
S e s s i o n 8

⇐:÷÷i:÷:÷:::i:÷::#
n o c r i b s h e e t s , n o calculators

• O n campus F -N Y Sect ion :

He re , during sess ion 9 a t 1 0 : 3 0 - 1 1 : 4 5 am

• O n Campus Overflow Sect ion :

R o o m A R M S 1 0 2 8 a t 1 0 : 3 0 - 1 1 : 4 5 a m

( T A Brad Fitzgerald w i l l proctor.)
• D i s t a n c e E P E Se c t i o n :

S e e instructions f r om Lynn Hegewald
(using ① rightspace/Examity)



Recall. . .

IndependentExperiments 8 . 1

Sometimes
,
t h e outcomes o f t h e t w o

c o n s t i t u e n t experiments a r e unrelated:

A x s z . I S , x B ,

H A E F ,

T t B E F z
independent

I n t h i s c a s e w e say
t h a t t h e t w o

experiments

( S , , F , , P , ) and C S - F a , R ) a r e

Independentexperiments

Reca l l . . .

F o r independent experiments, w e 8 . 2

assign t h e probability P C . ) a s

P l a x B ) = P¢AxSz) A ( S ,XB))
= P ( A x l e s ) .P l s , XB)

= P, LA) - Pz ( B )

T h e axioms o f probability f i l l i n t h e
probabilities o f events t h a t c a n n o t b e

wr i t ten a s c a r t e s i a n products ( b u t c a n

b e w r i t t e n a s a u n i o n o f disjoint
car tes ian products.)



S o f o r t w o independent experiments 8 . 3

( S . , F , , P , ) a n d ( S a , F z , P z )

w e h ave a combined experiment

( S , F , P ) w i t h

G = S , x S z
I = o f { A x B : V .A E F , and V.B E -523)

P f A X B ) = P , CA)PzCB)

Axioms o f probability f e l l i n

everything e l s e .

8 . 4÷÷÷÷÷÷÷:ii:÷÷÷÷÷i:I±m
b e i n r a n d o m experiments

• F o r m t h e combined experiment ( S , F , P )
w i t h f = S i xS -x - s - i b n

F : O ({A,xAzx... × A n : VA ,EJ , ,VAzEFz , . . . -VAnEFn§

I f t h e experiments a r e independent, t h e n

PIA,xAzx---+ An) =P,CA,). Pz( A z ) . . - PnCAN)

HA,E E , HA>EFz,...,YAnEFn

Then t h e axioms o f probability f i l l i n t h e

r e s t .



ImportantspecialcaseiBernoullitria 8 . 5

- Consider a simple experiment ( l o , Fo,Po).
- N o w a s s u m e I independently perform
t h i s experiment n t i m e s :

( S , , F , , P, ) , IS, ,Fz,Pz), . . . , I sn .tn , Pn),
where

I , = S z = . . . = S n E S o

I , = I z = . . . = # E t o

P,C.) - P z C.) = . . . = P , C.) = Po c . )

We w a n t t o fo rm t h e combined experiment
o f t h e s e n independent t r i a l s .

O u r combined experiment: 8 . 6

I = S , X S - x - r - x S n

F = o ( { a l l cylindersets3)

N o w suppose I h a v e a n e v e n t

A c - T o having probability PolA) = p ,
0 1 p s 1 .

When I repeat t h e experiment n

t i m e s ,
I w a n t t o k n o w t h e

probability o f B k c - I defined a s

B , E A o c c u r s exactly k t i m e s

i n t h e n repetitious o f
1 S o , F o , Po)



Let ' s w r i t e t h e probability o f 8 . 7

B e a s

Pulk) E P ( B k ) .

theorem: pack)
= ( 1 ) pkc,-pin-K

,
K = 0 , 1,2,..., n ,

where p = P ( A ) .

Prooff: s e e Papoulis

w e s ke t c h t h e proof a s f o l l ow s . . .

8 . 8

Ideas: T h e r e a r e exactly (Ya)
sequences

o f o u t c om e s o f t h e

simple experiment where A

o c c u r s exactly k t i m e s a n d

A- o c c u r s n - K t i m e s .

I f . n = 4 , K - Z ( L ) . - ¥2,-.4z¥=6

( AttAA' A F A R ' # A A A '

a , , , ,
g a z a , A a a , )



• E a c h sequence corresponds t o
8 . 9

a unique E j E F

• E a c h e v e n t E j h a s probability

PCE ; ) = pkg-p,"-k

• T h e even ts E j a r e disjoint.

