
S e s s i o n 2 1

Recall...

2 1 . I

theorem. L e t X a n d Y b e t w o

j - d i s t ,
independent R V s wi th

marginal pdfs f * ex) a n d frey),
respectively. T h e n t h e pdf o f

t h e i r s u m # = K t Y i s

given by t h e convo lu t ion

fzcz) e ( f * # f , ) ( z )

= [facxlf.plz - x ) DX

= f f , ey) facz-Y) dy.
- i s

19.19



Exampled: L e t X a n d Y be t w o j-dist 2 1 . 2

independent exponential RVs , both
w i t h m e a n µ . L e t

# = * + Y .

F i n d f z c z ) .

f zcz ) = f) fiery) f * ez-y) dy

=.fi#erpHu)oIaiib.tuexp
f'IiI)EofFPdy=ffutzexp( E ) dy = I E exp ( F ) 'Ica'?' .

Tw o f u n c t i o n s o f t w o R 2 1 . 3

Given t w o R Vs H and Y wi th j -pdf
f*µ Cx,y), and given t w o n e w R V s

Z - g ( X . Y ) ,

W - h ( X ,Y ) ,

w e w a n t t o f i n d few I Z ,w ) .

We w i l l s t a r t by finding f e w l a w ) ,

t h e jo in t e d f .



Fz,wlZ,w) = P ( { E E - 2 3 1 { N EW } ) 2 1 . 4

= p ( { ( X ,Y ) E D z w 3 )
where

Dzw E {ex,.pe/R2igcx,y1EzandhHiy7Ew}

' !
Fzw (Ecw) = f ) f *µ c x ,y ) dxdy.V-z.wc.IR

Bzw
a n d t h e n

fzawcziw) =
d2€jwz}]#

.

2 1 . 5

÷±÷e÷÷÷÷÷:÷÷÷÷....".ru.
w i t h j - p d f f * , Ix,y). L e t

Z = g CH,Y ) a n d W - h ( * i t ) , a n d

a s s u m e t h e functions get,y) and Why)

satisfy t h e following cond i t i ons :

( 1 ) T h e equations z=gcx,y) and w e hurry) c a n
b e uniquely (simultaneously) solved fo r × andy
i n t e r m s o f Z a n d W .

( 2 ) Th e partial derivatives 22¥,22¥,¥z,¥w

e x i s t a n d a r e continuous.
• • o



(Theorem continued)
2 1 . 6

T h e n t h e j - p d f o f Z and W i s

fzuftiwl-fxylxlz.ws,-117W)))}{¥¥),

wh e r e t h e Jacob ian is t h e d e t e rm i n a n t

2¥ Fu'si:#¥ f- 2¥-It - I I . 2¥.
2 z

22%

Proofs: S e e Papoulis

2 1 . 7
Example: L e t X and Y be t w o

z e r o - m e a n i . i .de (independent, identically

distributed) Gauss ian R V s , both wi th
v a r i a n c e 0 2 :

1×+1×41 = facxl.f.ua/1=z'Fozexpf-lx2ztoYzI}.

L e t R E 1 * 7 2 a n d HOE tan' l 'T,X)

F i n d firo' r io t .

TEE'"r = 1 ¥ 1 2 ,
o = tan''ly,x )

X l r , O ) = r cos-0

yer, o ) = r S i n o



2 T c o s o - r s i n - 0

|
2 1 . 8

HEH, -1¥.is?l=lsmorcoso-
=rcos2otrsin2o=rlcosIEf)
= r

i .
ftp.or.ot-f.wcxcrioi.ycr.otl/JYi#I

= ¥0-exp{-lr%s2%to[sm2} . , , ,
= E . exp { 2 ¥ 3 . 'airs', '÷.IE's

2 1 . 9" I f , c r i =-§ ftp.o.ir.-I d o
I

=¥¥oetpfz¥)-Iain! d o

= ⇐ exp(Io)-'to.is! -

① l o t = ? (exercise)



W e c a n loosen t h e constraints ( I ) 2 1 . 1 0

and ( z ) o f t h e l a s t theorem. . .

theorem: l e t X and Y be t w o j-dist R V s
w i t h j - pdf f *µ i x .y ) , a n d l e t

Z=glX,Y) a n d W - h CK ,Y ) .

T o f i n d fe z , I z ,W), w e m u s t f i n d

a l l r e a l solutions CXn,yn) such t h a t

gcxn.tn) - Z and hen,yn) - W ,

f o r n = 112, i i . , N o

2 1 . I 1t h e n

fzwlz.ws = ¥ , ( Y 'Zin'sY i'Z ,w))) 221¥14,/
+ . . . t f * , N , I z ,WI,Y , H ,w)))2%1,14 /

= NI' f a , I x n I z ,wt,Yn ' ZND' I224¥14).
h = I



Auxiliaryvariables 2 1 . 1 2

• Sometimes, w e w a n t t o f i n d t h e pdf o f

Z - g CK,Y)
when f * , i x .y) i s given.

• I t ' s o f t e n e a s i e r t o u s e t h e d i rec t

technique ( H , Y ) 1 0 (EL, 1W) t o f i n d

f z ( z ) .

