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Recoll our set-up ... Jit2
Assume that we must decide between two simple hypotheses

Ho:| X ~exp(uo),

(assume A, >J"1:>-)
B X explpg)

The resulting test will be a threshold test of the form

b for e
Gt {0, fort X < x4

The threshold x( that yields a probability of false alarm « is

2o = —polna.

If we have an error in pug, we will have a significantly different false alarm
probability:

O — (anom),unom/,uo'

QECC(”H\ L‘\B
The effects of inaccurate noise estimates

[ & = (anom)unom/uo
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The exponential Detection Problem Revisited

Assume that we must decide between two simple hypotheses

Ho < B s expilg)

i Ve exp ().

Now if we think of
H1 = Ho 1 Hs,

where

M, > Mp

is = signal component of 1,

then if we define the signal-to-noise ratio as

S = ps/ 1o,

we can rewrite 1 as
H1 = MO(l i S)v

and our simple hypotheses can be rewritten as

Ho: Y ~exp(ug) Versus Ho:

1Y

Y ~ exp (o(1 + S)).

The most powerful test of size « is given by

558 - Hfar e
¢<Y)_{O, for ¥ < Y,

where the threshold Y} is given by

Yo = —polna.

The power of the test is given by

B=PY >Yy|H) = = a/0+9),

4i.&5

n.b. The threshold Y} is a function of yy and the probability of false alarm a.
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If we don’t know the value of pg, we cannot set the threshold Y, that will yield
our size « test. How should we proceed?

In principle, o could take on a broad range of positive values.

We could view Hj as a the composite hypothesis that ug € (0, 00).

We could then use a generalized likelihood ratio test to solve the problem.

Under hypothesis Hy, this would correspond to finding the maximum likelihood
estimate [ip and using it in place of pg. But for one sample measurement, this
does not yield a good estimate.

However, if we had N i.i.d. measurements X;,..., Xy of the noise, we could
use the maximum likelihood (and minimum variance unbiased) estimate

1 N
ﬂO:N;Xi

in place of .

Ul +

In a “typical” radar scenario, targets are sparsely
located against a background of noise and clutter.

There tends to be regions of local statistical
homogeneity in this noise/clutter background
because the physical environment giving rise to it
often has homogeneous statistics.

However, there can be significant changes in the
local scattering characteristics as you move through
the scattering environment.

There can be sharp boundaries between scattering
regions.
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This suggests that one approach to estimating the
background noise power for target detection in a
particular resolution cell is to average the measured
noise power in surrounding resolution cells.

This is an example of a class of detection
techniques called Constant False Alarm Rate
(CFAR) techniques.

We will see where the term Constant False Alarm
Rate comes from, but more important than the
constant false alarm rate is a robustness to changes
in the average noise power.
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A Generic CFAR Processor

Cell Under Test (CUT)

Square-Law

Detector

l e l l e Comparator [~ Detection Decision

T —(X)

The resolution cell under test (CUT) with measurement Y is tested for the
presence of the target using a threshold computed using neighboring resolution
cell measurements Xq,..., Xy.

The statistic Z = f(X1,..., Xy) is an estimate of the noise power.

The threshold scaling factor T sets the threshold level by scaling the statistic
the statistic Z. This works because the threshold is the product of a constant

and the average noise power.
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A More Specific Class of CFAR Processors

Cell Under Test (CUT)

Square-Law L
Input Signal =9 XN S bd R W Xin e 5%
Detector

Comparator [— Detection Decision

] ! ! \ L]

Sort into Order Statistics X(y), ..., XNy
Xa) X(n)
Y /
FXay-- X))
Zl
T —>(X)

This processor can compute
e Mean
e Median
e Arbitrary Order Statistics

e [inear Combination of Order Statistics.

LaEEe il

Cell-Averaging CFAR (CA-CFAR)

Cell Under Test (CUT)

Square-Law
Detector

Input Signal =5

Comparator [~ Detection Decision

Adaptive Threshold

In CA-CFAR, we have that the statistic Z/N is just the sample mean.

It can be shown that Z/N is the maximum-likelihood estimate of po. (It is
also the minimum variance unbiased estimate (MVUE) of uy and an efficient
estimate—satisfying the Cramer-Rao lower bound.)
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If we assume that X, ..., Xy are i.i.d exponential with mean p (drop subscript
for simplicity) we have

1
fx.(x) = ;e—x/“ o)

The moment generating function of each Xj; is

i (1—1u8)'

E Y=k [esx] ) here =eiiR teor s @ ) C(o::[;{
X velafed to char. FEn c|> fw) = E[e, ]1
X we R .

