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Examplen: suppose I make a sequence

o f measurements:

Hk = a t two ,
K = 1 , 2 , 3 , . . .

a = parameter o f i n te res t .

H e = k - t h measurement .

1W, , = experimental e r r o r i n t h e
K - t h measurement

C- [We] = 0 (unbiased measurement).



I f w e c o n s i d e r µ , , . . . ,#n . . . 2 6 . 2

t o b e measurements , w e typically
e s t im a t e t h e value o f a by

i n = th [X, t # z t . . . + H i s ]

I s t h i s a good estimate o f a ?

Hopefully
,

i n → a , a s n a r c s .

I s t h i s t r u e ? I s i t a lways t r u e ?

I s i t e v e r t r u e ?

w h a t do e s Yu → a me a n ?

N o t e t h a t
2 6 . 3

i n =£[X, t . . - + A n ]

i s i t s e l f a r a n d om variable, s o

¥ , I z , i z ,
. . .

,
Mn, . . .

i s a l s o a sequence o f random var iab les

( i . e . , a r a n d o m sequence.)

Q i w h a t d o e s i t m e a n t o a s k i f

Yn → a a s n - c o ?



Defy: A r a n d o m i s e o r a 2 6 . 4

d isc re te- t ime stochastic process

i s a sequence o f r a n d om variables

*
i s . . . ,

Am, . . . d e f i n e d o n CS,F , P).

( I f X i i s a R -V. f o r each

i c - I N , t h e n measurability
i s

n o t a n issue.)

w e o f t e n w r i t e a
random sequence a s

•

{ X u } o r { X u 3 n e w o r { * u3nz ,

• F o r a n y specific
w o e s o f C S , F . P)

H , 'wo) , Hzlwo) , .
. .

,
N n I w o ) , a . .

i s a sequence o f r e a l n umbe r s .

2 6 . 5

Defy: A sequence o f rea l numbers

× , , . . . , X n , . . . i s s a i d t o conveige

t o a
l i m i t × i f , f o r H E > o ,

t h e r e s a n u m b e r h e c - I N

s u c h t h a t

I X , - X I < E
, A n t h e .

" X n→ x a s n → a s "



Given a r a n d o m sequence 2 6 . 6

X , C. ) , A z l e ) ,
. . .

,
Xm l . ) , . .

.

f o r a n y particular c -S , w e have

H, Iw ) , #21W), . . .

,
# n (W ) , . . .

i s a sequence o f r e a l n umbe r s

- I t may converge t o a number # ( w )

- o r
,
i t may

n o t converge.

n ± T h e * ew) t h a t t h e random

sequence converges
t o i s i t s e l f

a f unc t i on o f w ( K e w ) i s a R-V.).

Given a r a n d o m sequence 2 6 . 7

X , C. ) , A z l e ) ,
. . .

,
Xm l . ) , . .

.

f o r a n y particular w e b , w e have

H, Iw ) , #21W), . . .

,
# n (W ) , . . .

i s a sequence o f r e a l n umbe r s

- I t may converge t o a number # ( w )

- o r
,
i t may

n o t converge.

n ± T h e * ew) t h a t t h e random

sequence converges
t o i s i t s e l f

a f unc t i on o f w ( K e w ) i s a R-V.).



G i ve n a random sequence 2 6 . 8

H, I w ) ,
. . .

,
A n 1W) , . . .

m o s t likely i t w i l l converge f o r

s o m e w e b
,
a n d n o t converge f o r

o t h e r w e b .

When w e study convergence o f

random sequences (stochastic
convergence)

w e study t h e s e t A c t f o r which

*
,
(W) , . . . ,

#n 'w ) , . . .
i s a convergent sequence f o r a l l

w e A .

Defy: W e say
t h a t a sequence o f 2 6 . 9

R V s convergeseverywheret ( e )

i f t h e sequences

X , Iw ) , #21W),.. . , #n'w) , . . .
e a c h converge t o a number

X l w ) f o r each w e b .

n i b . no Th e n umbe r * Ice) t h a t each sequence

converges t o 'for e a c h w e b

i s a f unc t i on o f W r

* ew ) i s a R V .

• convergence everywhere i s t o o strong
o r res t r i c t i ve t o b e useful.
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Defy: A r a n d om sequence { X , }

couverges@steverywhere-ca.e.)
i f t h e s e t o f outcomes

A C S such

t h a t knew) 1 % New), W E A
e x i s t s a n d has probaility I :

P ( A ) = L .

