
S e s s i o n 7

Reca l l . . .

De f n i G i v e n ( S , F , P ) a n d 7 . 1

A , B E F , t h e cond i t i ona l

pro-
babiit.no#coFditmonB-( " A given B " ) i s

P C A I B ) E PCf%})- ,

assuming PCB) t o .



Recall...

Fac t : I f P C . ) ( f r om (S ,F ,P) ) 7 . 2

i s a v a l i d probability measure ,
t h e n P C . I B ) i s a lso a v a l i d

probability m e a s u r e f o r any
B E F such t h a t PCB) # O .

Proofs: (exercise) verify
t h e a x i o m s o f

probability h o l d f o r P C . I B ) .

( S , f , p )
¥€§d

( s , F , P C . 113))

n ib. ( S , F , PC. 113)) i s a va l id prob. space
b e c a u s e ( S , F . P ) i s a validprob. space.

Bayes.Formulanthetotalprobability 7 . 3

L a w , a n d Bayes t h e o r e m

supposethaveility space ( S , F , P).
L e t A , B E F

Th e n
p , A I B ) =

PlAp%3µ
- - -

( I )

" " d
PCBIA) = PlAp1aB}

-
- - -

( 2 )

F r o m 1 2 ) , w e h a v e

① (An ts ) = P C B 1 A ) P ( A ) - n -

CZ's



Substituting ( I ) i n t o ( I ) , w e get 7 . 4

P I A I B ) = Pl¥↳}) = 19131,1%1^
1

i . lpimm-
PM.I.rs#.,a.

I he to tobab i l i t y l aw 7 . s

G i v e n ( S , F , P ) , l e t { A , , . . . , A n }
b e a partition o f S , a n d l e t B E F .

( n i b . , A , , A z , . . . , A n E F )

T h e n

PCB) = PCBIA.JP/AdtPCBfAzlPlAz)

t . . . t PCBIAn) ①CAN)

÷i :÷⇐ .



7 . 6

P roo f i P C B ) = P ( B h s )
= P ( B n l II.Ac.))
= ① (YI, 113¥))
= I i P f B h a i )

i s t

= ¥; P C B I A i ) PCA: ) 0 3

7 . 7
Baggethege,,=,p,,

a s s u m e t h a t

{ A , , . . . , A n } i s a partition o f f .

T h e n by Bayes' formula w e h a ve

① ( A i l B ) = PlBlApi÷}A

By t h e t o t a l prob. l a w , w e h a v e

① I B ) = ¥! PIBIA i lP IA i )



7 . 8
suppose Am E { A . , . . . , A n }

By Bayes fo rmu l a

① Html B ) = PlBlApq}
§lAm)-

=P¥÷÷÷:÷÷i,

:µan⇒=P¥÷'Ii#÷÷
÷¥!.

7 . 9Bayestheorem: L e t ( S , F , P ) be

a probability space
a n d { A , , , , , , A n }

b e a partition o f S . A s s u m e t h a t

A , , . . . , A n E F , a n d a s s u m e B E F .

T h e n

H a m l e t . ¥÷i?Ia÷,
m = l , c . . , N .

Proofs: w e j u s t proved i t .



Statisticalindependence 7 . 1 0

Def f : Given ( S , F , P ) , l e t A . B E F .

T h e n t h e even ts A a n d B

a r e statistically independent
i f a n d only i f ( i f f )

P ( A R B ) = P I A ) PCB )

7 . 11F a c t I f A a n d B a r e

statistically independent,

t h e n s o a r e A a n d B ,

A a n d B , and A- a n d B - .

P r o o f f o r A a n d B - .
W e w a n t t o

s h ow ① ( A r t s ) = P IA I P I B )

given t h a t p l a n B ) = PFA) P ( B )
A =lA¥!!.jo#3IJ-
PfA)=PfAhB7tPfAhB)

⇒ P L A N E ) = P I A ) - P fAAB ) = PFA)-P IA)PCB)

= PCA ) [ 1 - PCB)]= PCA) PCB ) ,



StatisticalIndependence: 7 . 1 2

3 even ts A , B , C E F a r e

statistically independent i f f

P I A A B A C ) = P I A ) P C B ) PCC)

P I A A B ) = P I A ) PCB )

① ( A n c ) = PCA ) ①( C )

P ( B t c ) = PCB ) ① ( c ) .

7 . 1 3

I n general , n eve n t s a r e

statistically independent i f f

a l l possible c omb i n a t i o n s o f

i n t e r s e c t i o n s f a c t o r a s

P (A j ,nA jzn . . . n Aja) = ①(Aj,)P(Aja).. - PIA;,a)

f o r a l l comb ina t i ons o f K e v e n t s ,

where k = 2 , c r i ,
h -

T h e r e a r e 2 " - Corti) such
combinations t o check .



