of the a priori solution.
Here, robustness implies that the solution should minimize the expected system travel time averaged
over several likely O-D demand realizations. That is, across the range of likely O-D demand
realizations, it should have the minimal average deviation from the corresponding deterministic DTA
solutions. Two characteristics are desirable for the a priori solution: (i) it should be robust vis-a-vis the
optimal solution to the particular realization, on average, and (ii) it should be robust enough so that the
update solution on-line for each realization can be obtained efficiently.

Peeta and Zhou (1999) propose a heuristic procedure to obtain the a priori solution for the off-
line stochastic DTA problem using the Monte Carlo simulation approach. The deterministic DTA
solutions to several likely O-D demand realizations generated from the probability distributions are
averaged assuming equal likelihood of the generated realizations. The averaged path assignment
proportions are the initial solution for the on-line component. The study illustrates that the a priori
solution is substantially more robust than the benchmark mean O-D demand based deterministic DTA
solution, even under incidents, for real-time operations. This is because the a priori solution generates
a larger relevant path set by considering several realizations compared to the single realization
represented by the mean O-D demand pattern. Peeta and Zhou (1999) also discuss the characteristics of
the O-D demand distributions and the mechanism to determine the number of O-D demand realizations
L required to limit the tolerable error in average system travel time. While the heuristic procedure to

determine the a priori solution is practically convenient, it lacks theoretical insights.



This paper develops a theoretical framework to generalize the deterministic DTA problem and
the associated solution methodology to incorporate stochasticity. It addresses the off-line stochastic
DTA problem that incorporates randomness in O-D demand. Formulated as a stochastic programming
model, the problem is solved using a stochastic quasi-gradient (SQG) based algorithm to generate a
robust initial off-line solution for real-time deployment, called the off-line a priori solution. It is a
conceptually elegant stochastic extension and the generalization of the methodology (Peeta, 1994;
Peeta and Mahmassani, 1995a) to solve the multiple user classes deterministic DTA problem in which
O-D demands are assumed known a priori for the entire planning horizon. Deterministic DTA models
are special cases under this general framework. The approach illustrates theoretical insights and
focuses on the inherent characteristics of the DTA problem. Given the lack of analytical functional
forms to represent the typical DTA objective functions, which involve traffic flow modeling,
simulation is used to estimate quasi-gradients in the associated solution algorithm. This is because
gradients or sub-gradients cannot be determined for the general DTA problem unless compromises in
traffic realism are made. The estimated quasi-gradients are stochastic to incorporate demand
randomness. The SQG-based algorithm is iterative and updates the current solution using the quasi-
gradients determined in the current iteration. Hence, the updated solution in each iteration consists of a
single vector of path assignment proportions determined based on the expected system travel time
across all O-D demand realizations. Since the a priori solution is an off-line entity, computational
tractability issues do not arise.

The paper is divided into six sections. Section 2 formulates the off-line stochastic DTA
problem. Section 3 discusses the theoretical background for solving the problem. Section 4 describes

the SQG-based solution algorithm and discusses various associated theoretical aspects. Section 5



analyzes the SQG-based algorithm through simulation experiments. Concluding comments are

provided in Section 6.

2. Formulation of the off-line stochastic DTA problem
2.1 Definition of variables for the formulation
The following notation is used to represent variables in the formulation:
i =originnode, i € 1
j = destination node, j € J
n =node in the network, n € N
a = link in the network, a € 4
7= departure (or assignment) time interval, 7=1,.......; T
t = current time interval, t=1,......, T
A =length of a time interval

u=userclass,ue U

K Zj’ = number of paths for user class u between OD pair (i, j)
k(u) = path in the network, k(u) € Kf]’ ,ielje Jyandue U

A = set of feasible time-dependent O-D demand realizations
A = indicator for a feasible O-D demand realization, A€ A

P, = probability of realization 4

rl-}u = number of vehicles of user class u departing from i to j in period 7

rl.;” A~ number of vehicles of user class u departing from i to j in period 7 in realization 4



fl.;.l]:(u): proportion of vehicles departing from i to j assigned to path k(u) in period 7

wm,A
Tijh(u)

= number of vehicles of class u departing from i to j in interval 7 assigned to path k(u) in
realization A

) ;ka (L;’)/i = time-dependent link path incidence indicator:

~=1,if %% is on link @ in interval 7
ijk(u)

wtau, A < =0, if link @ does not belong to path k(u)

ijk(u)
=0,ift>1
=0, if Tik(u) 1s not on link « in interval ¢
T;Z(f:) = experienced path travel time for vehicles of user class u going from i to j that are assigned

path k(u) in interval 7 for realization A
= path marginal travel time for vehicles of user class # going from i to j that are assigned path

k(u) in interval 7 for realization A

W;TI?(‘;)}” = number of vehicles of user class u going from i to j assigned to path k(u) in interval 7 that
are on link «a at the beginning of interval ¢ for realization 4

Tau, A _

€ k() number of vehicles of user class u# going from i to j assigned to path k() in interval 7 that

enter link a in interval ¢ for realization A4

wau, A _

M) number of vehicles of user class u going from i to j assigned to path k(u) in interval 7 with

exit link a in interval ¢ for realization A

0;”1 = minimum experienced travel time from i to j for vehicles assigned in interval 7 for realization A



51.]?’/1 = minimum marginal travel time from i to j for vehicles assigned in interval 7 for realization A

w!@? = number of vehicles on link a at the beginning of interval ¢ for realization 4
em’}L = number of vehicles which enter link « in interval ¢ for realization 4
m ta, A — number of vehicles which exit link a in interval ¢ for realization A4

1 ,’1’2 = number of vehicles generated at node » in interval ¢ for realization 4
0,2”1 = number of vehicles which exit the network at node # in interval ¢ for realization 4

fv%()‘u )= instantaneous path travel time for vehicles of user class u going from node v to node j that

are assigned to path k(u) in interval 7 for realization A4

A
vik(u)*

= minimum instantaneous path travel time for vehicles of user class u going from node v to
node ; in interval 7 for realization A

x = user belonging to class 4

¢x = relative indifference threshold for user x

&, = the absolute minimum travel time improvement needed for a path switch for user x

n,(v) = path switching indicator variable; 77,.(v) = 1 if user x switches from current path to the best
alternate path from node v to the destination, and 0 if the current path is maintained

C(n) = set of links incident to node »

