
S e s s i o n 2

= L . . .
2 . 1T h e r e a r e 3 fundamental s e t operations

w e h a v e j u s t d e f i n e d :

Union : A U B E { W E S : W E A o r WEB}

intersection: A-ABE {web: N E A a n d WEB}

Complement: f t E { W E S : wet A }

Th e s e a r e t h e th ree fundamental s e t
operations

,
b u t t h e r e a r e t w o o t h e r

" s e t d i f f e r e n c e operations" t h a t a r e

s o m e t i m e s u s e d :



Recalle . . .

2 . 2Define: A n i n d e xe d co l lec t ion o f

s e - t i s a s e t o f s

{ A i ,
i c - I 3 ,

where I i s a n i n d e x s e t .

l ' s '

• s o { A i ; i c - I } i s a s e t o f s e t s

o r a "family o f s e t s " o r a "collection
o f sets,"

Recally . . .

SomeTypical indexsetst 2 . 3

I N = { 1 , 2 , 3 , . . . } = natural numbers .

I t = { O , l , 2 , i . . } = n o n - negative integers

0 € = { . . . , - 2 , - I , O , l , 2 , . . . 3 = integers

I n = { o , l , Z , . . .

,
n - I }

I R = C- • , t o o ) = r e a l l i ne



W e a r e i n te res ted i n t h e " s i z e " o r
2 . 4

cardinality o f s e t s :

D e f i r : A s e t i s f i n i t e i f i t h a s

a f i n i t e n u m b e r o f e l emen t s .

( i .e . , i t s e l em e n t s c a n b e put
i n o n e - t o - o n e correspondence with

t h e numbers 1 , 2 , . . . i n f o r

s o m e natural numbe r n .

D e f y : A s e t i s i n f in i te i f i t i s n o t

f i n i t e .

2 . 6

22.902I n f i n i t e s e t s c o m e i n t w o

v a r i e t i e s :

countable a n d uncountable.

Define: A n i n f i n i t e s e t i s countable
i f i t s e lements c a n b e p u t i n
o n e - t o - o n e correspondence w i t h
t h e n a t u r a l (counting) numbers

I N = { I , 2 , 3 , . . . } .

De fy :

µ .

A n i n f i n i t e s e t i s uncountable
i f i t i s n o t c o u n t a b l e .



I g .
T h e following a r e examples
o f uncountab le s e t s . .

2 2 * 0

• I R = C - c o , t o o )
• [ O , I ] a n d ( o i l )

• C a , b ] ,
[ a , b )

,
C a , b ] , C a , b)

Ha , b E R such t h a t a < b .

2 8

We n o w expand t h e def in i t i ons 2 2 * 0 5

o f u n i o n a n d intersection beyond simple

binary operations:

Define: Given a n i n d e xe d family o f s e t s

{ A i ; i e I 3 ,

t h e un ion o f t h e s e t s i n t h e family i s

U A i I { W e s : w e A i f o r a t l eas t o n e
i c -I }

i c -I

t h e intersection o f t h e s e t s i n t h e family i s

A A i I { W E S : W E Ai f o r a l l i c - I }
[c -I

2 .9



2 . 8
Define: I f G c s and { A i ; i e I }

i s a family o f s e t s ,
t h e n i f

U
i @ I

A i = G

w e s a y t h a t { A i ; i c - I } i s

colle-ctivelyexhaustive o v e r G .

Def i r : A family o f s e t s { A i ; i e I }
i s disjoint i f

A-i n A j = ¢ , H i , j c - I

s u c h t h a t i t , ' .

2.10

2 . 9

D e f f : I f G c s a n d

{ A i ; i c - I } i s a family sets,

t h e n i f

iv.[A i = G

w e s a y t h a t { A i ; i E I } i s

c o l l e c t i v e l y o v e r G

Defne: A family o f s e t s { A i ; i c - I 3
i s d i s j o i n t i f

A-i n A j - lo , t i , j c - I
such t h a t i t j .

