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4 3 . 1

Nonideal Aspects of Radar Target Detection

• When we derived the matched-filter, we assumed we had complete knowledge 
of the received signal.

• In most radar detection problems, there is at the very least uncertainty in the 
phase of the received signal, as round-trip motion of the target though one 
wavelength corresponds to a 2π change in phase. 

• We rarely have a priori knowledge of the target position down to a wavelength, 
so we must consider the effect of this on detection performance.

• In the ideal case of known, constant, received phase and system coherence 
between pulses, we saw that the matched-filter of a pulse-train corresponded to 
matched-filtering of the individual pulses and then coherently summing the 
results. This assumes:

- knowledge of target-return phase

- coherence of the radar system from pulse-to-pulse

- constant target return (in amplitude and phase) from pulse-to-pulse

• In practice, any or all of these may not hold.
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• We have seen that optimal detection of a known target in additive white

Gaussian noise is provided by the matched filter.

• This corresponds to the following hypothesis testing problem:

H0 : r(t) = n(t)

versus

H1 : r(t) = s(t) + n(t)

• But two-way motion of one wavelength results in a phase shift of 2⇡ radians

in the passband signal (the carrier).

• So in general, we have a complex factor e
i✓

applied to the received complex

baseband signal.

• Here, ✓ is unknown, and is often modeled as a random variable uniformly

distributed on the interval [0, 2⇡).

white Gaussian noise 

signal 
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• Thus the received signal becomes

r(t) = e
i✓

s(t) + n(t),

• The new hypothesis testing problem to be considered becomes

H0 : r(t) = n(t)
versus

H1 : r(t) = e
i✓

s(t) + n(t),

where ✓ is unknown and usually modeled as uniformly distributed on
[0, 2⇡).

• Also, we assume that n(t) is independent of ✓.

complex white 
Gaussian noise

signal 
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W e kn ow t h a t i n t h e c a s e w h e r e 4 3 . 5

t h e phase i s known, w e effectively
h a v e a one-dimensional problem:
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However, in the case where the phase ✓ is unknown, the problem is intrinsically

2-dimensional:

When we do not know the phase ✓, we must consider both dimensions ( the real
and imaginary part of the matched-filter output.) There is i.i.d. noise in both
dimensions, and we get a contribution from both noise components.

The problem of detecting a known signal s(t) with unknown phase ✓ (i.e., the
problem of detecting ei✓s(t)) is called the non coherent pulse detection problem.
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o f M F output

0 0i÷÷÷÷::::::
O o f M F
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4 3 . 8n÷%÷¥;÷%?÷÷#with
a n

u n k n o w n phase f a c t o r e i o , t h e detec t ion s t a t i s t i c
i s t h e magnitude o f t h e complex matched

f i l t e r output.

I I : s t ) →lm.IT#t-XlT)Then-:ei0s-4-/
mF-E-eioxlT)

TyTinearity
T.f.IT o f M F .

I f w e a s s u m e 0~U[0,2T) , the re i s n o prefered
d i rec t ion f o r t h e signal o r t h e noise.

⇒ T h e phase o f t h e M . F . output i s irrelevant.
T h e magnitude f t p . T J i s a l l t h a t matters

a s a de tec t i on s t a t i s t i c , w h e r e

× ( T ) = X p ( T ) t i x . I T )

completBasebutput



T h e in-phase ( rea l ) a n d quadrature (imaginary)
4 3 . 9

n o i s e components i n t h e complex baseband matched

f i l t e r output a r e i . i . d , z e r o m e a n R V s w i t h

v a r i a n c e 0 2 = } ¥

They together c a n b e v iewed a s a complex

" c i r c u l a r Gauss ian" R V

I = X t i t
, X,,VnN[0,02]
X I T .

s i n c e t h e magnitude o f t h e no ise i s g iven
by R = M ¥ 2
a n d o n t a r i ' ( Y ,X )
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• T h e output o f t h e matched f i l t e r
c a n b e s h o w n t o h a v e p d f

£ , Iorio) =z¥z e -
'2/202.

