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Recall...

E x . z consider a Po i sson R V X 16.1
w i t h pouf

p*Ck) = p , , = P ( { * =k3)

= E|¥k ,
k e 0 , l , Z , i e . g

h > O .

meat : ear]=¥÷±e¥i."-¥i¥e¥÷!
= n e ' II.tt#,=uetIoeuI:-u.b.m=k-t.

= E ' - u - e " = I T



variance: ✓ a r ( H ) = E [ ¥ 2 ] - C E E ] ) ' 1 6 . 2
=

¥ 1 - u -
• HEFEI'÷e÷÷. -Ei.'¥e¥÷÷,s o

÷¥I¥E÷÷.sm
÷±

s - K - l ⇒ k - s t 1

= uzi.se?.stnEi9II
= i t . U t u . I = n - t e l l

i . v a r ( H ) - u - t u - µ2=111

S t Dev ( H ) = E x t = X I

ThecharacteristicFunction 1 6 . 3

Define: L e t * b e a R - V . o n ( S , F , P ) .
T h e chaaracteristifunction o f X

i s
f -
*
(w) E E [eiw*], W E I R ,

I f f * Cx) i s t h e pdf o f X ,
t h e n

I
*
cut = fe i ' f # k i d s .

- c o

#
*
w ) : R → E .



16.4
#

*
I w ) =,] f*cx1etiw× d x

i s a Fourier t r a n s fo rm o f t h e pd f # (x).

n .be ,
i = I T . Engineers often u s e " j "

i ns tead o f " i " , b u t

w e w i l l u s e " i " ,

16.19

1 6 . 5F-
*

ow l = f f*ix1etiw×d× }
¥ .

eiwx-coswx-
I.es#Eulers formula)

e io = c o s t + i s i n 0 pau l J . Mahin, D r .

s e t o u t ⇒ eitt') sina.is#ui::I:I.(
⇒ e i t t 1 = 0

Als? n o t e f r o m Euler's formula

c o s o = e[¥° and s i n o = e¥¥°
f
. From which i t i s easy t o d e r i v e m a n y t r i g formulas.

c o s I c o s @ = { [ c o s (d-p) + c o s ( d t p ) ]
.

S i n L S i n B = n - -

,
c o s d . S m p = - a - g



Anyway, w e h a v e 1 6 . 6

E [ein
*
] = E [ c o s w K t i s i n w k ]

= E [cosw k ] t i E [ s inWH]

" ± lo t* will = I [faneiwxdxfeflf.me:'(da
- c o -

= / I #A l l . l e i ' I d x § fac t ) d x = l .
- i s- [ I I I I t

⇒ / oI*iwi/ s I *

1 0 1 = 1 .

i . I l u ) i s we l l def ined f o r any A c t )

T h e r e i s a corresponding inverse 1 6 . 7

Four ie r t r a n s f o r m relationship:

f*cxI=z÷f]oI*iw)e-
E v e n #* I w ) , w e c a n f i n d f * c x ) ,
wh i c h i s a complete probabilistic

description o f X

⇒ #* (w) i s a complete probabilistic

description o f X .



Fact: Suppose Idw) i s k n ow n t o b e 1 6 . 8

t h e characteristic f u n c t i o n o f

R V × a n d R r Y :

o I * iw l=o I , Iw) = tofu).
T h e n X a n d Y h a v e i dent ica l

pdfs a n d c l e f s :

f * ( d ) = f i e l d ) , t h e 112

[ l o l = F ie ld ) ,
f o r E R .

T h i s d o e s n o t m e a n * c.) = ' Ya ) .

n.be: J u s t b e c a u s e t w o R V s have 1 6 .9

t h e s a m e pdf d o e s n o t m e a n t h a t

, they a r e equal:
l e t R V × have pdf

fµH= -2¥ exp { ' I I }
Def ine ' Y = - X .

I t c a n b e shown

t h a t f.ua/I=y#expE-Eoa}
( i .e. , f * ( o ) = f , co) ,

t h e R , and yet

t h e only t i m e New) = Yew) i s when * 'w l=0.

P l { * =Y3) = ①( E X - 0 3 ) t o

1 7 . 7



Example: I f X i s a n exponentially 1 6 . 1 0

distributed R V w i t h m e a n µ ,

f i n d I T* ew ) .

I
*
ew) = E [ e iw * ] = §eiw×f,e x i d t

- c o

=-[eiwx.tuexpfEI.tz.io? d t

= [eiwx.tn e -Had× =±§ eliw-I)×d+

= . . . - ¥u= = E u n -
u-iwai'

Usefulproperty: I f X i s a 16.1 1

R V w i t h c h a r a c t e r i s t i c f u n c t i o n

E-
*
( w )

,
a n d

Y = a # + b.
,

a , b E I R ,

t h e n
§ , ew) = eiwboI* ( a w ) .

Proofe: Io, I w ) = E [ e iw i ] = E [e in l a * + b ) ]

= £ [eiwa#.eiwb] =eiwbefeicway-
eiwb.IE#caw7 •



1 6 . 1 2

Defy: T h e momentgenerating

function o f a R V X i s defined

" s

¢# ( s ) I E[es#],
where S E R ( o r s e e . )

• I n elementary c o u r s e s , s i s t a ke n

t o b e r e a l

• I f w e t a k e s e e , 4*6) i s a

bilateral Laplace t r a n s f o r m .

1 7. 1 0

a s

¢* i s ) £ E (est) =ff*Nes×dx

I f w e l e t s e ¢ µ

' 6 . ' 3

• oI× i w i =¢*¥
• ¢*c . ) : G → ¢

I f S E I R : t h e n

4 ¥ ) : R → R

1 7 .I l



Suppose I w a n t t o compute 16.14

E [ X " ] n " T h e n - t h moment o f X "

T h e following theorem i s u s e f u l :

Given a R V XMuffhentmgtheor
off ,

t h e n t h moment

o f X i s given by
c -fix"]=d"%¥¥/⇐. =

4%01.

Alternatively, w e could comput
e)( Earn) =,§xhf*cx)d x .

1 6 . 1 5Proofe: consider 4*61 = E [ e s " ] .

'of'T's' = dig ( E [ e s * 7 ) =E[§÷eI]
= E [×" e s# ]

S o setting s - o ,
w e h a ve

,

¥""" ⇐ [ " " ° " " ] " £ " " ] "h e



Example: suppose X i s a n
exponentially 1 6 . 1 6

distributed R V w i t h m e a n µ .

F i n d i t s variance.,

I
*
' w ) = E n = C i - iwu5'

4*67 = E r = Ii-sui'

v a r ( * 2 ) = E [ * 2 ) - ( E [ * ] ) ? E [1×2]-it

⇐ [ * z ] I t 51¥51)
s - o

= dd%[c,-susi']

1 6 . 1 7
. . . = adz [-Ci-su52 f u ) ] I so

= [ - z u ¥ 5 3 C-n)] Is>o
= - 2 h . I l - n ) = z u '

v a r ( H ) = 2 µ 2 - 1 h ) ? 1h21



W e c a n u s e t h e charac te r i s t i c 1 6 . 1 8

funct ion i n t h e momen t theo rem:

E [ × " ] = 'in d"§In¥/w=o

0 1 (identifying oI* ( w ) w i t h ¢*liw))

⇐ [ * n]= dIE.io#liw=o

egg . F o r t h e exponential c a s e , t h e
16.19

char. f t n . i s

0-1*1 w ) = ( i - iwµ j '

E [X]=d÷w, [(I-iwu5']
= -Ci-iwnfl-nlliw-o-
c.IE/iw=o=F=luI