B(n) = set of links incident from node n

Rl-;u (1, o) = historical distribution of O-D desires for O-D pair (i, j) for user class u in interval 7 with

w

mean 47 and standard deviation ;"

2.2 Problem description



In the context of advanced information systems, the ideal situation from a controller’s
perspective is one in which all users are equipped to receive information, and follow route guidance
instructions based on a system optimal strategy. However, it is unrealistic to assume complete market
penetration. Also, different users may have different capabilities to access information. Additionally,
equipped users may have different preferences, and may behave differently even when supplied the
same information. Therefore, it is necessary to classify network users into different classes based on
information accessibility, information supply strategy, and their behavior under the supplied
information. In this study, the network users are categorized into four user classes for generality. They
are: (i) non-equipped drivers who follow pre-specified paths which may be historically known or
solved for exogenously (PS or u = 1), (ii) equipped drivers who follow prescribed system optimal paths
(SO or u = 2), (iii) equipped drivers who follow user optimal paths (UE or u = 3), and (iv) equipped
drivers who follow a boundedly-rational switching rule in response to descriptive information on
prevailing conditions (BR or u = 4). The boundedly rational path switching rule states that users switch
from the current path at a decision point (typically a node) if travel time savings based on current
traffic conditions on an alternative path exceed a certain threshold. If necessary, these four classes can
be further divided into sub-classes.

The off-line stochastic DTA problem in this study is defined as follows. Consider a traffic
network represented by a directed graph G(, A), where N is the set of nodes and A4 the set of directed
arcs. A node can represent a trip origin and/or a destination and/or a junction of physical links. A
network with multiple origins i € 7 and destinations j € J is considered for generality. The analysis

period of interest, taken here as the planning horizon, is discretized into small equal intervals 7 = 1,...,

T. Given the vector of time-dependent O-D demand distributions R;-” (u, o) for the planning horizon,

Vielje Jyue Uand 7= 1,..., T, determine time-dependent path assignment proportions so as to
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minimize the expected total system travel time over all O-D demand scenarios while satisfying certain

conditions for the user classes. Hence the objective is to find, across all feasible (Peeta and Zhou,

1999) O-D demand scenarios, the optimal time-dependent path assignment proportions fl .}Z(u) to be

assigned to paths k(u) = 1,..., Kl-;’-, Viel,je JJue Uandt=1,..., T.

2.3 Problem formulation

Given:
Rif-”(u, o,Vielje Jue Uand 7=1,..., T.

Objective function:

. A, w,A
Min 3% 3 3% % [par " fipoo D]
i Jhk(u) T udeA v Gk (u)” k()

Subject to:

Y o =1, Vi, j,u, T
k) ik (u)

yePh =y met 154 —05%, Vin A be B, ce C
b c

ta,A :W(t—l)a,ﬂ +e(t—1)a,ﬂ _m(t—l)a,l, Vi a, A

it 22222 yk(u) 5;%)/1] Vi, a, A

u k(u) v i

w

A wau, A .
Tlﬁ{’(u) 22 51113(1;) Vi, j, T, u, k(u), A

t=1 a

soeet = H{ (" fljk(u))Vl Jak(u),t,Al, Vi, Tt a, u, k(u), A

ijk(u)

¢t =3 3 3ETefiet, Viaz
ukw)yrt i j

(4a)

(4b)

(4¢)

(4d)

(4¢)

(4)

(4g)

(4h)

11



m@t =3 3 TYYmTA gy 2 (4)

kT i TR
r=yymet,  Vednel (4))
Jju
05;’1 = Z 2 zzzmzi‘(‘u}; , Vt,Aned ce Chn) (4k)
uk(uyrz i c
T<t, (41)
5%’(‘;)/1 =0orl, Vi j, T uk@),ta A (4m)
S0 FT A T2 12 .
(T2 8541 A 72, =0, Vi, k), A (4n)
(T -071120, Vi j, 5 k@), (40)
34 pt Ay T34 T3 _ .
T34 - 60 4 £330 =0, Vi, £ kG), A (4p)
(Tid -654120, Vi, j, 7 k3), A (49)

f 7ThA 74 ~T4,A
Ne(v) = { LY ijk(4) _Tij(4)* > max({l(‘ 'ijk(4)’€K‘)’
0

SsU.W.

VveN,j, T, k(4), k, A (4r)
All variables > 0 (4s)

f; .]Z.Z(u), the path assignment proportions for vehicles of class u departing from i to j in time

interval 7, are the decision variables in the formulation. The number of vehicles assigned to a path for

an O-D demand realization 1 is computed as 7254 = 264 . g0
ijk(u)

ik~ T The objective function (4a) states

that the goal is to minimize the expected system travel time of the assigned vehicles in the system

given the set of feasible O-D demand realizations. It is a non-linear expression due to the interactions
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between £ = and T2A  Feasible O-D demand realizations are those that satisfy the O-D demand
ijk(u) ijk(u)

characteristics of the particular network of interest (Peeta and Zhou, 1999). Constraints (4f) and (4g)

illustrate that the T;Z(f) are themselves a complicated non-explicit function of the assignment

decisions fl '}Z(u)' The intractability arises due to (4g) which represent the traffic flow in the network

and capture the complex non-linear time-dependent interactions among vehicles. There exists no

known analytical function H (ri]z.u A

f; :]7:7];[(1,{)) that can adequately capture these interactions. Hence, a
common method to determine H(.) is through simulation. Also, the complexity of dynamic traffic
phenomena precludes the guarantee of properties such as continuity and differentiability for the
objective function.