I c r i . 1 (o) .
[O,D ) [0,2T)

• Integrating i v . r u t . Q , w e ge t

§ , Cr) =§f,'arioldo
=rze-r%02otzo.is?--

pdfunderHo- Rayleigh pd f



4 3 . 1 1UnderHi ( signal + noise) :

T h e output o f t h e matched f i l t e r , f o r
a f i x e d O t = o o , c a n b e desc r ibed

by a t w o - dimensional Gau s s i a n p d f
w i t h n o n - z e r o m e a n s ( I , T ) given
by

I = 2¥ c o s Oo

and

I = 2¥ s i n o o .

4 3 . 1 2w e c a n w r i t e t h e m e a n s i n t h e

f o r m
I = A c o s 0 )

I = A s i n o .

T h e n w e h a v e

f
r e
( x ) =y¥o e x p {-1×-1%1}

f±m4t=¥o exp {-4-1%112}



4 3 . 1 3T h e n letting
112 = 1 * 2 + 7

a n d
to = t a n ' l ' T,X ) ,

w e c a n w r i t e t h e joint pdf o f R a n d I a s

£,#cr.dk#zexptr=2AEE-tAl3Ie+.IjHzogrj.
Integrating o v e r ¢ , w e g e t

. I@Arcos
(O-0/1/202

freer) =¥g , e-
4202.e-A%"#mo d ¢

periodic i n ¢ .
Integrated o v e r exactly
o n e period regardless
o f va l u e o f O -
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Undert-to:

fn,ocr) = % e x p {-2¥ } . I coq}
= I s exp { I I } . I coiss

Undertt:

fr,± ( r ) = Ig exp {-WILL} I o C r ) . I o ,%)
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Detection Using Multiple Observations (Pulses)

4 3 . 2 4



4 3 . 2 5

4 3 . 2 6



4 3 . 2 7

4 3 . 2 8



4 3 . 2 9

←

4 3 . 3 0

.



4 3 . 3 1

4 3 . 3 2

identical



T h i s looks j u s t l i k e t h e corresponding
33610533

single pulse problem w i t h a n e w m e a n a n d

v a r i a n c e .

T h u s i t fo l l ow s t h a t w e c a n w r i t e

d (Vo ) =fzEZY2dz = e -
8042

:
p ( yo ) =

fze''#+2%9).Io(z¥o5)dz:
= QUIET .ro)
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ta rge t , t h i s t i m e using a n M pulse pulse t r a i n ,
b u t n o w a s s u m e t h e r e i s a complete l a c k

o f cohe rence between pulses.

• Assume t h a t o n c e again, e a c h pulse i s

processed w i t h a complex baseband matched
f i l t e r .

UnderHow: T h e complex matched f i l t e r output
o f e a c h pulse i s o f t he f o r m

Z m = Xm t i Ym , Xm,Ym ~ N [ 0 , 0 2 ] ,
X m K i m ,

(Xm,Ym)# ( K i n ) , h t m .

4 3 . 3 8UnderHi:

E m = 2¥eiom + Xm ti'Ym
-
circular complex
Gaussians a s

above 1 under Ho)

01 1 02 , . . . , On i . i d . U [0,2T)

• A s befo re , t h e phase does n o t contain

useful information f o r detection.

• T h u s w e base o u r dec is ion o n t h e conditionally

i . i -d . R V s R i ,
R z , i , i

,
R
m ,

where R m = I Z ml f o r m e 1 , 2 , . . . ,
M

.
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A s i n t h e single n o n coherent pulse c a s e , each
i nd iv idua l pulse r e t u r n h a s pd f

R m = I Z
m I , m = l , . . . , M .

UnderHoy:

fpm,corm)
= rug

5%7202
. I [off,m), M-1,2 , . . . , Ma.

( n .b . , The Rm a r e conditionally i . i .d. )
Undert:

fpm,± Crm) = r¥ ex p {-CriztoAI}I o (rmoA-zjqo.rs,),
M = I , Z , i . . , M

43 .4 0

T h u s t h e log-likelihood r a t i o o f

TL = ( R , , R z , . . . , R m ) i s

en.'=4¥÷÷.tn#::i:iii.
I::i::d=Eienff.:i:i:I,)I I . Into t¥ t-Ea]M E I

= I @ (Io (Rufe)))- M¥1
m = I
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N o w f o r small x C c I , I o ( x ) I 1 - x ?