2 .1 1



2 . 1 0Defy.' A family o f s e t s

{ A i ; i e I 3 i s a

partition o f 1 i f i t i s

disjoint a n d collectively
e x h a u s t i v e o v e r S

.

N I E A , ; E I } i s a partition o f

G c s e i f i t i s disjoint a n d

U A i - G .
i E I

2 . 1 1

F a c t : L e t { A i ; i c - I } b e a

partition o f S .

D e f i n e

B i I A i n G ,
i e I

whe r e G C S .

Th e n { B i ; i c - I } i s a partition o f G .

Proofu: Homework

2 .1 2



2 . 1 2IIabilittpacest
probabilityspace ( S , F , P ) i s

a t r ip le made u p o f 3 e l emen t s :

I . Sample space S .

2 . A co l l ec t i on o f e ve n t s

( subse ts o f S ) F ( S )

3 . T h e probabilities P A ) f o r

e a c h e v e n t i n t h e event space

P : F C S ) → [ o , I ]

2 .1 3

22£36t h e s p a c e

D e f t : T h e sample space S

i s a non-empty s e t

o f possible o u t c o m e s

o f a random experiment.

Oueaudoutouto
my
(fr
om

t h e sample space o c c u r s

when w e perform a random

e x p e r i m e n t

214



T h e E v e n t s p a c e t l l 22 :10

D e f y : T h e e v e n t space FCS ) i s
a nontol lect ion o f

s u b s e t s o f S satisfying t h e
following c l o s u r e properties:

I . I f A c - F C S ) , t h e n t h e F C S ) ,

2 . F o r any
f i n i t e n

,
i f A i c - F C S )

f o r i = 1 , 2 , . . . , n ,
t h e n

U A i E F .I ,

2 .I s

2 . I S
3 . I f A i E F f s ) , i - l , 2 , 3 , . . .

t h e n

YI A i c - F C S ) .

A s e t s o f s u b s e t s satisfying t h e s e
3 properties i s cal led a a f i e l d .

( n i b . I f only I a n d 2 h o l d , y o u
h a v e a I e l d o f sets.)

2 .1 6



2 . 1 6

W h a t a b o u t i n t e r s e c t i o n s ?

Proofy! L e t A , B E F . t h e n

A n B = (A r i f )
= f u t z ⇐ F ( D e Morgan)

s ince I c - FCS ) ( c l o s u r e Prop. I )

B- c - F C S ) (c losu re Prop. I

A- U B- c - F C S ) (c losure prop. 2 )

FUTTE F f s ) (c losure Prop. I )

B u t A t o p = A o b a

2 .1 7

2 . 1 7
I t f o l l o w s f r o m t h e c l o s u r e

properties t h a t do, S E F C S ) .

Proofe: suppose A E T T S ) (FCS) is non-empty)

t h e n A- E FCS) (prop. I )

Fur thermore

I = A U F c - FCS ) c prop-z)

I - of c - F C S ) p r o p . 1 )

i . § , I c - F f s ) .

2 . 1 8



troubabilitymmeasure 2 . 1 8

De f t : A probability m e a s u r e P C . )

(corresponding t o S a n d FCS ) )
i s a n assingment o f a r e a l

n u m b e r P C A ) t o e a c h A c - FCS )

satisfying t h e Atofeprobability

2 , 1 9

Ax i omso fP robab i l i t y 2 . 1 9

I . P I A ) 2 0 , F A c - F C S ) .
i

2 . P l s ) = I .

3 . I f A , , A z c - F C S ) a n d A,nAz=¢ ,

t h e n
P F A , ✓ A z ) = P ( A , ) t P ( A z )

• I f { A , , . . . , A n } ( f i n i t e ) a r e isjoi-utCAJAAK.no/ )
j f k

Pty,Ai) - ⇒ P l a i d
i = L

2 . 2 0



4 . I f A , , A z , . . . , A m , . . . C - FCS) 2 . 2 0

i s a countab le c o l l e c t i o n o f disjoint
eve n t s , t h e n

Pitt, Ac.) - It, P l a n e ) .

n.be PC . ) i s a s e t func t ion .

P C . ) : F C S ) → R .

2 . 2 1


