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= % get,y) f , cylx) face) dxdy

§f*h [{gcxiylf.IT dy] d x .

n a
= { f t , ex) E (gcx.im/X=x] D X = . . .

( = E (e l k ) ] . )



e .
a=§°f*cx) E [ g CK,4 ) / X - x ] d x 2 3 . 2

M E
= If#A) p c t ) d t = E× [y ( X ) ] ←

where gets = E [ F I X , Y ) I { * e x } ]

i . E[gck.io)] = Ex ( e l k ) ]
= E [ E y

[gcx.gg/*Jy-note
t h e notation

= E [ E [ g c x . i t / X ]
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Summarizing,w e h a v e 2 3 . 3

E f g exit]=E*[E. [gax.MN]]

I s . T h e terminology " i te ra ted" c o m e s f r om

" i n t e r a t e d integration"
i s

Elgar,'T)] = # * ex)jgcx.yif.ly/E*=x3)dydx-Fgxii#=33

One very important application o f iterated
expectation i s Minimummeau-square
est imat ing
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"E)III.
my = I f g u y , ¥ , i x .Pdx 4

- a s - i s

a

= . . . = f f * ex)§g ( x ,y ' f , cylEX-x3) dy d x

- c o

¥T¥Y¥¥ ea t
= Ex [ E , [gax,Y ) IX]] = Ex[41*1].
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2 3 . 5ii.im?.::is::::st..i:its#rvs
w i t h j - p d f f * , i x . y ) .

• Suppose w e w a n t t o es t ima te the value

o f Y given t h a t w e have observed

{ * = x 3 .

Q : what i s t h e b e s t e s t im a t e o f t h e

v a l u e o f Y given t h a t w e know X = x ?

What d o w e m e a n by b e s t ?
• a r e commonly u s e d e r r o d criterion i s square e r r o r .

⇒ Design t h e est imator t h a t m i n i m i z e s mean-square-error.

2 2 . 9



W e w a n t t o f i n d t h e func t ion Ccx) 2 3 . 6

t o e s t i m a t e t h e v a l u e o f Y given t h a t
w e o b s e r v e X = X s u e t h a t

E=E[ (Y-ca r ) )2 ]
i s m i n i m i z e d .

C l a im : T h e mean-square e r r o r E

i s minimized when

ccxI=E[Yl{X=X3].
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Proofs: E=E [ ( Y- c m ]
- -

=.§§cy-car))-f*, any) t i d y

=,§f*"' (fIcy-ccxsf.f.ua/lxJdy] d r

L e x

E i s minimized i f w e pick a t ) such

t h a t t h e i n n e r integral i s minimized fod

e a c h va lue o f X .



We m i n i m i z e t h e i n n e r integral 2 3 . 8

a s fo l lows ( f o r any particular x ) :

¥ , {[cyicexifficyndy}
= -Z]Cy-ca l ] f , l y K ) dy t o

⇒ [Cy-ccxssf.iq/xIdy=0

⇒ -[yf.iq/xJdy-ccxsffylylHdY =

o f
¥ T ¥ x ] - c a r ) t o

2 2 . 1 2

⇒ c a r ) = E [ T I N A ] , 2 3 . 9

W e w i l l u s e t h e following notation

f o r
the
M U S E e s t i m a t o r

Timms) = E [ ' i l * e x ]

similarly , by symmetry

Inaby) = E [ * I ' i t ty ] (Exercise)



Consider a n o t h e r e s t i m a t o r : 2 3 . 1 0

Image) = a rg mayx { f , l y I x ) }

fairly1×1 MA P E Maximum
Fposteriori
Irobability

t i n
ThIptImis

T h e M A P estimators o f interest a r e

Imap't) = 908 M¥ E f , 4 1 * 7 ) }

Imap''t) - arg mgt {5*1×1Y-Y ) } .
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Papoulis i n t h e reading discussed

t h e L i n e a r M i n i m um M e a n Square E r r o r{" M m s " es t ima to r

, , , , , , , g.....me,

s.
.)- 1

Don't worry abou t t h i s . Yo u

a r e n o t responsible f o r i t



RandomVectors 22321052

• We've considered t w o RVs o n (S,F , P).

• w e c a n extend t h i s t o n R V s

o n C S F , P ) :

K, I w ) , Nz ( w ) , . . . ,
#new).

• We c a n arrange
t h e s e RVs a s

e l emen t s o f a v e c t o r .

( A randomvecutor.)

2 3 . 1 3

← Row Vec to r

.
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L e t D C R " (DEBCR"))

T h e n P ( { T I ED } ) = f f±c±id±
D

=/,pnf¥ I I I . 1pct) d e

= §...§ f ( x , , , , , , X n ) .↳( (X i , . . . ,Xn ) )±
- a - i s

dx , a . . d x ,
= ¥
integration
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