Constraints (4b) state that the sum of the proportions of vehicles to be assigned to the various
paths between an O-D pair is equal to one. They represent the conservation constraints of O-D desires
(vehicles) at the origin nodes i€ I. Constraints (4c) denote the conservation of vehicles at nodes. They
imply that vehicles cannot be stored at nodes, and state that at any time ¢ on a node » the number of
vehicles entering all links incident from the node should equal the sum of the number of vehicles
exiting links incident to that node and the net generation. Constraints (4d) represent the conservation of
vehicles on links, and state that the number of vehicles on any link a at the beginning of time interval ¢

is the net algebraic sum of the number of vehicles on the link at the beginning of the previous time

interval (t-1), vehicles entering the link in the interval (t-1), and vehicles exiting the link in the interval

(t-1).
Constraints (4e), (4f), (4g) incorporate the 0-1 time-dependent link-path variables 5;7]?&)/1
Constraints (4e) relate the number of vehicles on a link w2 to the path assignments },ijz.u,ﬂ - f; .JZ.Z(”).
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They are non-linear due to the dependence of the link-path incidence variables on the path
assignments, as expressed in (4g). Constraints (4f) define the path travel times using the incidence

variables. The number of time steps in which § aau, A

k(1) (for given i, j, u, k, A, and 7) takes a value 1

implies the number of discrete time steps that the corresponding “packet” of vehicles rﬁ(zi):
A £ spend in the system, and multiplying with A gives the actual (or experienced) travel time

i ijk(u)
for a vehicle in that packet. Constraints (4f) have several implications for the formulation of dynamic

traffic assignment models in general. First, the use of time-dependent link-path incidence variables

wau,A
Ojik(u)

provides a capability for computing the actual travel time of vehicles. This circumvents the use
of analytical link performance functions and/or simplistic queuing models to compute link travel times
to determine the path travel times. Second, they illustrate the difference between formulations based on
instantaneous and experienced travel times. Third, and of fundamental significance to the
characterization of dynamic assignment problems, they recognize the dependence of current
assignment decisions on future traffic conditions.

Constraints (4h) and (41) are definitional constraints for the number of vehicles entering and
exiting links, respectively, in time interval ¢. Constraints (4j) and (4k) are definitional constraints for
the number of vehicles entering and exiting the network, respectively, at node » in time interval ¢.
Constraints (41) are the temporal correctness constraints that restrict the start (or departure) time
interval 7 of assigned vehicles to be at most the current time interval z. Constraints (4m) restrict the
time-dependent incidence variables to take the values 0 or 1. Constraints (4n) and (40) represent the
conditions that must be satisfied by the SO class vehicles (user class 2). The SO conditions are

satisfied in an expected sense; positive path assignment proportions exist for paths that satisfy the

condition that the expected marginal travel time on that path across all O-D demand realizations is
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equal to the expected minimum marginal travel time for the associated O-D pair across all O-D
demand realizations. These conditions reduce to constraints (4n) and 4(o). Similarly, constraints (4p)
and (4q) represent the conditions that must be satisfied by the UE class vehicles (user class 3).
Constraints (4r) represent the conditions that must be satisfied by the group of users that follow a
boundedly-rational switching rule (user class 4). Constraints (4s) represent the non-negativity
constraints.

Note that time discretization of the formulation requires that the time intervals considered be
sufficiently small to ensure that assigned users belonging to a group (z, i, j, k (u), 1) are all located on
the same link at any time #. This can be seamlessly ensured through a simulation-based approach with a
fine resolution for the simulation time interval (7).

Equations (4a)-(4s) represent the generalized formulation of the stochastic dynamic traffic
assignment problem under O-D demand randomness. The commonly formulated deterministic DTA
model, which assumes a priori knowledge of the time-dependent O-D demands and/or network supply

conditions, is a special case of (4a)-(4s).

3. Theoretical background
3.1 Stochastic quasi-gradient methods

Stochastic quasi-gradient methods (Ermoliev, 1983; Ermoliev and Wets, 1988) are numerical
techniques for solving stochastic optimization problems with a complex nature of objective functions
and constraints. They generalize the stochastic approximation method for unconstrained optimization
of the expectation of a random function to problems involving general constraints and non-

differentiable functions. They are random search techniques that use asymptotically consistent
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estimates for the values of the functions and their derivatives, rather than precise values, in the course

of searching for the optimal solution. Consider the minimization problem:

Minimize — F(x) )
Subject to:
Fi(x)<0, i=1,..,m, (6)
xe Xc R (7)
If the functions FV(x), v=0,...., m are convex, then for every x we have the inequality:
FY(2)- FY(x) 2(F/(x),zx), Vze X (8)

n
where F is a generalized gradient at x and (-,-) is the Euclidean inner product (x, y) = Y x;y; = x'y.
i=l

In SQG methods, the sequence of approximations at iteration s, x*, s=0, 1, 2,... is constructed
using statistical estimates of F'"(x*)and F,'(x*) rather than their precise values. These estimates are
denoted by random numbers ¢ (s) and vectors £V (s) which on average are close to F"(x*) and

FY(x%), respectively. ¢"(s) and &V (s) are constructed using information on the past history of the

optimization process, generated by the path (xo, ..., x¥). For example,
E{¢" ()| x°, .., x5} = FV(x*)+ a,(s) 9)
E{E(s)| x0, ..., x5} = FY(x%)+ b (s) (10)

where the numbers a,,(s) and the vectors 5" (s) may depend on (xO, ..., x*). For convergence to an

optimal solution, as s — oo, we must have:

a,(s) > 0,and ||V (s)|| > 0 (11)
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directly or in such a way that,

FYe) - FY(r*) 2(ELEY () | 00 x ¥ hox%) + 7, (9) (12)
where x* is an optimal solution and y,,(s) — 0 as s — . The vector £”(s) is called the stochastic
quasi-gradient when 5" (s) % 0, or the stochastic generalized gradient when 5" (s) = 0.

For stochastic programming problems with the following general form:

F'(x)=E[y" (x,0],v=0, ...,m (13)
£V (s) can be set equal to a sub-gradient of V' (.,) at x*,

EV') = pi(x',0°) (14)

where @ is a random variable belonging to the appropriate probability space, and @* is an observation

of w at iteration s. More generally,

lNS ve.s sk
§V(S)=N—k211//x(x ,0) (15)

where a)Sk, k=1,...., N, Ng>0,is a collection of independent samples.

Suppose we need to minimize a continuous convex function Fo (x)inxe X< R", where X is
a closed convex set. If a projection on X, 7my(y) = argmin {|y-x||*: x € X}, can be easily calculated, then

the projection method can be applied. The method is defined by the relations:

S =g x5 p  E0s)], 5=0, 1, ... (16)

FOu) - FO) 2 (E{ &0 0 S, ko) + 17
(x*) () Z(E{E ()| x7s ooy x7 1, x%0) + Yo(5) (17)

where p, is the step size, j/O(S) depends on (xO, ..., x¥), and x*e X*, X* is the optimal solution set.

