
S e s s i o n 5

ExamplesofProbabilitySpaces 5 . 1

E x i t : L e t S b e a f i n i t e sample space
a n d l e t F C S ) b e t h e power
s e t o f f .

Suppose w e h a v e a f u n c t i o n

pcw) : S → I R s u c h t h a t

( i ) pews 2 0 ,
V w c - S

( i i ) I i pews = L .
W E S

Th is function is called t h e probability
ma s s f u n c t o (pouf).

4 .2 )



We c a n u s e t h e pouf t o 5 . 2

specify t h e prob. m e a s u r e P C . ) :

PCA)=¥'apew) ,
Y A C - I .

T h i s w i l l b e a v a l i dprob. me a s u r e .

n d pews = P ( { w 3 ) ,
A W E S .

n.ba plus = P ({w3)) ,
H w a S .

5 . 3G I : Anuniformpmf

L e t S = { w e , W z , . . . , W , 3 (finites)
L e t F - P ( S ) , 1P C S ) 1 = 2 "

P M I : pew) - f ,
A W E S .

PCA , . ) = I i p i n ) = I ! ( t )
WE A K W E Are

= In I . I
WEA, ,

= /A¥
classical
probability

12¥, , T A K E #



5 . 4
E x # Binomialpm

S = { 0 , 1 , 2 , . . . , n 3
,
I S I = u t l

F = P C S )
,
I F I = z n t l

PM I : p ( K )
= ( L ) aka-a)"-k ,

a c - [ O i l ]

k = O , l , . . . , M .

where ( 1 ) = knick)!
" n choose K " T

P I A ) = I ' p Ck) ,
Y A e F '

K E A

5 . 5I s t h i s plk) a v a l i d pou f?
( I ) clearly , pck) = ( I ) a k ( r a ) " - k

% I o I o n
Z O .

( I i ) M u s t show t h a t ¥=io(4)ake,-a,"-k = /
*
(exercise)

* Binomealtheorem:

(a tb)" = ¥!(Ya) a " b"-K
f o r any t w o

numbe rs a , b e
112 ( o r a , b e e ) .

You should memorize t h e B i n om i a l theories.

W e w i l l u s e i t many
t i m e s i n t h e c o u r s e ,



5 . 6

E X . I T # e o m e t r i g p m f e :

I = { 0 , 1 , 2 , , , , } ( S - E l , 2 , 3 . . . } )

F = P C S )

PM I : p Ck) = ( I - a ) a k ,
a e c o , l ) .
K i O , l , 2 , . . .

P C A ) - I i pck) = I 'Keal'-9)a K, F A @F .
K E A

I s t h i s a v a l i d pouf
sis pck) e ( I - a )a t 3 0 , 4 = 0 , 1 , 2 , . c c .

Cii l P C S ) = Iz:(rasa's - 1 ¥ (exercise)
.

* H I : ¥2'oak = ¥ ,
l a I < I .

EX.se : t hepo i sonpmS I 5 . 7

& = { O , l , 2 , . . . }

F = P C S )

P M I : p
( k ) =

7k¥17
,
K = O , l , 2 , . . .

7 7 0 .

P I A ) = I i p Ck) ,
T A E F .

K E A

I s t h i s a va l id pdf?
( I ) p (K)

= '¥9" I 0 ,
K = O, l , 2 , . . .

c i s p c s ) = Iz; 7k¥" = I #exercises

* H i n t : e x = I E ¥9



5 . 8Le t ' s l o o k a t a n uncountable

sample space:

E I S = I R

F = ① ( I R )

P C . ) - H o w d o w e d o t h i s .

W e i n t roduce t h eprobabilitydensity

function (pdf) t o assign probabilities

PCAT, where A e ① CIR) .

5 . 9

propaert.es#atQ.t=antiocpd5'

i s a
f u n c t i o n t h a t m a p s t h e

sample space S a l t s ,

f : S → R

satisfying t h e following properties:

( i ) f o r ) 3 0 ,
H r E R

( i i ) § f o r ) d r = l .

- A

5 . 7



G i v e n a va l i d pdf f i r ) , w e ge t a s . i o

va l i d probability m e a s u r e P c . )

f o r a n y A E B C R ) by integrating:

P C A ) = f f e r ) d r = § f e r ) . IacMdr,
A - c o

where
a -a i r , = { l ,

R E A

O , r #A

i s ca l l ed t h e indicatorfunction o f

t h e s e t A

5 . 8

0 1 D o e s PCA) - [fer)-Iacrldr 5 . 1 1

give a va l i d prob. m e a s u r e

f o r every A E B C R ) ?

Cons ide r t h e R i e m a n n integral

-

§ f e r ) . I a c r ) d r

• I t w i l l b e w e l l def ined f o r any

A t h a t i s a n i n te r va l .'

A = C a , b ) o r [ a . b ] , a c b .

• I t ' s a l s o w e l l def ined f o r a n A

equal t o a f i n i t e union o f intervals.



Example o f a s e t A- w h e r e t h e R i em a n n g . i z

integrgeppd.se#Ina&pdf

f o r ) = I[of,rj = { I ,
o e r s I

° , elsewhere.

L e t A = HQ = r a t i o n a l n u m b e r s .

P C A ) = P l o t ) =-§f e r ) . I@ers d r

= It I # e r , d r

O

do e s n o t ex i s t a s a Riemann integral.

5 . 1 3plots:[fort.'tomdr µ÷¥µi
,

= §I # i r i d r
-him-II. 'on''to¥¥¥÷I÷r

I K E OK

S I M ,=¥il-kl.LY#nqIqH)=EIl0icl.0=0-
sumN=-zildial.CmaexoI-o't)-E[paid't= ' t

k : L

F o r a R i eman n integral t o e x i s t

I i m
µ ,

5 4 1 , = h i m Summar
.

N ,

i . T h e Riemann integraldoes n o t ex is t i n th is c a s e .

-


