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ECE678 Radar Engineering Mark R. Bell
Fall 2024 mrb@ecn.purdue.edu

Midterm Examination
Due by Midnight (EST), Monday, October 28, 2024

Directions: This is a take-home exam. It is an open-book and open class-note exam.
You may use other resources in addition to the course text and notes, but you must list
them on a final reference page of your exam if you do. You are not to ask questions or
receive assistance from anyone else. Failure to adhere to this rule will result in a fail-
ing grade on the exam. If there are any questions, email them to me and I will respond
promptly (mrb@purdue.edu). A pdf scan of your exam solutions should be emailed to me
by Midnight EDT on Monday, October 28, 2024.

1. Assume that over the angles of interest, a spherical metal target acts as an isotropic
scatterer, scattering the energy in an incident electromagnetic field equally in all
directions. A spherical metal satellite with radius a is used to “relay” microwave
signals by bouncing them off the satellite. Assume that the wavelength of operation is
λ, the effective areas of the transmit and receive antennas are At and Ar, respectively,
the distance between the transmit antenna and the satellite is Rt, and the distance
between the receive antenna and the satellite is Rr.
(a) Generalize the radar equation to give an expression for PR/PT , the ratio of the

received power to the transmitted power in terms of the above parameters.
(b) Assume that the spherical satellite has a radius of 4m, that both the transmit

and receive antennas have effective areas of 32πm2, that the receive antenna sees
thermal noise sources having an equivalent noise temperature of 300◦ K, that the
receiver bandwidth is 1MHz, that the receiver (to which the antenna is connected)
has a noise figure of 3.5 dB, that the frequency of operation is 3GHz, and that
Rt = 3000 km and Rr = 2000 km. How much transmitter power is required to
achieve a signal-to-noise ratio of 10 dB at the receiver?

Note: The Echo Satellite, conceived John R. Pierce at Bell Labs and launched in 1960, was
a conductive mylar sphere having a radius of 15m, operated on this principle. Operating
in low earth orbit, Echo first successfully demonstrated satellite communications between
Goldstone Dry Lake, CA (20 miles outside of Barstow) and Holmdel, New Jersey, on
August 12, 1960.

2. Using the scalar diffraction techniques discussed in class, show that the radar cross
section of a flat metal rectangular plate with width a and height b tilted at an angle
θ in azimuth (along the dimension of length a) and at an angle φ in elevation (along
the dimension of length b) has radar cross section

σ(θ,φ) =
4πa2b2

λ2

[
sin (2πaθ/λ)

2πaθ/λ

]2 [sin (2πbφ/λ)
2πbφ/λ

]2
,

for small angles θ and φ. (Hint: Consider the plate to be an aperture illuminated
by a “feed” in the far-field located at an angle (−θ,−φ) with respect to the plate’s
normal. The find the power that would be received by a receive antenna located at
the position of the feed. The expression for σ(θ,φ) follows.)
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Ambiguity Function Definitions

• The adjectives asymmetric and symmetric follow from the way in which
the delay ⌧ is distributed in the integrand of the respective definitions.

• The asymmetric ambiguity function is the form most often used by radar
engineers, primarily because it arises in determining the response of a
matched filter radar as we have seen.

• The symmetric ambiguity function is more often used in theoretical inves-
tigations of signal properties because its symmetric form simplifies some
derivations, as well as the fact that it is closely related to the widely used
Wigner distribution of time-frequency analysis.

Definition:(Asymmetric ambiguity function) The asymmetric ambiguity func-
tion of a finite energy signal s(t) is defined as

�s(⌧, ⌫) =

Z 1

�1
s(t)s⇤(t� ⌧)e�i2⇡⌫t dt.

Definition:(Symmetric ambiguity function) The symmetric ambiguity function
of a finite energy signal s(t) is defined as

�s(⌧, ⌫) =

Z 1

�1
s(t+ ⌧/2)s⇤(t� ⌧/2)e�i2⇡⌫t dt.
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Properties of the Ambiguity Function

Property 1 (Time-shift property) Let v(t) = s(t��), where � 2 R. Then

�v(⌧, ⌫) = e�i2⇡⌫��s(⌧, ⌫).

Proof: The ambiguity function of v(t) = s(t��) can be written as

�v(⌧, ⌫) =

Z 1

�1
v(t)v⇤(t� ⌧)e�i2⇡⌫t dt

=

Z 1

�1
s(t��)s⇤(t��� ⌧)e�i2⇡⌫t dt

=

Z 1

�1
s(x)s⇤(x� ⌧)e�i2⇡⌫(x+�) dx, letting x = t��,

= e�i2⇡⌫�

Z 1

�1
s(x)s⇤(x� ⌧)e�i2⇡⌫x dx

= e�i2⇡⌫��s(⌧, ⌫).