Ermoliev and Wets (1988) show that the sequence defined by (16) converges to the optimal solution of
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the original problem with probability 1 under some natural assumptions of interest in practice. They
indicate that if F° (x) is a convex continuous function, X is a convex compact set, and the parameters

P and j/O (s) satisfy with probability 1 the conditions:

(20, §Ops =00, SE{py | 70(5) |+p2 | E%(s) |2} <0 (18)

then Iim x”° € X* with probabilit . Ermoliev also shows that 1t y(s)= and 1f 1nstead o
hen lim x®e X* with probability 1. Ermoliev (1976) also shows that if %(s)= 0 and if instead of

§—>00

(18), only the conditions pg {0, § P = o hold, then:
s=0

inf E || x*—x* [P >0 (19)

X

For non-convex differentiable functions, if the value of the function FV(x), v =0,....,m can be

calculated easily, then a finite difference approximation method can be used to approximate the

gradients F' ; (x*) at current point x°:

n FV(xS+Ae/)-F'(x*) ;
Fi(af)~ 3 08D W) )
j=1 A

(20)

N

where e/ is the unit vector on the J-th axis and A > 0. However if the functions are non-

differentiable, the finite difference approximation does not guarantee the convergence of the
optimization procedures. In this case, a modified version of the finite difference approximation scheme

through a slight randomization can be used:

n V=S N _ mV(sS ]
F;(XS)~§V(S): ZF ('x +A5§ ) F (x )e]

J=1

1)

N
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where F'(x") is a sub-gradient, X*= (X] + /] yees X +hj s X +hy), and hj are independent

.. : o ) A A
random quantities uniformly distributed on the interval [ -TS’ TS]. The convergence of

corresponding optimization procedures can be proved (Ermoliev and Wets, 1988) as A — 0 if
F)(x*) are local Lipschitz functions. The vectors £V (s) defined by (21) are statistical estimates of the
sub-gradients F; (x%), satisfying the general requirements (9), (10), and (11). For problems of the

form FY(x)=E[y" (x,m)], v=0,...,m, the following analogue of (21) can be used:

V=S J N V(=S 5,50y
R - - § Y E Al oDy w0

J=1 s

(22)

3.2 System optimal and user equilibrium class conditions

Of the four user classes specified in the formulation (4a)-(4s), the PS class users are assumed to
have no access to information and can be viewed as background network users. The BR class users
decide their paths using the boundedly-rational path switching rule based on the current network
conditions. Therefore, the traffic controller provides route guidance to the SO and UE class users only,
implying the need to solve for paths that satisfy the SO and UE objectives. The SO paths are based on
the controller’s objective to minimize the total system travel time while the UE paths are based on
users’ objectives of minimizing their individual travel times. In the iterative solution algorithm for
formulation (4a)-(4s), discussed in Section 4, these objectives are used to determine the search
directions for the decision variables. By contrast, the contributions of the PS and BR classes to
determining the search directions in the solution algorithm are indirect; they are a factor in the
determination of the path travel times. This section discusses marginal travel times and their

significance to the determination of the SO paths for the multiple user classes off-line stochastic DTA
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problem being addressed here. The discussion will illustrate that the interpretation of the SO class
conditions is not straightforward here unlike in the single user class problem with only SO users. The
conditions to be satisfied by the UE class users are also discussed.

Peeta (1994) and Peeta and Mahmassani (1995b) discuss single user class marginal travel times
for the deterministic dynamic traffic assignment problem. They define the time-dependent path
marginal travel time for the deterministic DTA case as the effect of an additional vehicle on path &
(from i to j) in time interval 7 on the system travel time. We extend these concepts to the multiple user
classes stochastic case under O-D demand randomness, where the system travel time z(f, A) for

realization A is given by:

2/ =22 2 220" z]k(u) ,]i‘(f)] (23)

i jJkwt u
The time-dependent marginal travel time for realization A in the multiple user classes stochastic case,

Nyk(2)’ is defined as the effect that the addition of a vehicle in time interval 7 to path k of user class 2

(SO user class) from i to j has on the system travel time for realization A.

dz(f,A)
7724 = (24)
k(2) A
! d (E " fzﬁ\f(z))

Note that (24) implies that the marginal travel time computation is relevant only for the SO class paths,
though these paths may have vehicles of other user classes. This has key implications for the
interpretation of the SO user class in a multiple user classes DTA problem with a system optimal
objective, as in (4a)-(4s). It states that the marginal travel times depend on all user classes though they
are used to determine only the SO class paths. Therefore, the SO class paths are based on the system
optimal objective function constrained by the conditions that need to be satisfied by the other user

classes. Hence, the SO user class path travel time, on average, may not be the least compared to the
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average travel times of other user classes. For example, simulation experiments in Peeta and Zhou
(1999) indicate that the UE class path travel time is, on average, less than the SO class path travel time
when the four user classes discussed in Section 2 are considered. By contrast, in the single user class
context, the average SO path travel time is the least.

The expected marginal travel time across O-D demand realizations can then be written as:

T2 _ TT2,A _ dz(f,A)
Tk = 2Pl = 2P0~ 5 i o 25)
A 7 A o)
u
By using the Lagrange Multiplier approach and extending the derivation of the SO class conditions for
the single user class deterministic DTA case (Peeta and Mahmassani, 1995b), the conditions to be

satisfied by the SO class in the multiple user classes stochastic case can be derived (see Zhou, 2002):

[szzl.cz(z)—gi'r]'rlfz’ﬂj’,sz(z)=0, Vi, J, T, k(2), A (26)
(Tfan) ~05120, Vi, j, 5 k2), A 27)

where 67U-Tis the expected minimum marginal travel time from i to j for vehicles assigned in interval .

2,1

Noting that r; are constant values for the specific realizations A, (26) and (27) imply that

/i .Jz.'kz(z)can be positive for a path £(2) only if the expected marginal travel time across O-D demand

realizations is equal to the expected minimum marginal travel time from i to j for vehicles assigned in

. o mT2 nT T2
interval 7. Conversely, if Tijk(z) is greater than 6 » fijk(2) is zero for that path.

Using (25) and the definition 67;: z p ﬂg?l.jf’)‘ , (26) and (27) can be re-written as:
A

(> Pl s = X pab M1  fihay =0, Vi, j % k), A (28)
A A
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Re-arranging the terms of (28) and (29), we obtain:

2,4 3T,/ 72 A,p72 ..
[gm(zjk(z) B rfP A 22 =0, Vi, T k), A (30)
2,4 A .
[;pz(T,]k(z) 67120, Vi, j, T k2), A (31)
Since p, > 0 for every realization A, it follows that (TT2 A 9 g.7-4 ) should be equal to zero for every A

ijk(2)"

if f k(2) is to be positive. Hence, (30) and (31) reduce to:

[lez]-cz(z/g ezjm] ”UTZ ﬂfyk(z) 0, Vi, Jj,%k2), 4 2
(T ~67 1120, Vi j, k), A o

which are the same as (4n) and (40) respectively. (32) and (33) state that satisfying (26) and (27) is
equivalent to the SO class conditions being satisfied individually for every realization A. This is the
natural extension of the single user class deterministic DTA SO conditions to the multiple user classes
stochastic case under O-D demand randomness.

