
S e s s i o n 3

Re c a l l . . .

2 3 $t h e s p a c e

D e f t : T h e sample space S

i s a non-empty s e t

o f possible o u t c o m e s

o f a random experiment,

f r o m t h e sample space o c c u r s/:÷÷÷"""*#when w e perform a random



R e c a l l . . .

T h e E v e n t s p a c e t l l 2 3 €

D e f y : T h e e v e n t space FCS ) i s

s u b s e t s o f S satisfying t h e÷:÷÷÷÷÷÷÷÷
I . I f - E F C S ) , t h e n t h e F C S ) ,

2 . F o r any
f i n i t e n

,
i f A i c - F C S )

f o r i = 1 , 2 , . . . , n ,
t h e n

U A i E F .I ,

3 . 3
3 . I f A i E F f s ) , i - l , 2 , 3 , . . .

t h e n

YI A i c - F C S ) .

A s e t s o f s u b s e t s satisfying t h e s e
3 properties i s cal led a a f i e l d .

( n i b . I f only I a n d 2 h o l d , y o u
h a v e a f ie ld o f sets.)



Reca l l , i t

tronbabiitymeasur.ee 3 . 4

De f t : A probability m e a s u r e P C . )

(corresponding t o S a n d FCS ) )
i s a n assingment o f a r e a l

n u m b e r P C A ) t o e a c h A c - FCS )

satisfying t h e At f p robab i l i t y

Ax i omso fP robab i l i t y 3 . s

I . P I A ) 2 0
,
F A c - F C S ) .

2 . P l s ) = I .

3 . I f A , , A c - F C S ) a n d A,nAz=¢ ,

t h e n
P F A , ✓ A z ) = P ( A , ) t P ( A z )

• I f { A , , . . . , A n } ( f i n i t e ) a r e isjoi-utCAJAAK.no/ )
j f k

Pty,Ai) = L P l a i d
i = L



4 . I f A , , A z , . . . , A m , . . . C - FCS) 3 . 6

i s a countab le c o l l e c t i o n o f disjoint
eve n t s , t h e n

Pitt, Ac.) = #Plane).

i-l- i s a s e t func t ion .

P C . ) : F C S ) → R .

3 . 7I f w e w a n t t o t a l k a b o u t

t h e probability o f a particular
o u t c ome w o e s ,

w e d o s o by considering
t h e Singleton s e t { w o } c - FCS)

P ( { wo 3 ) i s w e l l d e f i n e d

P ( w o ) i s no t we l l def ined



3 . 8

Examplesofcs.fi#:-
Ex.I- I = { 0 , I }

I = { l o , G , { 0 3 , { I 3 }

,
A = { 0 3

P (A) = {t-d, A = { I }
O , A = Of
I , A = L

where o s d E I .

PCA ) sa t i s f i es t h e ax ioms o f probability.

3 . 9E x . 2 : L e t S b e
any sample space.

L e t F C S ) = { 4 , 1 3

B y t h e a x i om s o f prob., t h e r e i s

only o n e prob. m e a s u r e P C . ) w e

c a n ass ign .'

PCA ) = { I ,
A = L

E~setseoodn.ae?on':AI/and#
B a d nota t ion : 5*3



3 . 1 0
I t fo l l ow s f r o m t h e axioms o f

probability t h a t

P ( d ) = O .

Proofs: S = S U ¢
A 9

disjoint
~ I 1/0 t o

⇒ P C s ) = ① (Solo) = P C S ) t p lol)
-

b
I t poll)

I =

⇒ plot) = L - 1 = 0 ,

3 . 1 1Similarly ,
i t fo l l ow s f r o m t h e

a x i oms o f probability t h a t

P F A ) = 1 - P C A ) .

Proofs: I = A U A-
A 9

disjoint

I ¥2 P C S ) = P ( A u f ) "¥3 PCA ) + P C I )

⇒ PCA ) + P C I ) - I

⇒ pert) = I - P I A I ,



3 . 1 2

Br i e f summar
• Random Experiment ⇒ random ou tcome

• S i s t h e s e t o f a l l possible outcomes,
• Events a r e d e s c r i b e d a s subsets o f S .
• I f A C S

,
w e s a y

t h a t e v e n t A has

occurred i f t h e r a n d om o u t c ome W e s

i s i n A .

• E v e n t s o f i n t e r e s t a r e collected i n t o

t h e eve n t space F C S ) .
F C S ) a lso

i n c l u d e s s u b s e t s generated by t h e closure

properties. Co-field).

• T h e probability t h a t a n e ve n t 3 . 1 3

A e F I S ) o c c u r s i s given by PCA)

① C . ) : F C S ) → R

a n d s a t i s f i e s t h e ax ioms o f probability



3 . 1 4W e n o w t a k e a m o r e d e t a i l e d l ook

I t S , F # µ

sauplespace.SU

intuitively: s e t containing a l l

possible outcomes

o f a random
experiment.