Properties of the Ambiguity Function (Cont.)

Property 2 (Frequency-shift property) Let v(t) = s(t)ei2⇡ft, where f 2 R.
Then

�v(⌧, ⌫) = e�i2⇡f⌧�s(⌧, ⌫).

Proof: The ambiguity function of v(t) = s(t)ei2⇡ft can be written as

�v(⌧, ⌫) =

Z 1

�1
v(t)v⇤(t� ⌧)e�i2⇡⌫t dt

=

Z 1

�1
s(t)ei2⇡ft(s(t� ⌧)ei2⇡f(t�⌧))⇤e�i2⇡⌫t dt

= ei2⇡f⌧
Z 1

�1
s(t)s⇤(t� ⌧)e�i2⇡⌫t dt,

= ei2⇡f⌧�s(⌧, ⌫).



Properties of the Ambiguity Function (Cont.)
Property 3 (Symmetry property)

�s(�⌧,�⌫) = e�i2⇡⌫⌧�⇤
s (⌧, ⌫).

Proof: We can evaluate �s(�⌧,�⌫) as

�s(�⌧,�⌫) =

Z 1

�1
s(t)s⇤(t� (�⌧))e�i2⇡(�⌫)t dt

=

Z 1

�1
s(t)s⇤(t+ ⌧))e+i2⇡⌫t dt

=

✓Z 1

�1
s(t+ ⌧)s⇤(t)e�i2⇡⌫t dt

◆⇤

=

✓Z 1

�1
s(x)s⇤(x� ⌧)e�i2⇡⌫(x�⌧) dx

◆⇤
, (letting x = t+ ⌧)

= e�i2⇡⌫⌧

✓Z 1

�1
s(x)s⇤(x� ⌧)e�i2⇡⌫x dx

◆⇤

= e�i2⇡⌫⌧�⇤
s (⌧, ⌫).

Property 4 (Maximum property) The largest value of |�s(⌧, ⌫)| always occurs
at the origin (⌧, ⌫) = (0, 0):

|�s(⌧, ⌫)|  �s(0, 0) = Es,

where E2
s is the energy in the signal s(t).

Proof: Recall that the Cauchy-Schwarz Inequality states that for any two
square-integrable functions a(t) and b(t),

����
Z 1

�1
a(t)b(t) dt

����
2


Z 1

�1
|a(t)|2 dt ·

Z 1

�1
|b(t)|2 dt,

with equality if and only if b(t) = ka⇤(t) (a.e.), where k is a constant. It follows
that

|�s(⌧, ⌫)|2 =

����
Z 1

�1

⇥
s(t)e�i⇡⌫t

⇤ ⇥
s(t� ⌧)ei⇡⌫t

⇤⇤
dt

����
2


Z 1

�1

��s(t)e�i⇡⌫t
��2 dt ·

Z 1

�1

��s(t� ⌧)ei⇡⌫t
��2 dt

=

Z 1

�1
|s(t)|2 dt ·

Z 1

�1
|s(t� ⌧)|2 dt

= Es · Es

= E2
s ,

where equality holds if and only if

⇥
s(t� ⌧)ei⇡⌫t

⇤⇤
= k

⇥
s(t)e�i⇡⌫t

⇤⇤
.

This can easily be seen to occur when (⌧, ⌫) = (0, 0). Thus it follows that

|�s(⌧, ⌫)|  �s(0, 0) = Es.

•
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Property 5 (Time-scaling property) Let v(t) = s(↵t), where ↵ 2 R. Then

�v(⌧, ⌫) =
1

|↵|�s(↵⌧, ⌫/↵).

Proof: The proof is left as an exercise.

Properties of the Ambiguity Function (Cont.)

Properties of the Ambiguity Function (Cont.)

Property 6 (Quadratic phase shift (chirp) property) Let

v(t) = s(t)ei⇡↵t
2

,

where ↵ 2 R. Then

�v(⌧, ⌫) = e�i⇡↵⌧2

�s(⌧, ⌫ � ↵⌧).

Proof: We note that �s(⌧, ⌫) can be written as

�v(⌧, ⌫) =

Z 1

�1
v(t)v⇤(t� ⌧)e�i2⇡⌫t dt

=

Z 1

�1
s(t)ei⇡↵t

2

[s(t� ⌧)ei⇡↵(t�⌧)2 ]⇤ · e�i2⇡⌫t dt

=

Z 1

�1
s(t)ei⇡↵t

2

s⇤(t� ⌧)e�i⇡↵(t2�2t⌧+⌧2)e�i2⇡⌫t dt,

= e�i⇡↵⌧2
Z 1

�1
s(t)s⇤(t� ⌧)e�i2⇡(⌫�↵⌧)t dt,

= e�i⇡↵⌧2

�s(⌧, ⌫ � ↵⌧).
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