Akin to (26) and (27) for the SO class, the UE class conditions should also be satisfied in an

expected sense:

(T =051 1> Fiay =0. Vi J. 7 hG3). 2 (34)
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where HUT- is the expected minimum experienced travel time from i to j for vehicles assigned in interval

7, and 7_’1.1%3(3) is the expected experienced travel time across O-D demand realizations for path k(3).

Following a similar logic, (34) and (35) reduce to:

[T =65 i iy =0 Vi J 1A, A (36)
Ty =65 1120. Vi j. k3. A -

which are the same as (4p) and (4q) respectively. (36) and (37) state that satisfying (34) and (35) is
equivalent to the UE class conditions being satisfied individually for every realization A. This is the
natural extension of the single user class deterministic DTA UE conditions to the multiple user classes

stochastic case under O-D demand randomness.

4 Solution methodology
4.1 Solution framework
Conceptual description

The off-line stochastic DTA problem is solved using an iterative SQG-based solution
algorithm. The solution algorithm uses a simulation-based multiple user classes deterministic DTA
algorithm (Peeta and Mahmassani, 1995a) and a SQG method to compute stochastic quasi-gradients.

Under this framework, first L feasible time-dependent O-D demand realizations are generated. At

iteration s, the current solution represented by the vector of path assignment proportions f* is used by

the simulation-based deterministic DTA algorithm to generate an auxiliary solution for each O-D

demand realization. Hence, L auxiliary solutions are generated for the SO and UE classes. The

auxiliary solutions for a realization and the current solution f* are used to generate move directions
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for that realization. Due to the complexities inherent to the dynamic traffic assignment problem and the
lack of explicit analytical functional forms to realistically compute the objective function value,

simulation is used here to estimate the move directions. The move directions for each realization are

used to compute the vector of stochastic quasi-gradients &* for that iteration. The move size is based

on the method of successive averages (Blum, 1954; Powell and Sheffi, 1982). The updated solution

f° s computed for the SO and UE classes. The paths of the BR class vehicles are obtained from

the traffic simulator while those of PS class users remain unchanged. The iteration counter is updated
to s+1, and the procedure is repeated until the pre-specified convergence criteria are satisfied.
Stochastic quasi-gradient based algorithm

The SQG-based algorithm used here is based on the stochastic generalized gradient method

with projection onto a non-convex constraint set (Ermoliev and Norkin, 1998). As discussed in Section
2, the l//O(x,a)) in (13) may not have an explicit analytical structure. Let l//O(x,CO) be generalized
differentiable (Ermoliev and Norkin, 1998), that is, it is locally Lipschitz but generally not
directionally differentiable. Therefore, the stochastic objective function F O(x) = E[l/fo(x,a))] is
generalized differentiable. Let the set X = {x|(p(x)£0} be defined by a generalized differentiable

function ¢(x)that satisfies a regularity condition (Ermoliev and Norkin, 1998). Also, let X~ denote the
problem solution set and F~ the set of optimal values, F = {F(x)|xe X } Then, for the non-convex

expectation objective function F O(x) and a non-convex constraint set, the stochastic generalized
gradient method is as follows:

eX (38)

@) = x5 (@)-p, 51, s=0,1,2,....... (39)
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1 N
&= — 3yl 0™) (40)
p[skzl

where x° (@) is the current approximation to the optimal solution for realization @, Iy is a projection
operator which ensures that decision variables satisfy the constraint set, N; is the number of
realizations sampled, &£°is the vector of stochastic quasi-gradients for iteration s, and p is the

monotonously decreasing move size that satisfies:
P50, T pg=co, Y pl<oo. (41)
5=0 s=0
The method (38)-(40) combines concepts from the projection stochastic quasi-gradient method
(Ermoliev, 1976) and the average stochastic gradient method for non-convex functions (Mikhalevich,

Gupal, and Norkin, 1987). Ermoliev and Norkin (1998) prove a local convergence result by showing
that if the sequence { x* (@) } is generated by method (38)-(41), then its minimum limit points in terms

of F O(x) are almost surely contained in the solution set X'. In the formulation of the off-line stochastic
DTA problem in Section 2, = A, Ny=L, and x = f.
4.2 Theoretical aspects of the solution algorithm
Choice of move direction

As discussed earlier, objective functions for DTA problems that incorporate traffic realism
adequately typically lack explicit analytical functional forms and properties such as convexity or
differentiability. In (4a)-(4s), since the analytical form of the objective function is not known: (i)
simulation is used to compute the objective function value, and (ii) the gradients or sub-gradients
cannot be computed in a straightforward manner. Instead, quasi-gradients, which are statistical
estimates of the gradients, are obtained by using simulation and the conditions in Section 3.2 to be

satisfied by the SO and UE user classes. Since (4a)-(4s) addresses the randomness in O-D demands,
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stochastic quasi-gradients are computed by taking the expectation of the quasi-gradients across the L
O-D demand realizations.

A standard approach to compute the quasi-gradients is by using the finite difference
approximations discussed in Section 3.1. This method entails projecting the change in the objective
function due to a small perturbation to each decision variable while keeping the other decision
variables unchanged. However, since simulation is used to compute the objective function value for
each realization, this implies one simulation for determining the move direction for a single decision
variable in each search iteration for a realization. Due to the large number of decision variables
involved, this is computationally challenging even in an off-line context as it implies a large number of
simulations per iteration for each realization. The SQG-based solution algorithm circumvents this
computational intractability by using only one simulation per realization per iteration to estimate the
quasi-gradients for each realization.