F o r y
I I

, buy I y - l .

T h u s a t small signal-to-noise ratios, w e have

i n I o (Ryan) = h ( l
+4%125)

= = R i . (Ap)-
T h u s i t fo l lows t h a t

l IE ) ± I i R i . (Az)'- MIE÷.

= (Ap)- MEI, R I - MzA÷.

~

4 3 . 4 2
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I"i÷÷iq
O , T I E I s To

where

TCR-t-MI.IR
(square-Law Detector)

4 3 . 4 4Alternatively, f o r × s > I , w e have

I o W E y§¥ ,
C x >s t )

a n d t h u s

enftolRmoA)) _~ln[exp[REI]]-Zen (2×9=1)

e Rmo
Af⇒

I C E ) =
ME, RYE - FAT-= F-I I . Rm -1¥

⇒
I . Rm ¥

µ .
b i f f = : u .÷.



4 3 . 4 5T h u s i n t h e strong signal c a s e ,
w e h a v e a th resho ld t e s t o f t h e f o r m

¢l£t=¥"°
)

0 , u I E ) E l l o
(h
er
e

u I E ) =
Imi,

Rm

L i n e a r f e c t o r

4 3 . 4 6S o w e h a v e t w o integration r u l e s :

LinearDetector l strong signal case )
H,

u ( E ) = Firm 2
m - l H o

%

square-LawDetector : (weak signal case)

T I E ) =
ME
,

Rmz It'
Fo

To

I n order t o characterize t h e performance o f

t h e s e d e t e c t o r s , w e n e e d t o f i n d t h e

d is t r ibut ions o f u . I E ) a n d T ( E ) u n d e r both

Ho a n d H, .
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ta rge t , t h i s t i m e using a n M pulse pulse t r a i n ,
b u t n o w a s s u m e t h e r e i s a complete l a c k

o f cohe rence between pulses.

• Assume t h a t o n c e again, e a c h pulse is
processed w i t h a complex baseband matched
f i l t e r .

UnderHow: T h e complex matched f i l t e r output
o f e a c h pulse i s o f t he f o r m

Z m = Xm t i Ym , Xm,Ym ~ N [ 0 , 0 2 ] ,
X m K i m ,

(Xm,Ym)# ( K i n ) , h t m .

Reca l l . . .

43.48UnderHi:

E m = 2¥.eiom + Xm ti'Ym
-
circular complex
Gaussians a s

above 1 under Ho)

01 1 02 , . . . , Om i . i d . U [0,2T)

• A s befo re , t h e phase does n o t contain

useful information f o r detection.

• T h u s w e base o u r dec is ion o n t h e conditionally

i . i -d . R V s R i ,
R z , i , i

,
R
m ,

where R m = I Z ml f o r m e 1 , 2 , . . . ,
M

.
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A s i n t h e single n o n coherent pulse c a s e , each
i nd iv idua l pulse r e t u r n h a s pd f

underHoy:÷....-÷.ir#iiiii.:iiiiiiiii:
( n .b . , The Rm a r e conditionally i . i .d. )

Underi:

fpm,± Crm) = r¥ ex p {-lrniztoAIJIofrmoA-zjqo.rs,),
M = I , Z , i . . , M

4 3 . S O

I"i÷÷iq
O , T I E I s To

where

TCR-t-MI.IR
(square-Law Detector)
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Alternatively, f o r × > > I , w e have

I o W E y§¥ ,
C x >s t )

a n d t h u s

bnftolrmoA-D-lnfexpLREAI-zlnfzxrom.tt)

= Ryan
⇒
ecet-E.ru#-MzAz=FzII.Rm-1¥

m = I

⇒
I . Rm ¥

µ .
AITEII = : u .÷.

w e h a v e a th resho ld t e s t o f t h e f o r m÷÷÷÷÷÷÷
÷÷÷÷÷÷÷.
"

O , u l e t E l l o
{w
he
re

u I E ) = I i Rm
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S o w e h a v e t w o integration r u l e s :

LinearDetector l strong signal case )
H,

u ( E ) = I i R m 2÷
Ho

" °

square-Lawdetector : (weak signal case)

T I E ) =
ME
,

Rmz It'
Fo

To

I n order t o characterize t h e performance o f

t h e s e d e t e c t o r s , w e n e e d t o f i n d t h e

d is t r ibut ions o f i i . B ) a n d T ( E ) u n d e r both

Ho a n d H, .