The moment generating function of Z is

il (1—1MS)N'

H4y.13
Because the test is a threshold test comparing the CUT Y to the threshold T'Z,
the probability of false alarm is

af = EZ [PV > TZ[H]

— l/ —e_y/”dyl
TZ K

= Egzlexp(-TZ/p)]

o0

— / 6_¥fz(z)d2

—infty
T s
=D <—Z>, él(s)-; E[C ] :
’u = WOMCW{' Luede™ lin

where Ez[-] denotes expectation w.r.t. Z. Function of &

Substituting this into the expression for ®(s), the false alarm probability is
g — (1 Ty

Note that the false alarm rate is not a function of the mean noise power pu.
Hence the term constant false-alarm rate.
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The threshold scaling factor yielding a size « test is

T f{ojt N 11

Similarly, the detection probability can be calculated under the alternative hy-
pothesis H; and given by

B = Ez[P]Y >TZ|H]

o
s / —e—y/u(l—ks)dy}
g { rz 11+ S)

= Egzlexp(-TZ/p)]
i

= (‘m)
9r

% [H(HS)]_N

£ 15N
= 175

ql. 18

Combining these results, we find that

s
= o N LEG

In the limit, as N — oo, we have

: Ser : 1IN
g e
= exp{—e}
: Ponenes e
A;l_l;nooﬁ = ]\;Enoo(l—l—e/N(l—l—S))

= exp{—€¢/(1+95)}
= g U5 e N e
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CA-CFAR Detection Performance
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Figure from: Michael F. Rimbert, Constant False Alarm Rate Detection Techniques Based on Empirical Distribution Function Statistics, Ph.D Thesis,
School of Electrical and Computer Engineering, Purdue University, August 2005.
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CA-CFAR Threshold Map, N =8, Ppq = 0.5

CA-CFAR Threshold Map, N =8, P;, = 0.5
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Figure from: Michael F. Rimbert, Constant False Alarm Rate Detection Techniques Based on Empirical Distribution Function Statistics, Ph.D Thesis,
School of Electrical and Computer Engineering, Purdue University, August 2005.

CA-CFAR Threshold Map, N =8, Prg =1 x 1076 Hi9

CA-CFAR Threshold Map, N = 8, Py, = 1e-06
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Figure from: Michael F. Rimbert, Constant False Alarm Rate Detection Techniques Based on Empirical Distribution Function Statistics, Ph.D Thesis,
School of Electrical and Computer Engineering, Purdue University, August 2005.
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CA-CFAR Limitations

e The performance of CA-CFAR suffers when
statistical homogeneity of the reference window
samples is violated. This commonly occurs when:

1. Reference window contains interfering targets

2. Reference window contains “clutter edges” —
boundaries between regions with differing
scattering characteristics.
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Figure from: Michael F. Rimbert, Constant False Alarm Rate Detection Techniques Based on Empirical Distribution Function Statistics, Ph.D Thesis,
School of Electrical and Computer Engineering, Purdue University, August 2005.




CA-CFAR — Clutter Edges it

CA-CFAR Threshold Map, N = 8, P, = 0.01
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Figure from: Michael F. Rimbert, Constant False Alarm Rate Detection Techniques Based on Empirical Distribution Function Statistics, Ph.D Thesis,
School of Electrical and Computer Engineering, Purdue University, August 2005.
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GO-CFAR and SO-CFAR Processors

Cell Under Test (CUT)

Square-Law s
Input Signal =9 | Xy st | Xl Y Xy X,
Detector z 2

Comparator == Detection Decision

SEX: > Xi

VA Zy

\

SO-CFAR: min{Z1, Z»}
GO-CFAR: max{Z, Z»}

Z

T —(X)

e Greatest of CFAR (GO-FAR) reduces excessive
false alarms near clutter edges, but poor detection
performance in the presence of interfering targets.

e Smallest of CFAR (SO-FAR) has improved
performance in the presence of interfering targets,
but high false alarm rate near clutter edges.




CFAR Processor Performance Comparison
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Processor
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School of Electrical and Computer Engineering, Purdue University, August 2005.

Figure from: Michael F. Rimbert, Constant False Alarm Rate Detection Techniques Based on Empirical Distribution Function Statistics, Ph.D Thesis,

Order-Statistic CFAR (OS-CFAR)

(2g

Herman Rohling, “Radar CFAR Thresholding in Clutter and Multiple Target Situations,”
IEEE Transactions on Aerospace and Electronic Systems, vol. 19, pp. 608—621, 1983.

e In OS-CFAR, the average noise power in a region is
estimated using an order statistic, or ranked sample
of the noise power samples in the reference window.

e For example, we might use the sample median

instead of the sample mean to estimate the average
noise power.

e While an order statistic estimate is not the
maximum likelihood estimate if the samples are
independent and statistically homogeneous (i.1.d.),
order statistics (e.g., the sample median) are much
more robust to deviations from this ideal.
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Given ¢.o.d RVas X

[)"‘/x"))we Can
afJ-er ‘ILtose as

y(l\ 5 X('Z) < >X(';) S v é X(n)

X,———’—> \ s )

X, —> Sort | Xy

%n”_}”_.. — %(M
we C‘ot/) “f’h;s orele\rim? a(\ +he RVs &(”...))K,,,
'-r(Ae ofe]#l’ S”ILq‘f?s?Lﬁ a-y\ X, 3 T X” .
Suppese X, ,... X, are i.i.d. RUs 4\.2¥

with ng '7C)X {X) O\AJ F;k (k)_

A‘BS‘uwe ~+he ‘Xk_ al g ebse Iw/-e/y Contmuous
RVs.

whoat s +he rt/'p of The k-th order
5‘(’ at-h'S'J‘z‘C &((. ) ?

Letb  call the pdE of X
7Ck(x).

W@ Wam" +o ‘7(‘(14.5*/ 76; (X)..




