
S e s s i o n 2 5

Recal l
- C D F s

Random Ve c t o r s - P D F s

✓ -
Marginal pdfs a n d c l e f s

222325.14002
€

- Transformations o f rvecsjj.ie#eental"

• We've considered t w o RVs o n (S,F , P).

• w e c a n extend t h i s t o n R V s

o n C S F , P ) :

K, I w ) , Nz ( w ) , . . . ,
#new).

• We c a n arrange
t h e s e RVs a s

e l emen t s o f a v e c t o r .

( A raundomvector.)



Sta t i s t i ca l Independence o f 2 5 . 2

MultipleRandomiables

Define: T h e random variables I , , , , , ,#n a r e

seuteantisstiff'ffeinsop
mendenth

i s s a "

{ K ,E A , } , { X zEAz3 , . . . , { I n c -A n }

a r e statistically independent, where

A,E B ( IR), AzE B ( R ) , . . . ,
An c -BCR),

f o r a l l Borel sets A , , , , , , An .

2 5 . 3

Equivalently ,

Deft': T h e jointly distr ibuted random

va r i ab les X i , N z , . . . , # n
a r estatisticallyindependent-
iff

f CX., . . . ,Xn) = fµlx,) f*{Xz)... f*, ( i n ) .# i s c c i , # n



2 5 . 4

Recal l t h a t t h e correlation between z s . s

t w o R V s H j a n d Nic i s

Rjk = E [ * j * k )

a n d t h e i r covariance i s given by

Cjk = Ef (¥ . - I ; ) (Kk-K I ) ]

We a r e i n te res ted i n tabulating these
values f o r t h e R ve c

¥ = ( X , s . . . ,
#n )



Defy: Given a R u e c k - CK,,...,Xn) 2 5 . 6

w e d e f i n e t h e corr leationmatrix

R i , R a z . . . R i n

Rz, R z z
o - o Rzn

R± = (:::.:
Rn, R n z . . .

Rn
n)

a n d t h e couaria.
Y.a.tn?-e
C i , C a z ° o ° Can
C z C z z ° o °

Ca
n)G- = (÷

C n , C u z u - • C n n

2 5 . 7I f Hj a n d K k a r e complex RVs ,

t h e n

R;k E E [X ; HE]

Cjk E E (CX;-I;)(Xia-XI#]

n d A complex R V € has t h e

fo rm
I f = X t i Y

'

where X a n d Y a r e j - d is ' t

r e a l R V s . z * = X - i t
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I s . I = (X , , . . . , #a ) n r o w vec to r

E [ ¥ ) E ( E [ X , ] , . . . , E [ I n ] ) = I .
W e c a n a l s o w r i t e

R±=E[¥ t¥ * ]
a n d c±=E[1¥-ETH-EE']
n d f o r a r o w vector I = ( x , , . . . , X , I

X z X , X z X z . . . X z X n±±=[÷÷I÷÷÷÷÷;) o u t e r product'

24 .7
.

I I T = t a x i t X z X z t . . . + X , x ,
( i n n e r product)

opposite o f w h a t w e a r e u s e d t o f o r c o l u m n v e c t o r s .
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Def f : A n n x n ma t r i x B i s

s a i d t o b e non-negativedefinite
i f

£!#Xix#bi; 2 0
i t , ' = ,

f o r a l l complex numbers X , , , , , , X n ,
w h e r e b, , b i z . ' ' b in

B =
(b
z,

b z z . . . b a n

bin, Ina'..
bin).

I f t h e inequality i s s t r i c t ( 2 0 ) f o r a l l

× , , , , , , X , n o t a l l Z e r o
,
t h e n w e say

t h a t t h e

ma t r i x B i s positivedefinite.



Theoremin T h e cor re la t ion matrix z s . i o

R x o f any R V e c ¥ i s

n o n - negative d e f i n i t e .

