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I f w e c a n h a v e o n e - R V d e f i n e d o n

( S , F , P ) , why n o t two?
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1 9 . 2We c a n t h i n k o f a pair o f R V s

o n l S , F , P ) a s mapping S t o a

point i n t h e plane 1122:

( K C ) , Nc. ) ) 1132

O÷:i¥E¥:#
" ' "

'" " '

(XC . ) , Nc . ) ) : I → R '

ComplexRandomVariable 1 9 . 3

Given a pair o f rea l R V s X a n d Y def ined

o n ( S , F , P ) , w e c a n def ine a

complex R V a s f o l l o w s :

X l . ) : S → I R , ← Real part

Y c . ) : S → R . ← Imag pa r t

De f i n e a complex R V € a s

I = H t i ' t ( E c . ) = K c . ) t i Ye . ) ) .

T h e n E : S → ¢
R e E E 3 = I t

I m E z 3 = 7

F E E ] = E [ K t i n ] = E E K ] t i E E ' d ] .



We c a n t h i n k o f a pair o f R V s 1 9 . 4

o n l S , F , P ) a s mapping S t o t h e

complex plane 1 C :
C E

:⇐÷¥i÷'i r e
* Iwialtitewd

# ( o ) = X l . ) t i MC.) : S ' C l .

1 9 - S

• Although w e k n o w 5×1×1 a n d f , ly)
fully describe t h e probabilistic behavior

o f X a nd Y separately
, they d o n o t

( i n general) charac te r i ze t h e j o i n t
probabilistic behavior o f X and Y.

• Cons ide r t h e s e t D c 1122. D E B (1122)

w e w i l l a s s u m e t h a t D c a n b e written

a s a c o u n t a b l e union o f open rectangles
a n d t h e i r complements i n 1132

^

'III.← open
rectangle

OpenRectang ¥±¥osed rectangle .



D E ① (1122) = {
T h e smal lest o - f i e l d 1 9 . 6
containing a l l open
rectangles i n R ?

1311122) = o f { a l l open rectangles})

w e would l i ke t o compute t h e probability

o f t h e event

{ ( X i ) ED } - { w e s : (Xlw),'Yiwl) ED} .

Knowing F* A l and Frey) i s not sufficient

t o d o t h i s .

1 9 . 7
Defy : T h e j o i n t e d o f t w o

R Vs def ined o n CS, F , P ) i s

t h e probability o f t h e event

{ H e x } n E t s y } :

F * , w i l l I ① ( { * E x 3 1 { Y E y 3 )

= ① ( { W E S : * cu tE x } A {west'Ycussy
3)

W e specify f * , i x .y) f o r a l l I X .YIEIR?



We c a n t h i n k o f F*, CX,y) a s 1 9 . 8

T h e probability t h a t ( X , Y ) f a l l s

w i t h i n D , I X . y ) :

#÷¥÷..A
D.any)= {Id,p)ElR2: a e x a n d p s y }

We w i l l u s e t h e shorthand notation 1 9 . 9

"

{ * ⇐x ,' i s y 3 " ={XEx3nEYey3.Proper-
tiesoftheJointCDF@IFayl-
os.y) t o and f * , CX,-as) t o

F*µ ( t i n y ) = Fµcy) and Fa y (Xmas)
= fact)

Fa y ( t - , too) = I

i . I f I k n o w f a i r Cx-y) ,
I

c a n f i n d fac t ) a n d fiery) .



1 9 . 1 0

Z P ( { x , < H E x z 3 n { 'itsy})
= Fay Hay) - F a y exisy)

and P ({X¥y, <YEyz3T
= Fa y (xyz)-Fa , (X i x ) .

#¥t##÷÷''

I 9 . I ls im i l a r l ' l
p gq * e × 3n { y , a Y E Y2 3 )
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Deff : T h e joint pdf o f t w o R V s 1 9 . 1 3

X a # f i n e d o n ( S ,F , P )
a n d having joint c d f F a , Chy? i s

÷:÷÷÷÷÷÷÷÷÷
÷÷÷÷÷
(" I f)f) f *µ Heyl dxdy = 1

(i i i) §§f*, captdddp-E.my)



19.14
( I v ) F o r any DEBC I R ? )

P({CX,YJED3) = Sffayanyidxdy
D

= I f f * , i x . y) • Ipccx,y)) dxdy
1122

T w o R V s def ined o n t h e s a m e r a n d o m

experiment I I . F , P ) a r e calledjointly
distributed

They w i l l have a j o in t c d f
a n d a

j o in t pdf i f c o n t i n u o u s o r a

j o i n t pouf i f discrete.

1 9 . 1 5I f f *µ i x .y) i s t h e j o in t pdf
( j - pd f ) o f t w o j - d , ' s t R V s H a n d Y,

t h e n

f * A ) = / f a i r
( x . y ) dy÷ .

f .i l y ) %f**Cx,y) DX

These t w o pdfs a r e cal ledmarginal

pd-fs o f X a n d Y .



D e f f : T w o jointly d is t r ibuted R V s

X a n d Y are joint ly Gau s s i a n i f

t h e i r j o i n t

pdfcj-
pdfgis.fm""""

t h e f o r m

¥1"'ll-aol.nl#expziEIEIIzrHtfIEI.I'tHoYI]},
w h e r e M x , M y E R ,

- - -At )
Q , q > 0

,
-

a n d
- I { r E I . C - I < r < I f o r pdf t o exist.)

1 9 . 1 7
n.be I f X a n d Y a r e j-Gaussian,

t h e n

f*Cxl=§f*µcxiy) dy =¥qe×p{-12M¥12}
- c o

a n d

f.ua/1=fIf*.ycxiy1dx=y#qexpf'YzIqL2}.

Th e c o n v e r s e i s n o t t r u e . (see Papoulis foreg.)
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