Given the complexities arising from traffic flow dynamics and the interactions among multiple
user classes with different characteristics and objectives, a descent direction cannot be guaranteed for
any iteration in a realization. While this issue exists even for the single user class context, it is further
compounded in the multiple user classes context by the fact that while the move directions are based
on the SO and UE objectives, the PS and BR class vehicles also influence system performance. For
time interval 7 in realization A, the time-dependent least marginal travel time paths and shortest travel
time paths are obtained using the link flows and travel times generated by simulating the path
assignment proportions of the current solution. As discussed in Section 3.2, the least marginal travel

time paths are relevant to the SO class and the shortest travel time paths to the UE class. They are used

to determine an auxiliary feasible solution in terms of path assignment proportions, ylﬁ(’}l)s ,u=2,3,

using an all-or-nothing assignment. The direction from the current solution fl;}‘(‘(z )to the auxiliary
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solution yn;{(/i )S , u =2, 3, provides an estimate of the gradient direction, and is labeled the quasi-

gradient d n;{(/l)s

dBels = yI s pBeS Vi, T A k), and u =2, 3 42)
Assuming that p, = % (Peeta and Zhou, 1999) given the large number of potential realizations, the
stochastic quasi-gradients ;;f(il) are obtained by averaging the quasi-gradients (or move directions)

over all realizations:

1 L 1
w,s _ L w,A,s .. _
k() ] ,12=1dijk(”) , Vi, j, T k(u),andu=2,3 (43)

The auxiliary solutions in (42) are random variables as they are estimated for specific realizations.

Hence, d nfc(i)s and f k( )are random variables implying a random move direction vector. Several

previous studies involving deterministic DTA solutions for various networks (for example, Peeta and
Zhou, 1999), and the SQG algorithm for the current stochastic DTA problem show smooth
convergence of the objective function, and/or a descent direction on average. This suggests that the
lack of a guarantee of a descent direction may not be a significant practical issue. Also, as discussed in
Section 4.1, when the relatively broad and less restrictive conditions for the SQG method (38)-(41) are
satisfied, local convergence is likely.
Choice of move size

Pflug (1988) discusses various move size methods for SQG algorithms. Since there is no
guarantee of a unique solution for the problem being addressed here, the practical focus of the solution
algorithm is to reach some neighborhood of the solution rather than to find the precise value of the

solution itself. Hence, interactive or automatic adaptive move sizes (Gaivoronski, 1988) that use
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information accumulated during the solution process may be attractive options. However, they entail
additional computational costs leading to the usual trade-offs between computation and accuracy.

Another approach is a pre-determined move size that satisfies (41). A simple choice satisfying (41) is

Ps = 1 , which in many cases provides the best possible asymptotic rate of convergence (Fabian, 1967).
s

This property does not necessarily imply an advantage in stochastic approximation type procedures
where the focus is on reaching some neighborhood of the solution. However, when we factor in the
notion that explicit analytical functional forms are lacking for the problem objective function,
estimated here through simulation, a pre-determined move size can be an attractive option. Therefore,

: 1 . :
the method of successive averages (MSA), based on p;, = —, is used here to update the solution. In

)

general, MSA is less restrictive in the sense that even if a random move direction vector is used,

convergence entails a descent direction only on average. In our problem context, the solution for the

next iteration, f st s obtained using MSA:

ijk(u)
S+1 , 1 _
fz‘}lZ(Su) = fl'j?]/(l(su)_i_; ljk( ),Vl], T, k(u),and u=2,3 (44)

Projection operator
The projection operator is required to ensure the updated solution is in the feasible region. In

wm,s+1

ijk(u)

our algorithm, the solution f for u = 2, 3, obtained using (44) automatically satisfies these

constraints as illustrated hereafter. Based on (42), (43), and (44):

s+l _ u,s 1 u,s
E oL +—=C.)
kin )f k(u) K )[fl]k(u) s zjk(u)}

1 s
s o Sk
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_ A,
= 2 056~ Lk

s - Lk( ) A
w,A,s
Hﬁ% o ik k(z)f, k() (43)
Since yﬂ;{(ﬂ”)s are based on all-or-nothing assignment, and f ik ( ) are the current feasible solutions,
for any O-D pair (i, j) and u =2, 3, we have y;'z(’z{)s =land Y fl k() ~ L Therefore, the
k(u) k(u)

second term of the right hand side of equations (45) is equal to zero. Hence, (45) becomes

S fl s+l =1,V i,J, 7, k(u), and u = 2, 3. Therefore, the conservation constraints are satistied for u

k() ijk(u)

= 2, 3. The conservation constraints for u = 1 are trivially satisfied since the associated path assignment
proportions are pre-determined and fixed. The conservation constraints for u = 4 are implicitly ensured
in the simulation since the paths for the BR class vehicles are determined based on the current traffic
conditions. Also, they are trivially satisfied when averaged across all O-D demand realizations. Hence,
the conservation constraints are satisfied for all user classes.

Further, from (44):

w,s+l_ rau,s l W,
ity ~ ikt * 5 iy

_ pTUS 1(1 w,A,s
ik(u) " [LEduk(u)]

_ w,A,
= Lijgeu)t Eyukw)s - S._L 2 ik
_ 1 w,A,s
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Since fl.jl."" as,A,s

p . . w,
ki) and YiikGr) € path assignment proportions, flj

’l’
k(Su) > (0 and y;;{ § >0. Also, as (1 -

(u)

l) > (0, therefore f;;f;}z 0,V i,j, 7, k(u), u =2, 3. Following the earlier logic for user classes 1 and
s

4, the non-negativity constraints are satisfied for all user classes.
Stopping criteria

There are several potential stopping criteria for the proposed SQG-based algorithm. One
criterion is to stop when the improvement in the objective function value is less than a small pre-
specified value. However, this criterion may not be robust in situations where the objective function
does not show smooth convergence or has oscillatory tendencies. Another criterion is to stop when the
step size is smaller than a pre-specified value. When using MSA, this criterion is equivalent to
reaching the pre-specified upper bound on the number of iterations. A third criterion is to terminate the
algorithm if the difference in the decision variables in successive iterations does not exceed a small
pre-specified constant. In an actual implementation, careful testing can identify the best criterion
among these for that traffic system. To the extent that our objectives are exploratory and
developmental, in the experiments in Section 5 we track the change in the objective function value
over several iterations to trigger termination of the algorithm. So, an extension of the first stopping
criterion is used here.
4.3 The SQG-based solution algorithm

Fig. 1 illustrates the SQG-based solution algorithm for the off-line stochastic DTA problem
represented by (4). It is a generalization of the simulation-based multiple user classes deterministic
DTA solution algorithm, called the MUCTDTA algorithm (Peeta and Mahmassani, 1995a), to the

stochastic case that incorporates randomness in O-D demands. The algorithm is as follows:
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Step 0:

Step I:

Step 2:

Step 3:

Step 4:

Step 5:

Generate L feasible time-dependent O-D demand realizations using historical distributions
(Peeta and Zhou, 1999). Set the iteration counter s = 0.
For each generated realization, assign the O-D desires of the equipped user classes (u = 2, 3, 4)
to an initial feasible path set. The paths of unequipped vehicles, represented by u = 1, are
known a priori and remain unchanged throughout the iterative search process. After computing

the initial paths for all realizations, obtain the vector of the path assignment proportions

averaged across realizations f, a0

ik ()’ Vi, j, T,u=1,... 4, and k(u). This represents the initial

solution. Set the realization counter A= 1.

g : : w,d,s —  u,A,s pTus A _
For realization A, obtain the path assignments () g fz’jk (1)’ Vi,j,,u=23,4,

k(u), and r;]i(f“)s = r;]iif“)’o, YV i,j, T, k(1). The set of path assignments for the entire horizon of

interest are simulated using the traffic simulator DYNASMART (Jayakrishnan et al., 1995).
The simulation output includes link level and aggregate performance measures. One key
measure is the system travel time for realization A.

Compute the link marginal travel times (Zhou, 2002; Peeta and Mahmassani, 1995a) for SO
users using the time-dependent experienced link travel times and the number of vehicles on
links obtained as post-simulation data from Step 2.

Compute the time-dependent least marginal travel time paths and shortest travel time paths.
Perform an all-or-nothing assignment of all SO and UE O-D demand desires by assigning the

SO users to the least marginal travel time paths and the UE users to the shortest average travel
time paths. The result is a set of auxiliary path assignment proportions yl%(’}l)s , Vi, j, T, k(u), u

= 2, 3. Obtain the move directions d;;{(’;)s for realization A using equation (42).
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Step 6: If =L, go to Step 7; otherwise set A=A+ 1, and go to Step 2.
Step 7: Compute the average system travel time over all O-D demand realizations. This represents the

objective function value in iteration s. Check for convergence using the stopping criterion. If

the criterion is satisfied, stop the computation and specif , Vi,j, T, u, and k(u), as the

solution. Otherwise, go to Step 8.

Step 8: Calculate the stochastic quasi-gradients Y i,Jj, T, k(u), and u = 2, 3, using (43). Update

k( )’

the proportions of vehicles to be assigned to paths for the SO and UE class users f T;{’(Z*)'l using

the MSA as shown in (44). Update the path assignment proportions for the BR user class by

averaging across O-D demand realizations. Set s =s+1, A =1, and go to Step 2.

5. Simulation experiments
5.1 Set-up

Fig. 2 illustrates the test network. It consists of 50 nodes, 168 links, and 320 O-D pairs. All
links are 0.4 kilometers long and have two lanes except freeway ramps, which are single-laned. The
freeway links have a mean free speed of 88 km/h and other links have a mean free speed of 48 km/h. In
terms of signal control, 26 nodes in the network have pre-timed signalization, 8 have actuated signal
control, and the rest have no signal control. The planning horizon is 35 minutes long and is divided
into seven 5-minute assignment intervals, with the first 5-minute interval representing the start-up time
for the network to be reasonably occupied. An average of 21856 vehicles is generated across O-D
demand realizations over the 35 minutes, representing a medium congestion level for this network. The
O-D demand distributions for an O-D pair are assumed constant within an assignment interval, but not

across assignment intervals. Two types of O-D demand distributions are considered in the experiments.
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The first is a truncated normal distribution with upper and lower bounds. The second consists of
positively and negatively skewed distributions with upper and lower bounds, as shown in Fig. 3.
5.2 Objectives and significance

The deterministic DTA solution obtained by assuming complete a priori knowledge of the
time-dependent O-D demands for the planning horizon of interest generates the best possible system
performance for that O-D demand pattern (or realization). Hence, it serves as an ideal benchmark to
compare the performance of a stochastic DTA algorithm under O-D demand randomness. We use the
solution of the MUCTDTA algorithm to compare the performance of the proposed SQG-based
stochastic DTA solution algorithm. Since O-D demand stochasticity entails the consideration of
several potential O-D demand realizations, an appropriate comparison of the MUCTDTA and SQG
algorithms requires a consistent definition of the MUCTDTA solution. In this context, the MUCTDTA
solution is obtained by using the MUCTDTA algorithm to solve each generated time-dependent O-D
demand realization individually and then averaging the associated system travel times across all O-D
demand realizations. The experiments seek to: (i) analyze some characteristics of the SQG-based
solution algorithm, and (ii) compare the stochastic SQG-based DTA solution with the commonly used
deterministic DTA solution under several realistic scenarios.

A fundamental difference between the MUCTDTA and SQG solutions in a DTA deployment
context is that the SQG solution is a unique set of path assignment proportions and is independent of
the actual O-D demand pattern realized. This is synergistic with actual field scenarios where the O-D
demands are not known a priori for the entire planning horizon on any given day. By contrast, the
MUCTDTA solution presumes that the O-D demands are known a priori for the entire horizon before
solving for the associated path assignment proportions. Hence, the MUCTDTA solution is not a field

deployable DTA solution. Hence, if the experiments show that the SQG solution is comparable in
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performance to the deterministic MUCTDTA solution, the SQG solution would represent an effective

deployable DTA solution.

The MUCTDTA and SQG algorithms are essentially off-line entities given the computational
burden involved. However, since the SQG solution is a unique set of path assignment proportions, it
can also serve as an initial solution for hybrid deployable DTA approaches (Peeta and Zhou, 2002) that
additionally incorporate on-line solution update procedures to respond to the actual traffic conditions
unfolding on a given day.

5.3 Test scenarios
Five scenarios are considered, as described hereafter:

Scenario I: In this scenario, 41 time-dependent O-D demand realizations are generated using the
truncated normal distributions. Each user class constitutes about 25% of the vehicles generated.
The generated realizations are solved individually using the MUCTDTA algorithm. The SQG
algorithm is used to obtain a single set of time-dependent path-assignment proportions across
the 41 realizations. However, at each SQG solution iteration, the same 41 O-D demand
realizations are used to calculate the quasi-gradients for solution update. This scenario directly
compares the performance of the MUCTDTA and SQG solutions.

