
S e s s i o n 2 4

2 4 . 1Sta t i s t i ca l Independence o f

MultipleRandomiables

Define: T h e random variables I , , , , , ,#n a r e

%eantissti.ca?
yhein&pmen#issa"
{ K ,E A , } , { X z e A2 3 , . . . , { I n c -A n }

a r e statistically independent, where

A,E B ( IR), AzE B ( R ) , . . . ,
An c -BCR),

f o r a l l Borel sets A , , , , , , An .
-



2 4 . 2

Equivalently ,

Deff': T h e jointly distr ibuted random

va r i ab les X i , N z , . . . , # n
a r estatisticallyindependent-
iff

f CX.,... i n ) = f*,lx,) f*{Xz)... f*, ( i n ) .# I g c i r , # n

2 4 . 3



Recal l t h a t t h e correlation between 2 4 . 4

t w o R V s H j a n d K k i s

Rjk = E [ * j * k )

a n d t h e i r covariance i s given by

Cjk = Ef (X.-I,)lX←-XI)]
We a r e i n te res ted i n tabulating these
values f o r t h e RVe c

¥ = ( X , s . . . ,
#n )

Defy: Given a R V e c I = (Hi,...,#n) 2 4 . 5

w e d e f i n e t h e correlationmatrix

R i , R a z . . ' R i n(R
zi

2 2 ' - " B "
R± =

°: : : . ÷
Rn, R n z . . .

Rn
n)

a n d t h e covariance mat r i x

( z C z z ° o °
Ca
n)⇐ f:÷÷÷

C n , C u z u - • C n n



2 4 . 6
I f Hj a n d K k a r e complex RVs ,

t h e n

R;k E E [X ; HE]

Cjk E E (CX;-I;)(Xia-XI)*]

n d A complex R V € has t h e

fo rm
Z - X + i Y ,

where X a n d Y a r e j - d is ' t

r e a l R V s . z * = X - i t

2 3 - 2 0

2 4 . 7
I s . I = (X , , . . . , #a ) n r o w vec to r

E [ ¥ ) E ( E [X , ] , . . . , E [ I n ] ) = I .
W e c a n a l s o w r i t e

R±=E[¥ t¥ * ]
a n d c±=E[1¥-ETH-EE']
n d f o r a r o w vector I = ( x , , . . . ,X n )

X z X , X z X z . . . X z X n±±=[÷÷I÷÷÷÷÷;) o u t e r product'

I I T = t i x , t h x , + . . . + x , x ,
( i n n e r product)

opposite o f w h a t w e a r e u s e d t o f o r c o l u m n v e c t o r s .



2 4 . 8

Def f : A n n x n ma t r i x B i s

s a i d t o b e non-negativedefinite
i f

£!#Xix#big 2 0
i s , j e ,

f o r a l l complex numbers X , , , , , , X n ,
w h e r e b, , b i z . ' ' b in

B =
(b
z,

b z z . . . been

i. :

bn, b n , ' . '

bin
) .

I f t h e inequality i s s t r i c t ( 2 0 ) f o r a l l

× , , , , , , X , n o t a l l Z e r o
,
t h e n w e say

t h a t t h e

ma t r i x B i s positivedefinite.

Theoremin T h e cor re la t ion matrix 2 4 . 9

R x o f any R V e c ¥ i s

n o n - negative d e f i n i t e .

Proofe:
O £ E [la,X , t azXz t . . - tan#n 12]

E [¥÷¥; a i a f k i H E ]
= ¥i§iaiaj*E[*iXj*]
= ¥÷I¥, a ;a f Rij ,

fo r a l l a . , . . . , a n E e

⇒ Re i s non-negative
definite •

Corollary-i Cx i s non-negative definite.

n a b C±= RE ,
I , - * i t , . . . . ,

Ea - Nn- I n .

2 3 . 2 3



Ch a r . F t h - o f a RV 2 4 . 1 0

L e t ¥ = CH , , . . . , N n ) b e a RVe c .

T h e n t h e characteristic function o f # i s

oI±cw.....,wn) = oI±C1)

E E [e i ( W i # +waltz
t ' ' 'twnkn)]

= E [ e i ze t ]
where

I = ( W , s . . . , W h ) .

2 3 . 2 4

nib. L e t I t = X , t # z t ' - - t # n 2 4 . 1 1

T h e n i f oI± love,..., w a ) i s t h e c h a r .

f t h . o f X , , . . . , N n ,
t h e n

§zlw) = E[e iw€ ] = E [ein( * i t#z t---+Xu)]
= E [e:(WH, t w A z t . . i t w#n)]
= oI± ( W , W , . . . , w ) .

Furthermore, i f * , , . . . , A n a r e s t a t . indep.,

t h e n

Ix!??;-*'nun'- I I ! w.)-I#Luz)... I I . can)
and thus

E l d a r = ftp.cwl.to#zlu)..- Ian I w ) .