Detectortwisting.nl?9IijjaY43.s4
c a n b e found a s a n M- fo l d convolution o f

t hese distributions ( o r u s e characteristic fths.)

UnderHow:

ft.ocei-zm-
iiiitin.e.pl#4E..Ep-
UnderH,:ft.e'4=ztonmt)"!

expfltzt.MIL/oIm.,fAEE)
• 'toots's
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Computing t h e likelihood ratio, w e have

ur'=¥÷¥i-Ymq.fi#expfmEIE""
Im.it#E)

I= K IM , A) at'm-"k. In-, (AFI) > L o
H o

m o n o t o n e
~

I g n i t i o ncontant
increasing i n £

it'⇒ T ( R ) > To

Ho

s o t h i s t e s t i s a th resho ld t e s t o n T (R ) .

Given t h i s f a c t a n d t h e distributions 4 3 . 5 6

o n T C E ) u n d e r Ho a n d Ha , w e c a n

w r i t e
a

& (Mito) = P (Mio) = f ft,o I t ) d tF A

To

BCM.to ) = P , (Mito) = § ft,± I t ) d t
T o

T h e s e c a n b e eva luated numerically, andthen
f o r f i x e d M w e c a n plot t h e R O C a s

a parametric plot
{(dlm.to), PCM,To), Toelo,-)}.
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HThe following numerically integrated

c u r v e s a r e f r o m

J . V . D i f r a n c o and W . L . Rub i n , R a d e
Detection, P re n t i c e -Ha l l ,

1 9 6 8 .

(Reprinted by S c i t e c h , 2004 )
Ep= energy

I n plots, Rp = single pulse S N R = 2,5¥ p e rpulse.

n i b n ' = " f a l s e alarm number" E 0%6,9
*1

⇒ PIA = 0-19,31 (Also M - N i n plots.)

square-
LawDeteptofsingogngquyseereftzggulsetrainperformance

4358

M = I M = 2

:

:



SquaretagawgDetectorNoncoherentPulsem
TraginPerformance

359

Square-
mlaywigDetectorNoncoherentPulsmetragingPerformance

4 3 6 0



square-LawDetectorNoncoherentpulsetrainperformance -6"

M = 1 0 0

N o n - Coherent Integration L o s s compared

t o c o h e r e n t p u t e g a t o
4 3 6 2

•
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Assuming t h a t t h e n o i s e i s stationary, 43-64

w e have t h a t f o r e a c h pulse

d - PEE' = a l s o )

p=P¥= B i o )
T h u s i t fo l l ows t h a t t h e overal l M-pulse
f a l s e a l a r m a n d d e t e c t i o n probabilities
a r e

PFA ( M ) = ¥ (Mm) dm 1 , - d )
M - m

m = h

PD ( M ) = ¥1 (Mm) pm Ii-p)"-m



So in binary integration, we have two thresholds to select:

1. The single pulse detection threshold �0.

2. The “hit” number threshold h.

There are often several (�0, h) pairs that will yield a particular false alarm
PF (M).

We will want to select the combination (�0, k) that gives the largest PD(M).

4 3 . 6 5

4 3 . 6 6Aspecialcase: h - I ⇒ Pc Analysis
CumulativelProb.

o f Detection

I f w e only need o n e success , w e h a v e

Pfa ( M ) = I - ( I - d )
M

= I - (I-Ino))M

PD ( M ) = I - ( I - B )
M

= l - f l -pho))"

I f I L L ' t (and deep ) ,
t h e n

PFA ( M ) T M a = M d t >o)

P D ( M ) = l - f l - B )
M

= I - ( i-p#M.

I f d C C I a n d 0 . 2 5 < B C 0 . 5 , y o u c a n

g e t very reasonab le r e s u l t s .
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single Pulse
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