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I . M . 5 . Convergence ⇒ convergenceCpl

n.be P I E I X - u l ? E 3) E E[lXg¥2] = va¥*)

⇒ P ( { I X .n-Alze} ) E E [1*22*1-2]

( m i s - convergence)E [ 1 k¥ 1 2 ] → O
n , "

⇒ P ( E l # n - X I Z E } ) - O (convergence cp))
n → •

2 . convergence (ace)
⇒ convergence Ip). 2 7 . 3

.

Follow f r o m definitions.

C o n v e r s e i s n o t t r u e .

( s e e Papoulis).

3 . Convergence (d) i s "weaker" t h a n convergence

( a .e . ) ,
C m s . ) o r ( p ) '

( a .e . ) ⇒ ( d )

(mis ) ⇒ ( d )

(p) ⇒ r d ) .



4 . ( a .e ) # ( m i s ) 2 7 . 4

( m i s ) § ( a . e . )

n .be T h e bysheu Inequality i s a n

important t o o l when working w i t h

Cmas.) convergence.

ChebyshevInequality: L e t i t b e a R i v .

w i t h m e a n n a n d v a r i a n c e 0 2 < 0 .

Then H E > 0
,

PCEIX.nl ' re}) e f f

Proof-i L e t 9 . ( X )
= tqrc-nzfpr.ir/zez 2 7 . 5

a n d g > ex)
= c×¥2

'" '" ' " '" ' " '" ' "÷::÷¥¥÷÷."
l e t f i n e g i r l - 9,1×1=0,

⇒ E ( lock)) 7 0

⇒ E [ l o c a l ] = E [91*1-9,1*1]=1-[91*1]-Efg,#to

⇒ E - [ g . ( X ) ] E E [921*1]
B u t E [ g . CX)) ← P R I X - u l

E E 3 )

E E gzax)]' I I
i . P f E l k - a l e e } ) E 0¥

B e
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TheWeakofLargeNumb@z7.b
L e t { X i n } be a sequence o f i . i . d Random

va r i ab les w i t h m e a n u and v a r i a n c e 02 .

Define

µ , = In ¥1, K k ,
n e l , 2 , 3 , . . .

T h e n f o r any
E > O ,

P ( E l i n - a l e e3) → 0 a s n - c o .

( i n ↳ u ) .

'Proofy: E [ i n ] = E [ I n ¥ ; * a ] 2 7 . 7

= th I I , E [ X i a ] = I n Cnn ) = u

and
✓ a , , , , , =???:*'gz

¥

{
" " " ' " " "

"
" " " " " "¥"""
¥¥""}

¥m¥÷EI, X ;Ma) = #IEEE.EE,'¥ 7
= I z [n. ( 0 2 t µ ' ) t n C n - l ) µ 2 ]

= . . . = 0=2 t u -

=
t u 2 - (u)-= Ii . Va r c ' Ya ) =

0 2
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Applying t h e chebyshev Inequality 2 7 . 8

t o Tn , w e get

PLEA.-u1ze3) E Vareli = fete
i . P ( E l Y u - u l ? E } ) E ¥2 → O

,
H e > O

⇒ µ , E ) µ a s n - c o •

2 7 . 8

Corollary: suppose w e repeat a simple 2 7 . 9

experiment ( S o , Fo , Po)

many
t i m e s independently.

L e t A E F o
,
and def ine a R V

*
k
£ I a ( w ) = { I ,

w e A

0
, w¢A

o n t h e K- t h repetition o f t h e experiment

N o t e : H , g . . . ,
H

n , . . .
i s a n i . i . d . sequence

o f RVs w i t h

E [X i e ] = E [1,1W)] = PCA)

v a r (X ia ) = o h = ①( A ) ( e - PCA)).
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2 7 . 1 0
De f i n e

r n ( A )
I X.t t#EXn
= t h ¥1 * ← }

r e l a t i v e frequency
w i t h wh ich A

o c c u r s i n n t r i a l s

E [ r n ( A ) ] = E [H,tHzntr--X=]
= ' T (P±P¥I[e%A#= PCA)

Applying W L L N t o r u C A I , w e get

P I E 1 r n CA)-PCA) 1 2 E 3 ) → 0 a s n o w .

f o r a l l e > O - (PCEI r , CAI-MAIL?E E Plainly)→Oa snoo;)

(n.br v a r ( r u i n s ) = PfA){-PCA#.)

2 7 . 1 0

So t h i s says t h a t t h e relative frequency
2 7 . "

r n ( A ) =
( " "

" b e d o f t i m e s A o c c u r s

innindepneudals)

converges i n probability cp) t o t h e

probability PCA) .

r n ( A )
t o PCA) a s n - c o

-



- -27.1 2

a t
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