Proofe:
o g E f l a ,X , t a , # z t . . . a n k h 12]
= E [ I I . ftp.iaiaj#XiXj* ]
= ¥i¥÷ aia,¥E[Kiki]
= £ ! #a.ca#Rij , f o r a l l a , , . . . ,a n d

1=1 j e t ⇒ R ± is non-negative
de f i n i t e 8 1

Corollary_iEeisn@gatudefuee.-
u.b.Cee - R I , I - I -H I , . . . . X I E -X I .

Ch a r . F t h - o f a RV 2 5 . 1 1

L e t ¥ = CH , , . . . , N n ) b e a RVe c .

T h e n t h e characteristic function o f # i s

oI±cw.....,wn) = oI±C1)

E E [e i ( w , # + waltz
t ' ' 'twnkn)]

= E [ e i r e t ]
where

I = ( W , s . . . , W h ) .



n ± L e t 2 £ = X , t # z t ' - - t # n
2 5 . 1 2

T h e n i f oI± love,..., w a ) i s t h e c h a r .

f t h . o f X , , . . . , # n ,
t h e n

§zlw) = E[e iw€ ] = E [ein( * i t#z t---+Xu)]

= E [ i ( w # i t W H - t
- r - t wX,)]

= §± ( w , w , i ' ' , w )

Furthermore, i f * , , . . . , H , a r e s t a t . indep.,

t h e n

Ix!??;-*'nun' - I I , lwil.IT#ziwd...oI*nlwn)
and thus

01=1, = oI*, I w ) -Idw)..io/I*nlw7. A

.IE?iieiiiiis.#iiiiiiiiiii:ii:
n . T h e n I = ( H , , . . . , H a ) i s a

Gauss ian RVec, and X , , . . . , # n a r e

jointTEaussian i f f

z = a o t ¥1, a j X j

i s a Gauss ian R V f o r a l l

d o , a , , . . . , A ,
E I R .



T h e j o in t characteristic
func t ion o f such z s . l y

a Gauss ian R v e c has t h e following f o rm :

oI±'t) - I i i ; i i i " '
=
eitmI.e-IIE.IE

At)
= @i¥1,w i l l ; e-

k¥1,¥IwjwkCjk

where

1 ¥ = ( E [X , ] , . . . , E [ *n ] ) - (M, s . . . . hn )
and
c±=E[CE-matte-'±)]

= [ C j , ] u r n c o v a r i a n c e matrix
o f ¥

1 h . Suppose t h a t I , , . . . , X n a r e

j - Gaussian w i t h char. f a r a f ,

2 5 ' ' s

L e t # =
¥2
1

9 k #is .
w h a t i s distribution

o f € ?

Show t h a t € i s Ga u s s i a n a n d

f i n d i t s m e a n a nd v a r i a n c e

(exercise)

¥ ( w ) =@iwMzetzw2q2
24.l

4



2 5 . 1 6
So w e h ave shown t h e following
important r e s u l t :

theorem: L e t X . ,
N z , . . . , X n b e jointly

distributed, jointly Gaussian random

var i ab les . Then any
l i n e a r combination

# = ¥ , a jX j
j e t

i s a Gaussian random variable, f o r

any 9 , , 9 2 , c . . , A ,
E I R .

couvergeirceofsequeucesofRVszs.it

µ , y
# 2 , . . . )#n , o . .

Suppose I make a sequenceExample
o f measurements:

Xp, = a + IINK ,
K - l , 2 , 3 , . . . .

a = parameter o f interest .

He = k - t h measurement

w e =
experimental e r r o r o f k- t h

measurement

E [ ' w e ] = 0 (unbiased measurement)



W e c o n s i d e r ¥ , s . . . , # n , i e s

t o b e mea s u r emen t s , a n d w e typically
e s t i m a t e t h e va lue o f a b y

% = In [X , t X z t . . - + X u ]

I s t h i s a good estimate o f a ?

Hopefully, Yu → a , a s n o w .

I s t h i s t r u e ? I s i t always t r ue?

I s i t e v e r t r u e ?

w h a t does i t me a n ?


