
Ses s i o n 14

Reca l l . . .

Ex.B- Y = g ( X )
= # 2 ⇒ gex)e x - 1 4 . I

get=x2

No t e immediately F.ph/I=o,yso.

e m o .

÷i¥I¥I÷
m.

F.ua/1=PlEiVEy3)eP(EX2Ey3)
=

P I E - d i s k s t y 3)
= P I E - I T⇐ * E v y 3)
= F * C IT I - Fat ty )

i . F , Cy) = ( E N T ) - El-YT)]-to,%



1 4 . 2

£ , 4 1 = d§y¥
=

f * City).#= fat ty) ( I ty)
=

I ty ( f * ( i n ) t fa t -Ty ) ] , y > O

= z¥[f*cyT) t f , C-Y'T)]. I , o'?

1 4 . 3E x t suppose t h a t gex) i s constant
a c r o s s a n i n te r va l [ X o , X , ]

F y Cy)= P ({Yep) Yrs
}--

- - - - = p
g a l

" ± :

÷±
¥÷÷iE÷i÷#×

E , cya) = P(EYE-43)
= P ( E x e x d 3) = P ( * s "g-'eyes"3=F*ij'lydi)

( i i ) - 1 > 1 : Fy lyp) = P ( {Yeyp3 ) = P ( E X E Xp3 )

= PCEXs"g-'eyes"3 = f , Cj'cyps")



what abou t F Y % ) ? 14.4

F.ua/,1=PCEYisy,3)=PCEHEXi3)
= P ( { * EXo3UE¥¥3 )

^ disjoint
7

= p ( { * E t o 3 ) t p ( E x o s # E X , 3)

= Fac to ) t [ ¥ ¥ ) ]
= Fact , ) F o r

F*(g-'Cy)), y a y , 1 4 . 5
ie. Fire'll = {E x (X i ) , Y - Y ,

F x (g-'up) , y > y ,

t÷÷÷÷÷.I} P ( {Hey,3 ) = END-F * (Xo)

:



EX.3- As s ume t h a t gex) h a s a 1 4 . 6

jump discontinuity a t × .

" "
'" ' " '"ii÷i÷÷
÷÷.

A s s um e gulag exit, x o x o

g a l > g Not), X > X o

I f ye. g ( X i ) E y Egcxot):

F , l y ) = P ( { Yey3 ) = P ( { X Exot3)= P ( { * E x ; } )
= f -

*
exot) =f*cx5)

i f × i s absolutely continuous.

•

"

. F , ly) appears a s fo l l ows : 1 4 . 7

a Guy)

Filghot))¥÷÷÷÷..
gaol gexot,

1 2 . 1 7



T h eD i r e c t p t h o n d 1 4 . 8

Suppose Y=g(X) ,
where g :

R - R

s u c h t h a t t h e i n v e r s e g-'c.) e x i s t s ,

( i . e . , i f y e girl ⇒ x = g-"y' i s unique. ) ,
r a p - g-'iyl

and a s s u m e t h a t

d¥, = dgj!¥ ex is ts

T h e n

f , l y , =-5×1g-'cy)). I d§"¥/
= f*cxcy)). 14,11, where my1=5'ly).

1 4 . 9Exampley L e t X ~ U [ o i l ] and l e t

Y=gCX) = 1 ¥ .
( x )

F ind f i rey) .

Solution: y=gcx) = I F ⇒ x = y '

: # = ,

* " " ÷ " "

Xly) = y 2

f.ua/1=f*lxcy7).t2yf=Ico.Yj7.2Y-
=2y-IcoiP,

1¥11,
1 2 . 1 9



Exampled L e t × b e a G a u s s i a n R V 1 4 . 1 0

w i t h p d f
5 -
*
A t =
1=5×2/2

•

L e t Y = a X t b . F i n d f . ua / ) .

Solution: Y = a H t b
y = a x t b

f , 41=-5*1×1)- /dI¥/ , x - ¥
I

xcy) = Y I
dxa¥= ta

i . f.ua/1=f*Cxcyi1ldI#I=-
zfexp(-lYzab-I).fya=y=TaTetp{-1%21}

Mean.VarianceandExpectation 14.1 1

Def f : T h e means o r expectedvalue
o f a R V × w i t h pdf f * e x )

i s
E[X]E§xf*cx1dx.