'

"
' pack) = P ( B k ) = P ( E , UE zU '

- ' U Ecz))
= PCE , ) + P C E z ) t n n ' t ① (Ecg))
= ( 1 ) pkes-p,"-Kr

BB

8 . 1 0Examplew: A b o x contains t w o

co ins , a f a i r c o i n

and a "strange" c o i n .

• T h e f a i r co in h a s a probability 'z o f

coming u p "H e a d s " w h e n t o s s e d .

• T h e "strange" c o i n h a s a probability 3=1
o f coming up

"Heads" wh e n tossed .

• I se lec t a c o i n a t random f r om t h e box

a n d f l i p i t 4 t imes . I t c o m e s up "Heads"

t h r e e t i m e s .

Q : what i s t h e probability I selected t h e "strange"
c o i n ?



8 . 11
S , = { F , S 3

G z = { H H H H , H H H T , H H T H , . . . TTTT}

I = S , × S z ( I se lec t a c o i n ,

a n d I f l i p i t 4
times]

L e t F = f a i r c o i n selected

s = strange c o i n selected

A>= 3 "Heads" i n 4 t o s s e s

wha t i s P ( s t a r s ) ?

PCSIA,)=PC§¥A}}=PlA3p¥}¥) 8 . 1 2

Assumption P C s ) = ' z

P L A N S ) = (43) ( F )3ft,)'t 418¥11'T) - 8¥

① ( A z ) = P (Assns ) = P ( A s h ( S O F ) )

= p( (Assns ) UCA3nF ) )
* disjoint

= PCA-As) t PCA3 n F )
= P I A , I s ) PCs ) + PCA, I F ) P I F )

= 2¥ .'z t (43)( E )31¥ ) '.'z

=2¥g t £ = 4232g



T h u s w e h a v e

P l s t A s ) =

PCAslpqf.gg
#8'

' 3

= f}¥
¥g¥e

=
247-3 ← 0 . 6 2 7 9

n .by ① ( F I A3) = P¥f¥F) = . . - = ¥3
I 0.3721

P C . 1 A s ) F = S T

P C T 1 A , ) a l - P l s t A s )

Classicalprobability 8 . 1 4

I n c l a s s i c a l i t y , w e h a ve CS,F , P)

i n which

• S i s f i n i t e : I S I - n

•
' I = P ( S ) : I F 1 = 2 "

• A l l outcomes a r e equally likely,
which m e a n s w e h a v e p mf

p ( w )
= In ,

t w o s

⇒ P I A ) - I , pews = 'Ant = Hy,
W E A



S o i n classical probability, w e have 8 . i s

• P (lo) = ¥1, = En = O
⇐

• P l s ) = ¥ , = I = I

• I f A , B E F a r e disjoint ( i .e AhB=¢)
t h e n

PCA 0131 = 14%3,1=141,1

=
IASI, TIBI = PCA) + PCB).

Wha t about A, B E F t h a t a r e 8 . 1 6

n o t d i s j o i n t ?

P l a y s ) = 14£34 = 'AIt,"3¥lB1
= 1µs, t 13¥, -

19%3,1

= P I A ) + P C B ) - P C AA B ) .



T h i s extends t o general f i n i t e u n i o n s . . 8 . ' 7

I f A , , Az , . . .
,
A n E F a n d they

a r e disjoint, t h e n

Ain A j =D , f i t ;

t h e n
I#Ail = ¥41A i l

⇒ F o r classical probability, i f A, , , , , , A n
a r e disjoint, t h e n

PIE,A i l = i¥s¥=÷÷, 'fit,-II. PIA:)

N o t e also i n classical probability 8 . 1 8

t h a t s i n c e

I F I = I S l - l A l

P e t t ) =
'Fly,-= 14£41

= I - 1µg, = I - P I A ) .

S o t h e c l a s s i c a l probability m e a s u r e

behaves l i k e a general axiomatic prob. m e a s u r e .

I t c a n b e argued t h a t Kolmogorov
selected

t h e a x i o m s o f probability based o n h o w

c l a s s i c a l probability b e h a ve s .



8.19
Exam't

Fifa
E x a m 1 c o v e r s Homework

Assignments 1 - 3 ,
L e c t u r e s 1 - 8 .

8 . 1 0


