
S e s s i o n 2 2

Reca l l . . .

De f y : G i e n t w o j -d is t R V s * a n d Y , 2 2 . 1

t h e correlation between X a n d Y

i s d e f i n e d a s

c o r r ( X ,Y ) EEGXY];
t h e geofa.n.iq#a, between * a u d i o

i s

C o v (X ,Y1EE[ (X-E ) (Y-E)] ;
t h e correlationficient between
H and Y i s defined a s

r*E%¥,¥



Reca l l . . .

De fy : T w o R V s X . a n d Y a r e 2 2 . 4 2

uncorrelated i f t h e i r c ova r i a n c e

i s equal t o z e r o .

T h i s i s t r u e i f any
o n e o f t h e

following equivalent conditions i s

t r u e :

1 . Cov ( X , Y ) = O

2 - r a y = O

3 . E C # Y ) = E E x ] - E E T ] .

De f f : T w o R V s X a n d Y a r e orthogonal
i f E [ * Y ] = 0 .

Fac t : I f E C I ] s a a n d E E T ] cos,
2 2 . 3

t h e n

I E [ * Y ] Is,/E[¥EE2J,
w i t h equality

-

e f f

Y = a o K g -
everywhere.

f o r s o m e c o n s t a n t A o .

" ¥ : E l e a # -µ , , , , ,

' " e . )
almost

⇒ E [ a 2×2 - z a # Y t Y ' ] 2 0

⇒ E [ * 2 ) a - t E [ Z H I ] a t E E T ' ] 2 0

nab. L . H . S . i s a quadratic equation i n a .



Let's l o o k a t t w o possible c a s e s . ' 2 2 . 4

i d E [ ( a l t -Y T ] > 0

" " " " * ¥ = °

← " w e a r e n o

µ : o < E [ c a r r y5 ) = EAT]a2-ZECAY]a t EET]

µ a

r e a l r o o t s .

⇒ Quadratic h a s n o r e a l roo ts
i n t h i s c a s e

⇒
" discriminant" o f t h e quadratic

i s negative

⇒ "d i sc r im inan t " o f t h e quadratic i s
negative

.gg/
aZ2tbztc=o

⇒ z . . - =

=b¥
¥§"Discriminant "= 52 -4 a c

-

⇒ 4 E-LAY] - 4 E [ * 2 ] . E [ i t ] s o

⇒
(⇐[ * Y ] ) - c E E ] . E [ i t ]

•

dig I f E [ ( a l t -Y R ] t o

⇒ f o r s o m e a = d o ,
t h e quadratic

h a s a single r e a l r o o t .



2 2 . 6

t.V.ua
"discriminant" i s equal t o z e r o ,

⇒ a = 9 0

⇒ Y e a o k
•

Jointcharacteristicfunctions 2 2 . 7

Defy : T h e jointcharacteristicfunction
o f t w o j -d is t R V s * a n d Y

i s

I # ' 4 . w a s I Efeilwitwzily

= I f etilwitwz.pt#cx,y1dxdy
1122

-

2 - D i m . Fourier Transform



n.by I n v e r s e Four ie r Transform Relationship: 2 2 . 8

1*+1×4'-¥,µ§µcw,,w, e-i t " ' " " " du , d u

Note : I.IO#1w)=oI*.wlw,0)
oI.wlw1=oI*.wl0iw).

2 . I f # = a # + B Y

I e Cw) = E [e iwE ]= E[eiwCaXtbY)]
= E [ e i [ c a w ) X

t lbw)Y]]
= o I * , c a w , b w )

theorem ( "Convolution Theorem") 2 2 . 9

L e t X a n d Y b e t w o j - d i s t

statistically independent r a n d om

v a r i a b l e s , a n d l e t E = * + Y . T h e n

Etzlwl = I#Iw). OI, ew).

Proofe: I z ( w ) =E[eiw€] = E [ein#+Y']
= E [ein-ein"] - - - C#)).
= E [ e i w * ] . E [ e i wY ] -
= to

*
I w ) . I , ' " ,



¥ : n.by 2 2 . 1 0

E [e iw*. ein"]=ffeiw×. eiwYf*, i x .yidxdy
R ' µ X I L Y

= f f ein? ein't f a m . f , ey) d x dy
1122

=feiwxfacxldx.fpeiwtf.u
a/1dy1R=ECeiw*].c -[e in" ]

2 2 . I l

Fac t : T h e joint characteristic function
o f t w o jointly G a u s s i a n random

var iab les X a n d Y w i t h j - p d f

Iii"'A⇐o×£,#explain,[¥EIzr"~¥¥#'+HYE]}
""s

oI×fw,,wz) =
@ilMxWitMiWzleIkx2wi2t2rqqwiwz.t q?WE].