• B u t w e only have o n e R V € .

w h a t d o w e d o ?

2 1 . 1 3
• Yo u introduce a n (arbitrary)

aux i l i a r yR
I N - h CK ,Y ) .

• T h e n you f i n d few l a w ) using t h e

d i r e c t p d f method.

• Then you integrate o v e r w t o get fzcz):

felz)=§fzµlz,w ) d w .

H ow d o yo u pick t h e a u x . R V 1W - h CK,' i )?



2 1 . 14Popular cho ices i nc lude

W = X o r W - Y

o r I f € = 1 × 2 = 2

o r I = g
( X - + Y 2)

Y o u c a n pick
1W = tacitly, x )

I n general , i t c a n be trial-on-error guessing.

2 1 . I sJointMomentsy

Given t w o R V s X a n d Y and a R V

# = g ( X , " ) ,

w e k n ow t h a t

E [ZE]=,§zfzlz) d z . .

I t i s o f ten eas ie r t o express EEE]
i n t e r m s o f f * , NY) a n d gay ) .



2 1 . 1 6

theorem: G i v e n t w o j-dist R V s *
a n d Y w i t h j - pdf fault ,yl , a n d
a n e w R V z= gCX ,Y ) , w e
c a n compute

E[Z]=E[g lx .t l ]
=§§gcx,y) -1*+1×41 dady
- A - A

Proofs: (Outl ine) 2 1 . 1 7

L e t ODz I { ( x . g)E R ? zcgcx.gl E Z t o z }

O D z

t.FM#Igx
Then f o r e a c h differential element i n t h e

R iemann integral

EEE ] = §zfzcz1dz
- i s

t h e r e i s a corresponding ODE i n t h e

Xy -plane



A s d z c o v e r s t h e who le r e a l l i ne , 2 1 . 1 8

t h e corresponding O D z c o v e r s

t h e w h o l e x - y plane i n R ?
T h e s e OD z d o n o t overlap.

[zfzcz) d z =-[[get,ysf*, ex,y7dxdy
- i s

i . w e c a n compute E[gCH,'M]
a s

E[gc*,'m] = I f gcx.ys.fi#ix.y1dxdy
- i s - i s

•

2 1 . 1 9Linearityoffxpectation

L e t * a n d ' i l b e t w o j-dist R V s w i t h

j - pdf f * µ key ) , a n d l e t

g .
' * i t ) , ga l# i t ) , . . . , g , I X . i t

b e f u n c t i o n s o f X a n d Y .

T h e n f o r cons tan ts & , , d z , . . . , d u ,

E[¥÷,dug,#it]=÷¥qE[g.Wi t ] .
Proofs: Exercise

2 0 . 1 5



De f y : G i e n t w o j -d is t R V s * a n d Y , 2 1 . 2 0

t h e correlation between X a n d Y

i s d e f i n e d a s

c o r r ( X ,Y ) EEGXY];
t h e covariance between X a n d Y

i s def ined a s

C o v (X ,Y1EE[ (X-E ) (Y-E)] ;
t h e correlat.ci#fficieut between

H and Y i s defined a s

r*E%¥,¥

2 1 . 2 1n.by - I { E , E ' t

f a c t : I f * a n d Y a r e statistically

independent, t h e n r * µ = 0 .

Proofs: (Exercise).

B u t , t h e c o n v e r s e i s n o t t r u e !

T h e r e i s a
special c a s e whe r e

r × , t o ⇒ * I N

when X a n d T a r e jointly Gaussian.



2 1 . 2 2
I n t h i s c a s e r * , = r i n t h e

j -Gauss ian p d f .

f .* 'xip-z.to#,zexpfiEf%11-zrHMzY1It4fYI]}L.

z ¥ q exp { ' I [ '¥112 t '4%11]}
t.si#expE-EEiI3i..=ePE'EE3

= f a c t ) - f , ay)

⇒ X I L Y

Define: T w o R V s X . a n d Y a r e
221.12153

uncorrelated i f t h e i r c ova r i a n c e

i s equal t o z e r o .

T h i s i s t r u e i f any
o n e o f t h e

following equivalent conditions i s

t r u e :

I . Cov ( X , Y ) = O

2 - r a y = O

3 . E C # Y ) = E E x ] . E [ Y ] .

De f f : T w o R V s X a n d Y a r e orthogonal
i f E [ * Y ] = 0 .



2 1 . 2 4

X a n d Y a r e uncorrelated b u t n o t÷::÷÷i÷÷÷÷independent:

D e f i n e Y = / N / C Y i s not normal.)
(exercise)

C -[ * ' i ] - E [ X . 1× 1 ] = O ⇒ r i , = 0

c o v ( H i v ) = E[¥]° - E¥%E[Y] = O

i . H and Y a r e uncorrelated

B u t clearly ' Y and H a r e n o t independent.

( Y = 1 * 1 )

Fac t : I f E V ] s a a n d E E T ] cos,
t h e n

| E [ * Y ] Is,/E#EiE2J,
w i t h equality

-

i f f

( a . e . )
almost

Y = a o X g -
everywhere.

f o r s o m e c o n s t a n t A o .

Proofs: E ( (ax-"5] 7 0

2 1 . 3


