
4S e s s i o n

Recall...

4 . IEX.se A s p a c e o f c o u n t a b l e

sequences d r a w n f r o m E x - I - E x . 3

I = A X A X . . . × A x . . .

= I T A = ¥, A = A"
i e I N

Exampl-es: I f I t h i n k o f A = { H , T }

t h e n
s = ¥ , { H i t } -

A typical element o f I would b e

( H , T , H , H , T , . . . )

3 .1 1



4 . 2E v e n i f A i s a f i n i t e s e t ,
I w i l l b e u n c o u n t a b l e

µ ? Be c a u s e each sequence
c a n b e mapped t o a

point i n [ o , I ]

C c a n b e put i n t o one-to-one
correspondence.)

L e t I = A"
,

where A = { o , 1 3 . T h e n a

typical e lement i n S wou l d l ook l i k e

C a , g a s , . . . ,
a n , a . . ) , d i E { O i l }

Ooo a , 9 2 9 3 . . . = ¥ 9¥ E [ 0 , I ] .
A j e t

binary
point

S o I = A " c a n be put i n t o 4 . 3

o n e - t o - o n e correspondence w i t h

[ 0 , I ] ,
which i s uncountable.

⇒ S = A
" V

i s
uncountable.



4 .4
E I : L e t A b e any sample space

f r o m E x . - 1 t o E x . 3

( e t S = I T A

+ c - I R

= { i t waveforms × I t ) , t - l - o , t • ) ,

w i t h x (E ) E A
,
W E c - C-os,t o o ) }

e . g e A - I R ⇒ s = s e t o f a l l r e a l valued
functions o f £ ( t rue )

Xf t )

l a s t
o r i f A = { 0 , 1 3 t h a t

Reca l l . . . 4 . 5

Eventspaces:

In tu i t ive: A collection o f events

(subsets o fS ) t h a t w e

a r e interested i n computing
t h e probability o f ,

Mathematically FCS ) o r F is a family
o f subsets o f Se t h a t satisfies
certain closure properties

( o - f ield)



ClosureProperties: (exercise) 4 . 6

I . A E F , t h e n t h e F .

2 . I f A , , A z E F
,

Then A , U A - E F

3 . I f A , , A z , . . .
,
An , . . . E F ,

t h e n ;U[Ai E F ,

3.16

4 . 7

Q : Why n o t cons t ruc t probability

theory using a f i e ld o f s e t s (props.I and2 )

instead o f a o - f i e l d (props. I , z , and 3 ) ?

A- : Probability Theory i nvo lves results

expressed a s l i m i t s o f operations

o n sequences
o f events (Limit theorem),

i . w e n e e d countable sequences
o f s e t operations o n sets

t o b e i n t h e event space r

3 .I t



4 . 8

1 1 Caution: wha t w e h a v e c a l l e d

a
" O-f ie ld", Papoulis c a l l s

a " B o re l Field".

T h i s i s n o t co r re c t !

3 , 1 8

4 . 9

Exampies
,⇒ , . . . # s p a c e " '

C x ¥ : G i v e n any
G i

F = E d , S }
i s a valid'erent space

E x ± G i v e n any & , t¥¥¥¥d.
subsets o f f

T h i s s e t i c a l l e d
o f S and i s denoted P C s )

o r 2 1 .

4.3.



• Bo t h C I E a n d E I a r e val id 4 . 1 0

o - f i e l d s f o r S .

- E x . ' t : I = Ed , S } i s n o t use fu l .

• E r . 2 : t h e power s e t P C S ) i s

usefu l i f S i s f i n i t e o r

c o u n t a b l e .

. H o w e v e r i f S i s uncountable

( e .g . ,
S = R o r S - [ o i l ] )

n e i t h e r E -x . I o r E x - 2 i s useful

E x . I . T o o s m a l l !

E x . 2 i T o big !

4 . 4

41,1155g
• I f w e t a k e S - R a n d

I = P ( I R ) ,
t h e r e a r e s e t s i n F = P d R )

t h a t w e cannot assign probability t o
i n s u c h a way t h a t s a t i s f i e s t h e

Axioms o f Probability.

Let 's c o n s t r u c t a reasonable
eve n t space F f o r S - I R .



esiredpropert.ie#FS)forS=R.- 4 . 1 2

I . W e w i s h t o i n c l u d e a l l even ts

o f t h e f o r m

( o r , b ) = E X E I R : a < x < b }

whe r e a , b c - R ,
a C b ,

2 . T h e c l o s u r e properties o f a

o - f i e l d a r e satisfied
.

4,17235

D E S I : Gw e n S a n d a family
o f s u b s e t s G = { A i ; i E I }
o f S , t h e o-fieludgenerated
byG_ ,

denoted o f G ) ,
i s t h e

smallest o - f i e l d containing a l l

o f t h e s u b s e t s i n G .

n.ba By
" sma l l e s t " o - f i e l d , w e m e a n

that#any o - f i e l d t o containing t h e

s e t s i n G

O ( G ) c F o



4 . 1 4

B a c k t o S - I R

We w a n t t h e sma l l e s t 0 f i e l d containing
a l l t h e open i n te r va l s

( a . b ) , gab , a , b E R .