O t h e r n a m e s f o r convergence
almost everywhere.

- a l s o s u r e convergence ( a . s . )

- convergence w i t h probability o n e .

W e w r i t e t h i s a s

a *
u

¥ *
"

" P l { X , → * 3 ) = l "

2 6 . 1 1
Deff : A random sequence { I n }

÷¥¥i*m¥"sguare- cms . ,

E [ I X , - * f ) → 0 a s n - c o .

h.be I f w e h a v e the j - pd f o f X u a n d I ,

w e c a n compute

E[ IX ,-Hf ] = § fcxn-xtf~cxn.xldx.de
- a s - i s

s o i n principle, i t i s easy
t o

determine meau-square convergence



2 6 . 1 2

Defy : A random sequence { X n 3

t ÷ E " ¥ ¥ :
H E > O

P l { I X , - * I >E}) → 0 a s n o w .

2 6 . 1 3

DESI : A random sequence { I n }

q-yyigdistribut.in ( d ) t o

Fx, 1 × 1 → f * ex) a s n → c o 1¥)

a t every point X E R whe r e

F× ( x ) i s continuous.
.

(tx): i e . Y E > O
,
F n e e I N such t h a t

I F×n( x ) - Fx ( x ) I C E , Y i n Z h e

f o r a l l X E I R where € e x ) i s con t i nuous .



D e f t : A random sequence { × , }

2 6 " "

connvergesindensity ( d e n )
t o a R .V. X i f

£ , e x ) → f * ( x ) a s n → c o

a t every point x c - R where F* e x )

i s continuous.

2 6 . 1 5

Aren't convergence i n density a n d

convergence
i n d is t r ibu t ion equivalent?

Note
Examplee: L e t { I n } be a sequence o f

R V s having p .
d. f s

f*ncx1=[It c o s I2itnx)]. I [off).
n i b . cig f * , ( x ) 2 0 ,

V x

c s

I i i ) = f fac t ) d x = [(I tcoskanx))d, =
( X t 2¥

sinftnt))}

= I , n = l , Z , 3 , . . .
- a s



Now define 0
,
× s o , 2 6 . 1 6

F ex) = { X ,
X E [ 0 , I ] ,

*
I

,
X > I

a

N o t e t h a t
X 0 , × s o

F*n ( x ) = f fn( d ) d o = {xt # s i n (and), X E [o,i ]
- c o I

,
X > I

clearly f*, e x ) → F*cx l , V x E R

,
I¥÷÷÷÷:*..⇐..

a s n → c o .

2 6 . 1 7B u t f , ex t t o f * Cx)

f a i r ) = d§¥ = 'too!#

a n d

£ ex) = [ I t c o s 2T-x ] . Ico,⇒ (X)

¥ # . ÷
A s n → i s

÷ # *
€ : " # a ,

a s n - c o ,
I . Convergence ( d )

⇒ convergence (den)
.
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However

convergence (den) ⇒ convergence (d ) .

( n i b . T h e integration t h a t conver ts f µ , ex)
i n t o f * , e x ) smoothes things o u t . )

Cauchycriterionforconvergence 2 6 . 1 9

Recall t h a t a sequence o f r e a l numbers

X I I ' i i , X n , . . . converges t o a l i m i t x

i f H E > o
, I n e c - I N such t h a t

I t n - X l < E
,
I n Z h e .

T o u s e t h i s def in i t ion t o determine i f

X , s . . . , Xin , . . . converges, w e have t o know

t h e l i m i t x .



T h e fauchiriterion gives u s 2 6 . 2 0

a way
t o t e s t f o r convergence

wi thout knowing t h e l i m i t x .

fauchyncriterion: I f { * n } i s a

sequence o f remalneumberse a n d

| X n +m -X , I - O a s n - c o

f o r a l l M E I N ,
t h e n t h e sequence converges

t o a rea l n umbe r .

n ± T h e Cauchy criterion c a n b e applied t o v a r i o u s

f o r m s o f stochastic convergence.'

I g . E [ I #m -A n i ] → 0 a s n a r c s f o r a l l
m = 1 , 2 , 3 , 4 . . .

t h e n { A n 3 converges i n mean-squa re -

/ ¥ # ~ # J t 2 6 . 2 1

s e t o fa l l Random sequences