T h e r e a r e 2 " - ( n t l ) such combinations: 7 - ' 4

( 2 ) + ( I ) t . . . + Cnn)( 8 ) + t i ) t ¥
I T
× t h t I = (no)' I n + (Y) I ' I " '

+ . . a t ( 2 ) I n . 1 0

= Elio( 1 ) I I " - k = ( I t t ) " = 2 7

⇒ x = 2 " - ( n t l )
•

CombinedExperiments 7 . i s

suppose w e have t w o random experiments

( S , , F , , P , ) and ( S z , # P z ) .

We w a n t t o c omb i n e them t o

f o r m a "super experiment" wi th
probability space ( S , F , P ) , where

S = S , x S z



Example-i Exp- 1 : f l i p a c o i n S, = { H i t } 7 . 1 6

Exp. 2 : R o l l a d i e S z = { 1 ,213,4, 5,63

Th e combined experiment h a s t h e sample space

I = S , x S z
= { ( H , ' l l , (H ,z ) , CH,3 ) ,fH,4), (Hss),#,6),

( T , ' t ) , I T , 2 ) . . . (Tsb)}.

n i b 1 1 1 = 1 1 , I . 1 1 2 1 .

7 . 1 7A n e v e n t i n o u r n e w experiment

w i l l b e a s u b s e t o f t h e sample space

1 = 4 × 1
I f A C S , a n d B C S , (A E F I

B E
Fz)

Then
c = A x B C S ,

i s a n e v e n t i n o u r n e w e v e n t space.

(ed. A = EH } ,
① = {3,63)

A t B = { C H , 3 ) , (Heb)}



O u r e v e n t space
I w i l l b e 7 . 1 8

t h e o - f i e l d generated by a l l

Cartesian products:

I = 0 ({AxB: V A E F , and tBEFz3)
¥ T h e cylindersets

T h i s w i l l b e o u r eve n t space i n t h e

combined experiment I S , F , P )

T h e r e a r e eve n t s t h a t c a n n o t b e written

a s t h e Cartesian product o f events f rom
JT a n d F z

,
b u t t h e c l o s u r e properties

o f t h e o - f i e l d produce t h e m :

Exampled
g z

7 . 1 9

S=S,XSz ! I

. ± ÷ ÷•" • )S '
T • • @ • o o o o o

.

C = { H } X { 2 , 5 3 - { C H , 21, 14 ,513

D = E H ,T } X E z } = { ( H R ) , IT,z)}
E = C U D = { ( T, 2 ) , 1 4 , 2 ) , 14,5)}



How do w e assign probabilities 7 . 2 0

t o t h e combined experiment ( S F , P ) ?

F o r consistency w i t h P, a n d P z ,

P o f CS , F , P ) m u s t satisfy
P ( A x s z ) = P , ( A ) Y A E F ,
P (S , XB ) = P z CB) , i t ① E F z

Consistencyconditious
How d o w e a s s i g n

otherprobabilities

① ( c ) f o r C E F ?

How d o w e d e t e r m i n e P ( c ) f o r o t h e r 7 . z ,

e v e n t s C ?

- w e k n ow t h a t PCC ) m u s t satisfy
t h e consistency condit ions.

- P ( c ) m u s t satisfy t h e a x i o m s

o f probability,
- O t h e r t h a n t h a t , w e can't s a y

much w i t h o u t fu r the r assumptions

§ : I s t h e r e a
l i n k o u r

mech a n i sm b e t w e e n t h e

t w o c o n s t i t u e n t experiments?



IndependentExperiments 7 . 2 2

Sometimes
,
t h e outcomes o f t h e t w o

c o n s t i t u e n t experiments a r e unrelated:

A x s z . I S , x B ,

H A E F ,

T t B E F z
independent

I n t h i s c a s e w e say
t h a t t h e t w o

experiments

( S , , F , , P , ) and C S - F a , Pz) a r e

Independentexperiments

7 . 2 3F o r independent experiments, w e

assign t h e probability P C . ) a s

P l a x B ) = P¢AxSz) A ( S ,XB))
= P ( A x l e s ) . P ( b ,XB)

= P, I A ) . Pz ( B )

T h e axioms o f probability f i l l i n t h e
probabilities o f events t h a t c a n n o t b e

wr i t ten a s c a r t e s i a n products ( b u t c a n

b e w r i t t e n a s a u n i o n o f disjoint
car tes ian products.)