What a b o u t d isc re te RVs ?



1 4 . 1 2
n ib. T h e def in i t ion above also applies

t o discrete R V s i f w e w r i t e

t h e i r pd f using 8-func t ions :

I f P ( E X = X i a3 ) =p#Ne) =p's
o v e r t h e discrete i ndex s e t , t hen

5-
*
K ) = I ' p* (xx ) I ex-¥) = & Pia S i x - % )

K
and

E [ × ] = S xf*cHd×=§× (Ie, p , Sar-x.)) DX÷
- a

= §:p, [x Six-He ld t = § ! Pia X ia

= §! p*lXr)- X xv i i .

1 4 . 1 3
' . F o r a discrete R V X , w e h a v e

K±..!.is?.:.:::::.:::#............

you c a n w r i t e

C - (X ] [[x d f ext
l discrete R v * )

§, Xia Px ( x x )=L
f)x f#Ix) d x (continuous R V X/



Defy: L e t ¥ b e a R V o n ( I , F , P ) 1 4 . 1 4

a n d l e t M E F . T h e n t h e conditional

meanotonditione
dom

i s

E[HIM] E§xf* (xlm) d x .
(neb. I f X i s discrete, w e h a v e t h e conditional

pmfpxcx.ae/M)=PlEX=xk3lM) ,
a nd t h e n

E[HIM]=f§xf*cxlM1dx[§x(ftp.xlxk/M)Slx-Xid)dx-
=,Ip*lxklM).fXScx-
Xk1dX=Iix,ap*lXk/M)) Ki i .

.

Recal l . . . 1 4 . 1 5

Define: T h e means o r expectedvalue
o f a R V × w i t h pdf f * ex)

i s a

E[X]Efxf*cx1dx.
- a s

Deff: L e t ¥ b e a R V o n (S ,F ,P )
a n d l e t M E # . T h e n t h e conditional
m e a n o f t i t i s

E[KIM] E§xf*cxlm) d x .
- i s



Exampled: L e t ¥ b e a n exponentially 1 4 . 1 6

d is t r ibuted R V w i t h pdf

f * (x ) = In ex p { -¥ } 'Leo,# i n > 0

w h a t i s E l i ] ?

E I ] = fx fa i r ) d x = [x.In e-"Mdx÷
="?..b.Yeparts
(exercise,

ExE""-ire""])? = 11T

N o w let's cons ide r t h e cond i t iona l m e a n

E [ H I M ] ,
wh e r e M = { X > u }

E [ X l { x > u}]=f§xf×cxlEX>M 3 ) D X 1 4 . 1 7

I t i s straightforward t o s h ow t h a t

facHEX> u 3) = #exp {In}.eu?fexeraie1

I
= #exp{-'II}'t.li?s,

i '
E [ * LEA>M}] =§×f*cxl{A>m 3 ) d x

c o - c o

= LI.'aexp{-1×1=3 DX

c s

¥117}⇒ - forth'aexp{In}dr= . . .⇒ + = r t m



= [In exp tru)drt§¥ exp(Iu) d r 1 4 . 1 8

=
= 2 h

N I ECK] =/ E [ * LEX>M3]

Mo r e generally

E [ * ] I E [ * I M ] , M E I .

suppose w e h a ve a R V ¥ def ined o n 1 4 . 1 9

( S , F , P ) a n d having pdf f * c x )

Now suppose I
h a v e a n e w R V

Y=gc*)
where g

i I R → R . w h a t i s E L Y ] ?

I t appears w e m u s t f i r s t f i n d f , ly) a n d t h e n

compute
c - [ Y ] = fyf.in/1dy.÷

wh i l e t h i s w i l l work, the re i s a n easier way!



1 4 . 2 0

Fact : L e t X b e a R V and

def ine t h e n e w R V Y=g ( X ) .

T h e n

E[Y]=E[g
(X)]=§gcHf*A1dx.

- c o

N I § ge x t f * a t
d x =-[y f.ua/1dy

Proofs: outlined i n Papoulis.