÷÷÷iiiii÷#i÷"iii.÷ :
n . T h e n I = ( H , , . . . , H a ) i s a

Gauss ian RVec, and K , , . . . , # u a r e

jointyEaussian i f f

z = a o t ¥1, a j X j

i s a Gauss ian R V f o r a l l

d o , a , , . . . , A ,
E I R .

T h e j o in t characteristic
func t ion o f such 2 4 . 1 3

a Gauss ian R v e c has t h e following f o rm :

oI±'t) - I i i ; i i i " '
=
eitmte-IIE.IE

At)
= @i¥1,w i l l ; e-

'25¥',¥IwjwkCjk

where

the = ( E [X , ] , . . . , E [ *n ] ) - (M, s . . . . hn )
and
c±=E[CIERI-'±)]

= [ C j , ] u r n c o v a r i a n c e matrix
o f ¥



1 h . Suppose t h a t I , , . . . , X n a r e

j - Gaussian w i t h char. A n c*,"'""

L e t # = £ ' 9 k #is .
w h a t i s distribution

k i t o f € ?

Show t h a t € i s Ga u s s i a n a n d

f i n d i t s m e a n a nd v a r i a n c e

(exercise)

2 4 . 1 5
So w e h ave shown t h e following
important r e s u l t :

theorem: L e t X . ,
N z , . . . , X n b e jointly

distributed, jointly Gaussian random

var i ab les . Then any
l i n e a r combination

€ = £ , a jX j
j e t

i s a Gaussian random variable, f o r

any 9 , , 9 2 , c . . , A ,
E I R .



JointGaussianExam : 2 4 . 1 6

R¥{have
s e e n t h a t

f*cxl{Y-13) = f*'¥Y¥
• We a lso know t h a t

f , l y ) =] f *µ Cx,y1dxand

f * , CX ,y ) = f i r l y I { X - x } ) f * e x )

⇒ t.me#i3s=gfiiiiIiiiiii:iI
"

(Bayes Theorem)

Also recalli w e investigated t w o 2 4 . 1 7

estimators f o r estimating
t h e va lue o f X given { Ya y } :

^

Xmmgy) = E [ * I {Y=y3] ,

a n d

^

Xmaply) = arg may {f*cxl{Y=y3)}.

B o t h o f these estimators require t h a t

w e f i n d

f -
*
(X l {Y=y3) .



Exampley: L e t * a n d 1N b e t w o 2 4 . 1 8

z e r o - m e a n
, jointly d i s t r i b u t e d

independent Gau s s i a n RVs ,
w i t h v a r i a n c e s 0×2 a n d 0,2,

* 1 I N
respectively.
N o w consider a n e w R V Y :

X - O t - Y - X t I N

%
Suppose I observe Y-Y. What i s
t h e Min imum Meau-square E r r o r estimator

o f X given {Y=y3?
24.9

X = A 2 4 . 1 9

Y = X t I N

£*, l y , w a ) = E [eilw,#t w a t l ]
= E [el' Cw,A

+ W z C A T IN)]§

= Eff i
l l w i t w z ) # + WIN)] = E[eicwitwzIHJ.Ef@iwzlNJ-
oIaCw.t w z ) . O I , I w z )



Immsly) - ECHL {Y=y3] 2 4 . 2 0

S o I need t o f i n d fµcx/{Yay 3) = fga.fi#.
Y)

w e n e e d t o f i n d T h e j - p d f f a r e , y )
o f H a n d Y i

- E a s y t o show 0,2=0+2+8?

- Also, r × , = E[HY][§,[¥E[Y]
= . . a =

(exercise)

y¥ ,¥

.

24.21Asadet: r × , = co¥*q¥
v a r ( Y ) = G - t % 2 , q = 1 ¥ 9 2

E [ X ' Y ] = E [ * ( H t m l ) ] = E [ X- t * 'IN]

= E a t ] t E [*]?E [IN} = E [ *2 ] - 0 * 2

⇒ COUCH,Y ) = 0×2

r=o¥¥¥ = 9¥, = ¥
= I¥¥ .



f
*
e x l E i t y3 ) = ¥111,1=⇐÷÷÷÷?¥÷÷¥÷;¥
¥t¥¥"'"
=.iq#r-exp {2¥ , [¥7-21¥ t'¥z-a-r-I

¥1}

=.no#.=exp{ I F 1¥-2k¥,
t r 2¥21}

= . i e #=ex r { 2 ¥ 1¥-riff}
= * a ¥ = exp { i ¥ Ex-r¥ i f }

2 4 . 2 3S o w e s e e here t h a t

f*Nl¥'t)-t.io#=expliE.r5lx-rEEyI},
which i s a Gaussian pdf w i t h m e a n

r§¥y a n d var iance 0×41-ra). s o by inspection,

w e have

Imms'' l ' t r¥=Y¥¥¥¥%÷Y=E¥#



Also
,
i t c a n be shown (exercise) 2 4 . 2 4

t h a t

f*cxlEY=y3)=f*¥¥¥
(exercise)

= o a e = Fire't'÷÷÷÷÷:')
i . Innis'll=E[Xl{Y=y3] = r×y{÷y

= . . . =f¥i÷)y

Ein
z u .


