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theorem ( "Convolution Theorem") 2 1 . 3

L e t X a n d Y b e t w o j - d i s t
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2 1 . 5
Fac t : T h e joint characteristic function
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T h e following
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• I t c a n be shown t h a t i f 2 1 . 6

E L = W, # t w o Y , W, ,WzER

a n d X a n d Y a r e jointly Gaussian ,
t h e n

€ i s a G a u s s i a n R V .

• I f € i s a Gauss ian R V , t h e n i t h a s

c h a r a c t e r i s t i c func t ion
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Defy: T h e jointmomentgeneratingfunction (mgt)
o f t w o j - d i s t R u s X a n d Y i s

¢*µl51152) E E [es,#tsar],

where s , , s z E I R ( o r S , , s - E E . )

T h i s i s a 2-dimensional bilateral Laplace
t r a n s fo rm .
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Momenttheorem: E [ * JeYK] c a n b e

computed a s

E [ * Joi"]=}÷¥§. (4*+15.si))
51=0
52=0

=
01*11'"

co,o ) .

Proof-i Straightforward extension o f t h e
o n e - dimensional c a s e . (exercise.)
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Condit ional D i s t r i b u t i o n s 2 1 . 1 0=

D E I : L e t X a n d Y b e t w o j-dist. R V s
o n ( S , F , P ) . T h e jointconditional
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Sometimes, w e c a n describe t h e e v e n t M

i n t e r m s o f X and/or Y .
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I f w e differentiate t h i s w . r . t n . y , t h i s 2 1 . 1 2

becomes

fycytsx.cl/sxz3)=2jyFylylEx.aXEXz3)

= . . . =
§ff*µ i x .y ) d x

¥ 7 , 2
- - -

Ct)

O f particular i n te res t i s t h e c a s e o f

fycy/{EX 3) = l ine f.ua/lEXcXExt0X3)
0 × 3 0

S o w e u s e i t ) and t a k e

X , = X

X z
= X t D X

f , ly I { x a * s x t o t 3)'¥ §¥ , c a ,yI d d
" "

÷*÷*.""
a n d

£ , Cy/EX-X3) = ! Ingo f , l y I E x c K e x t o r3)

= / i m

....:÷i÷
÷¥::÷÷.
- ÷ . . ÷÷:÷÷::÷÷:÷
= ¥11,4
where ¥ f I x ,YI = f a i r v s y )



# 2 1 . 14

÷÷÷i÷÷÷
÷÷÷÷÷÷:
÷÷÷÷

÷÷÷÷÷
⇐.

F* C X l E Y = y3 ) = f * C x l y ) = f c x ly )
f µ i y l E H - x 3 ) = f , cy 1x ) = f r y l X )

2 1 . 1 5

n.be G i v e n t h a t

f*cxlEY=y3) = fxxg.fi#=fiu4f?ggH*=

a n d
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i t fo l lows t h a t

5-
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[f.ua/lEX=d3)f*casda

(Bayes'Theorem)
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- a m e r e

= ] f *cx ) p ix ) d i = E * [ q ( X ) ]

where p ix ) - E [gcx.FI/EX=x3]

. ' . E [gcx .t l ] = E* [ e l k ) ]
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