Proofu: ( Yo u could prove
th is using t h e definition -

Z D Fourier transform o f a Z D Gaussian.)

T h e following approach i s eas ie r :



2 2 . 1 2
• I t c a n be shown t h a t i f

I = W, X t W z Y , W, ,WzER

a n d X a n d Y a r e jointly Gaussian ,
t h e n

€ i s a G a u s s i a n R V .

• I f € i s a Gauss ian R V , t h e n i t h a s

c h a r a c t e r i s t i c func t ion

§#Iw) = einzw e-{oz'w2

where
N z = W,M y t WzMY

and

I = W,20×2t2rw,Wzqq t Wz20µZ.

2 2 . I 3So w e h a v e

§zIw) = e :W ( M t Wi t h ewa)

-e-I z
w ' (9242 t Z r W,W>E g o t q2w£)

= E [e.
''014*+4"']

. . -

c ¥ )

B u t Ezewywe,= E [eicw,#+Wi i ) ]

= e i ( w i t h + water) e-I [0×242
t 2rqqw.wzt.IE]

•



2 2 . 1 4

Defy: T h e jointmomentgeneratingfunction (mgt)
o f t w o j - d i s t R u s X a n d Y i s

¢*µl51152) E E [es,#tsar],

where s , , s z E I R ( o r S , , s - E E . )

T h i s i s a 2-dimensional bilateral Laplace
t r a n s fo rm .

2 2 . I 5

Momenatoutp
huefered: A ,

E [ * ' e Y" ] c a n b e

c -[ * I i " ] =}}¥g§ (lomu's"⇒ Is,=
o
52=0

=
01*19'"

co,o ) .

Proof-i Straightforward extension o f t h e
o n e - dimensional c a s e . (exercise.)



Condit ional D i s t r i b u t i o n s 2 2 . 1 6=

D E I : L e t X a n d Y b e t w o j-dist. R V s
o n ( S , F , P ) . T h e jointconditional

qq.LY/.saudYconditioned
onLF*ycx,ylm)EPlEXsx3n

{Yey31M)

= P ({XEX3n{Yey3nM)
I .

.

Sometimes, w e c a n describe t h e e v e n t M

i n t e r m s o f X and/or Y .

2 2 . I FExamplee: L e t M E { x , c # 5 × 2 3 .
F i n d F . u a / lM ) .

F , Cy(M) = Fair ly l E x , c#EXz3)

= ① ({YE-131E x , a # E x z 3 )

=.ae#. i : : : : : : : : I
=⇐÷:÷¥÷i:÷

i . f a i l s x . a # e x . D = f*i'¥1¥[¥I¥j#



I f w e differentiate t h i s w . r . t n . Y , t h i s 2 2 . 1 g

becomes

f.ph//Ex,cXsxz3)=2zyFylylEx.aXEXz3)

= . . . = / f a r i x .y ) d x÷i÷. . .-*
O f particular i n te res t i s t h e c a s e o f

fycy/{EX 3) = him f.ua/lEXcXExt0X3)
0 × 3 0

S o w e u s e i t ) and t a k e

X , = X

X z = X t O X

2 2 . 1 9

f , ly I { x a X s x t o t 3)'¥ §¥ , c a ,y i d d
T h e n

t.ge#yf*x)a n d

£ , Cy/EX-X3) = ! Ingo f , l y I E x c K e x t o r3)

⇒ ⇒ ÷÷i÷÷÷¥÷÷,

= ÷i÷i÷÷÷i±±
= f*¥I¥
where¥ f ( x ,y ) = f * , e t ,y ) .

.



2 2 . 2 0

Similarly, by symmetry

÷÷:i÷÷÷÷i÷
÷÷÷÷÷÷÷÷

±.
f * I x I E TEy3) = fac t l y ) = fex l y )

f i e CyI { * ⇒ 3) = f ; Cy I x )
= f l y I t )