I n o u r c a s e
,

w e w a n t 0 ( G )

wh e r e

C- = { c a , b ) , V- a . b e 1 1 2 7 acb}

4 . i sT h i s o - f i e l d 0 ( G ) o f R

o f G = { a l l open intervals})

c o n t a i n s n o t only a l l open intervals,
b u t a l s o a l l countable sequences o f

s e t operations

U
, n ,

-

o n a ny
co l lec t ion o f

open i n te r va l s .



4 . 1 6De f y : G i v e n I R , t h e Bore l f i e ld
o f l R - i s de f i ned a s t h e o - f i e l d

generated by t h e family o f a l l

open
intervals

G- = { ( a , b ) : F l a , b ) E R such t h a t a <b } .

W e d e n o t e t h e B o r e l f i e l d o f R

by ① ( I R ) .

4 . 1 7B e c a u s e t h e B o r e l f i e l d conta ins

a l l open intervals, i t a l s o conta ins :

m - •

C - M , b )
C- a s , b ) = ¥ , ( b - n , b )

= 1 .i n

.

= l im l a , m )( a , t o ) = YIc a , a t n )
i n → -

{ a } = F c a - t . a t t n ) a. f i#X
n = I

n > •

( 9 - t , a t 's ) = { a 3
= l i a r



4 . 1 8
I t a l s o fo l l ow s t h a t

[ a , b ) = . { a 3 0 ( a , b ) c -B a r )

( a , b ] = ( a , b ) U { b } c - B C R )

[ a , b ) = { a } U l a , b ) U { b } c -BCR )

I n addit ion, a l l f i n i t e a n d countable

sequences o f s e t operations V M,
-

o f

t h e s e sets a r e i n B C R ) .

( ( B C R ) includes any subset o f S
- R

that w e c o u l d b e interested i n . "

4.19

n . be I t i s a d i f f i c u l t r e s u l t i n

m e a s u r e theory t o s h ow t h a t

B C I R ) ¥ P C R ) .

Th e re a r e s e t s A c R t h a t

a r e n o t i n B C R ) .

Th ey a r e very strange
and o f

n o practical i n te rest i n probability

problems.



4 . 2 0
n.be Somet imes w e n e e d t o d e a l

w i t h a sample space

I = A C I R . (e .g . , Coil]).

I n t h i s c a s e o u r even t space should

b e t h e B o r e l f i e l d o f A : B C A ) .

W e c a n get t h e Bo r e l f i e l d o f BCA)

by "cutting
d o w n

' ' t h e B o r e l f i e l d

o f R . '

BCA) = { FA A : V F E BCR)}

4 . 2 1Probeabilitymeasures

I n tu i t i ve l y : Assigns a n umb e r between

O a n d I t h a t m e a s u r e s

t h e certainty o r "likelihood"
t h a t a n e v e n t w i l l o c c u r .

Mathematically: A s e t f u n c t i o n

P : F → I R

satisfying t h e Ax i oms o f Probability.

4 .i s



Axioms o f Probability

£'PCA)zo,µAe§
4 . 2 2

2 . P C S ) = I

3 . I f A , , A z , . . . , A n E F a n d

a r e disjoint ,
t h e n

PC#Ai) = £ , PCA;)
i s I

4 . I f A , , Az , . . . , A m , . . . E F and

a r e disjoint

P L E A ; ) = ⇒ P C A i ) ,
i = I

4 . 2 3
O t h e r properties o f P C . )

t h a t fo l l ow f r o m t h e ax ioms :

I . P l o t ) = O

Z . P I A ) = I - P C A )

3 , F o r a n y t w o eve n t s

A , B E F

① CAUB) = PCA) + PCB) - P l a n B)

P rod : Exercise,



4 . 2 4

D e f y : A sequence o f s e t s

A , , A z n . . . ,
A n s . . .

i s s a i d t o b e increasing i f

A, C A z C A , C - o o c A n E . . -

a n d decreasing i f

A, 3 A z > A s >
- - - 0 A n 3 . ' '

4 . 2 5

Fa c t : I f A i , A z , . . . , A n i . . .

i s a n increasing sequence
o f
setsithen

1 . i n
n - •

A n = 8 A i
i = l

( A n - II.A i )
I f A , , A z , . . . , A n s . . .

i s a decreasing sequence o f se ts ,
t h e n # n = Mi? A i

n > c s

( A n =#Ai)

"



Fac t : I f A , , A z , . . . , A h , . . .
i s e i t h e r a n increasing sequence
o f s e t s I s a decreasing
sequence. o f s e t s , t h e n

P (tim n→•P(An).
" → •

A n ) = h im

t.fi:1#l"