Scenario 2: In this scenario, at each SQG solution iteration, a new set of 41 time-dependent O-D
demand realizations from the same distributions used in Scenario 1 are used to calculate the
quasi-gradients. As in Scenario 1, each user class constitutes 25% of the vehicles generated.
This scenario analyzes whether using the same set of O-D demand realizations in each iteration
of the SQG-based algorithm is sufficient to obtain accurate quasi-gradient estimates compared
to using different O-D demand realization sets across iterations. That is, does solution

robustness increase through the consideration of a wider set of realizations.

34



Scenario 3: In this scenario, user class fractions in the traffic stream are assumed to follow normal
distributions rather than the constant values of Scenario 1. From a real-world perspective, this
scenario is more realistic as user class proportions may change with time. The same 41 time-
dependent O-D demand realizations generated in Scenario 1 are used here. This scenario
examines the effectiveness of the SQG-based algorithm when randomness in user class
fractions is considered.

Scenario 4: In this scenario, one set of 41 time-dependent O-D demand realizations is generated for
each skewed O-D demand distribution shown in Fig. 3. The skewed distributions have identical
means and bounds as the normal distributions assumed in Scenario 1. This scenario examines
the effectiveness of the SQG-based algorithm when the actual O-D demand distributions
(skewed) are different from the assumed ones (normal distributions).

Scenario 5: This scenario explores the effectiveness of the SQG-based algorithm under incidents. Two
severe incidents starting at time 5 minutes, are present for 30 and 35 minute durations
respectively, and are assumed to block ninety-five and eighty-five percent of the associated link
capacities, respectively. The incident locations are shown in Fig. 2.

5.4 Results
Fig. 4 shows the results of Scenario 1. The SQG average system travel time obtained in the

fourth iteration is reached only after nine iterations by the MUCTDTA algorithm, indicating that the

SQG solution converges substantially faster than the MUCTDTA solution. This can be explained by

the simultaneous consideration of several feasible O-D demand realizations in each iterative step of the

SQG-based algorithm, which enables the generation of a large vector of “good” feasible paths. It is

important to note here that a larger path set does not necessarily imply a better solution, whether in the

single O-D demand context or the stochastic DTA context. The relevance of the path set and the
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appropriate proportioning of vehicular assignments across the path set represent the critical factors.
The SQG-based algorithm synergistically incorporates “good” feasible paths generated from several
O-D demand patterns into the search process to determine one vector of path assignment proportions in
each iterative step. By contrast, the path assignment vectors generated in each iterative step of
deterministic DTA algorithms are based on a single O-D demand pattern, typically the mean O-D
demand pattern. Of practical significance, the SQG-based algorithm provides a unique vector of path
assignment proportions for all realizations while the MUCTDTA algorithm has a different vector for
each realization.

Fig. 5 compares the SQG solution results of Scenario 1 (called single-SQG) and Scenario 2
(called multi-SQG). It indicates that there is no perceptible difference between them, suggesting that
the stochastic quasi-gradients obtained using a single set of O-D demand realizations are sufficiently
accurate. Since the use of new O-D demand realization sets to calculate quasi-gradients in each
iteration requires substantially more resources compared to using just one set, this result has important
practical implications.

The results of Scenario 3 are highlighted in Fig. 6. They mirror the conclusions from Scenario
1, and further indicate that robustness is conserved even when user class fractions vary across
realizations. User class fractions are random variables. If their randomness can be captured and
represented through distributions, it can be incorporated into the SQG solution. If it is difficult to
obtain these fractions on-line, then their mean values can be used to obtain the solution, as in Scenario
1. The conservation of system performance under random user class fractions is an important property
vis-a-vis realistic on-line implementation of the SQG solution.

Figs. 7 and 8 illustrate the performance of the SQG-based algorithm under the positive and

negative skewed distributions, respectively. The robustness of the SQG solution is conserved even
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when the actual distributions are different from the assumed ones. This feature is also synergistic for
the on-line implementation of the SQG solution. Also, akin to the previous results, the SQG-based
algorithm performs better than the deterministic MUCTDTA algorithm.

Fig. 9 shows the results of Scenario 5. It should be noted that since the state-of-the-art of
incident prediction cannot provide accurate incident occurrence predictions, Scenario 5 is not realistic
in terms of real-world applicability. It is used only to examine the effectiveness of the SQG-based

algorithm under incident situations. As before, it performs better than the MUCTDTA algorithm.

6. Concluding comments

This paper proposes an SQG-based algorithm to solve the DTA problem that explicitly
incorporates the randomness in O-D demands. The off-line stochastic DTA problem is formulated and
the associated theoretical aspects are illustrated. The solution algorithm is a generalization and a
conceptually elegant extension of deterministic DTA solution methods that assume O-D demands to be
known a priori for the entire planning horizon. Due to the lack of a guarantee of differentiability for
the DTA objective function, quasi-gradients are estimated that are stochastic to incorporate O-D
demand randomness. Due to the lack of explicit analytical forms for the objective function and some
constraints because of traffic realism issues, simulation is used to estimate the quasi-gradients.

The SQG-based solution framework does not require O-D demand forecasts for a given day,
although it is easy to incorporate such information if available. The approach is an off-line procedure
due to the significant computational burden associated with the use of an iterative simulation-based
solution method. However, experiments illustrate that the SQG solution performs as well as the
deterministic DTA solution, on average. This is highly significant from a deployment standpoint as the

SQG solution is independent of the O-D demand pattern on any given day. By contrast, deterministic
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DTA solutions are not deployable as they require the O-D demand pattern for the entire planning
horizon to be known before the time-dependent path assignment proportions for a given day are
determined. Thereby, the SQG solution can be deployed without real-time update on any day on which
the O-D demand pattern conforms to the historical demand distributions and significant network
supply changes do not occur. However, incidents can significantly affect network supply. Peeta and
Zhou (2002) propose a hybrid DTA deployment framework that incorporates a computationally
efficient on-line component that responds to the unfolding demand and supply conditions on a given
day. In this context, the SQG solution plays the role of a robust initial a priori solution for the on-line
component.

The experiments suggest that the SQG solution is comparable to the MUCTDTA solution
under various real-world scenarios. Also, the SQG-based algorithm converges faster than the
equivalent MUCTDTA algorithm. The typical deterministic DTA solution proposed for deployment is
based on the mean O-D demand pattern. Peeta and Zhou (2002) show that the SQG solution performs
significantly better than the mean O-D demand based deterministic solution. They also show that it

performs better than even the rolling horizon deployment framework in the absence of incidents.
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