Mathematically: universal s e t

[ s e t o f a l l outcomes.)

3 . I s
E x ± : A f i n i t e sample s p a c e :

I = { w k : K = 1 , 2 , . . . , n }
specifically: & = { 0 , 13

,
I = E H ,T }

I = E l , 2 , 3 , 4 , 5 , 6 }

E x t : A countable sample space :
I = { w k : K = I , Z , 3 , . . . . }

specifically: I N = E l , 2 , 3 , . . . }

#
+

= { 0 , I , 2 , . . . 3

I = { . . . , - 3 ,
- 2 , - l

, O , l , - 2 , 3 , . . . }



3 . 1 6
Z i s c o u n t a b l e b e c a u s e i t c a n

b e p u t i n t o o n e - t o - o n e correspondence
w i t h 1 N :

Z : . . .
,

- 3 , - 2 , - I
,
O

, l , Z , 3 , e , e

I I: : ± : :I N :
I

. . . 7 6 - i -

between the elements of the set and the set of natural numbers.
Notice, the infinite case is the same as giving the elements of the set
a waiting number in an infinite line :).

And here is how you can order rational numbers (fractions in other
words) into such a "waiting line." It's just for positive fractions, but
after you have these ordered, you could just slip each negative
fraction after the corresponding positive one in the line, and place
the zero leading the crowd. I like this proof because it is so simple
and intuitive, yet convincing.

The numbers in red/blue table cells are not part of the proof but just
show you how the fractions are formed. You start at 1/1 which is 1,
and follow the arrows. You will encounter equivalent fractions, which
are skipped.

If you think about it, all possible fractions will be in the list. For
example, 145/8793 will be in the table at the intersection of the
145th row and 8793rd column, and will eventually get listed in the
"waiting line."

See also

What are rational numbers?

What are irrational numbers?

TherationalNumbersarecountable 2 . 2 g

b i I e p
→

•
b -

'

' t
b e

consider 23¥. I t s i t s i n t h e array a t

t h e in te rsec t i on o f r o w 3 1
a n d c o l umn 2 5 5 -

{ 8 . #

" " ' " "' " ' "

a .

o.ro#o?
o.ooo8xIo
O

¥
{

±

consider ¥ss . I t s i t s i n t h e array a t

t h e i n te rsec t i on o f r o w 3 1 a n d column 2 5 5 ,



EX.3- S = ( d i p ) , d , p c - I R , y e p .
3 . 1 8

= { X E R : d e x - P 3

T h i s i s a n uncountable s e t .

[ d i p ] = { X E R : a E x E p }
i s uncountable.

I R = ( - c s , t o o ) i s uncountable.

* L e t d = O a n d p = I

⇒ [ O i l ] i s uncountable.

3 . 1 9
E x ± L e t I b e t h e s e t o f a l l

K - d i m vectors whose coordinate (elements)

c o m e f r o m any o f t h e examples
E x - I - E x . 3

( c a l l t h e " S " o f t h e previousexample A )

S = A X A x . . . × A
i - i

a n t e s , pro, .+

= # A
T E E

Exampies - s t a t e o f a con t ro l system ( A I R ) .
- Length k binary codeword 1 A = { o , 13)
- Length k discrete-time signal
( S - R o r E ) .



3 . 2 0How c a n w e s e e t h a t t h e s e t [ d ,p]
i s uncountable?

← ProveIhis i s
L e t s l o o k a t [ 0 , I ] . uncountable .

Assume [ 0 , 1 ] i s countable. T h e n
w e c a n l i s t

t h e e lements o f [ o , i ] i n o n e - t o - o n e

Note o(d"' dz'" d,'". . .
t h e value o f÷":÷i÷÷÷÷÷

÷÷:÷:÷:"
t h e k i t h

2 £ 0

Ei¥'
j = l- - -

-

, ,

consider t h e

diagonal
: dj'"

f o r j - l , 2,3,... .

3 . 2 1
W h a t a b o u t t h e n u m b e r

~ ~

0 . I dz d , ' ' '
( k )

where I # die C a n t o r
Diagonalization

D I E { 0 , 1 3 Method

s o t h e n u m b e r
~

0 . I did}... = I i did
n

e [ o i l ]
j - - I -

1 3 µ s n o t i n t h e original countable
l i s t

⇒ ⇐ contradiction ⇒ [ o , i ] i s not
countable

i .e . , [ o , I ] i s uncountable -



3 . 2 2

EX.se A s p a c e o f c o u n t a b l e

sequences d r a w n f r o m E x . I - E X . 3

I = A X A X . . . × A x . . .

= I T A = ¥, A = A"
i e I N


