
S e s s i o n 1 6

Recall...

Mean.VarianceandExpectation 16.1

Define: T h e means o r expected v a l u e

o f a R V X withpdff.FI
i s
E[X]£§xf*cx1dx.

- c o
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Recall...

1 6 . 2
' • F o r a discrete R V X , w e h a v e

K±..!.is?.:.:::::.:::#............

you c a n w r i t e

c - (X ) [f-×
dq.in?
%EeIa#ttjes)

(d isc re te R v * )
§, Xia P× ( x x )

- {§°x fa i r ) d x (continuous R V X/

Recall...

Defy: L e t ¥ b e a R V o n ( S ,F ,P ) 1 6 . 3

a n d l e t M E F . T h e n t h e conditional

meanotonditione
dom

i s

E[HIM] E§xf* (xlm) d x .
(neb. I f X i s discrete, w e h a v e t h e conditional

pmfpxcx.ae/M)=PlEX=xk3lM) ,
a nd t h e n

E[HIM]=f§×f*cxlM)dx=fx(ftp.xlxk/M)Slx-
Xid)dx - A

c o

= §p×lxklM):{× Six-Xk) DX =Iix×p*Nk/M))
K

.



Recall...

Exampled: L e t × b e a n exponentially 1 6 . 4

d is t r ibuted R V w i t h pdf

f * (x ) = In ex p { ¥ } 'Leo,# i n > 0

w h a t i s E l i ] ?

E [ X ] = [x £ , e x ) d x = [x.I n e-
H t t

D X

i t . . ! : [ '
"

[ + e-X l ' - e -H ' ] } = MD
(exercise)

N o w let's consider t h e conditional m e a n

E [ H I M ]
,

where M={X-m } .

E [ * I { X - M 37=1%-5*1×1 { A - M 3 ) d t 1 6 . 5

I t i s straightforward t o s h o w t h a t

fµcxlEHsn3) = utexe.lu?)'tcu,cs
#(Exercise)

=#expE-K¥-3.41'S's
i . E [ * ( E X>u3]=f§x-5*1×12*23) d i

= fx.tn#pEIEd'3dx:
l e t r - x - nx-rtm}⇒ =§rtu).#exp { I n } d n t . . .

d x = d r



=jIuexpfEuJdrtufIexpCI
uIdr16.6veuEe-2@-
n.b.E [ A ] f- E [ * I { H - M 3 ]

Mo r e generally

E - [ * I M ] # E E ] .

1 6 . 7
suppose w e h a ve a R V ¥ def ined o n

C S , F , P ) a n d having pdf -5*1×1

Now suppose I
h a v e a n e w R V

Y=gc*)
where g

i I R → I R . w h a t i s E L Y ] ?

I t appears w e m u s t f i r s t f i n d f r a p ;

a n d t h e n compute

E [ Y ] = fyf.ua/)dy .

- i s

T h i s w i l l work, b u t t h e r e i s a n

e a s i e r way.



1 6 . 8

Fact : L e t X b e a R V and

def ine t h e n e w R V Y=g ( X ) .

T h e n

E[Y]=E[g (X)]=fgcHf*Aldx.÷
n d -§g A l f a A ) d x =] , f i e r y ) dy

Proof-i Outlined i n Papoulis,

1 6 . 9

Basicide: A s s um e g
ex t i s monotonically

increasing

y=gcx I , da
yI =/#I> o

i

s o
"

"÷÷÷÷÷÷..÷
÷÷÷÷÷÷÷÷..
...

= § g a l . fix)4¥#
decreasing

A generalfunction c a n

- Gwyn ✓ b e broken i n to
monotonically increasing

fury) and decreasing
segments

= § g ex t f * e x )
d x

- c o

(You a r e n o t
rdeesfiiisib.pe#ifioof.)



"Deff:" T h e expectedvalue o f a
1 6 . 1 0

function gax) o f a R V X i s

E[ge t ] ⇐[gcxtf.xixldxh.ba
I f X i s a discrete RV, t h i s b e c om e s

E -[ g i r l ] = §! gcxk1p*lxk)

1 5 . 1 6

Lineariffrpectation 1 6 . "

L e t g .
(H) a n d g -

( H ) b e t w o functions

o f a R V X a n d l e t d a n d p b e t w o

constants ( or,@E R o r G ) .

T h e n

E[org,l*1tpgzC*)]

= o r E[g.1*1] t p E [ g i r l ]

Proofs: Exercise

.



1 6 . 1 2
Defy: T h e variance o f a R V ×

i s def ined a s

v a r c k ) E E l k - I T ]
i s

= {(x-I)2f* e x ) D X ,

where TX = E C K ]

De f y : T h e positive square r o o t o f t h e variance
o f X i s called t h e standarddeviation
o f X :

S t D e v ( X ) = q = ¥ x T

n.be. v a r ( X )
& E [ ( X - E )2 ] 1 6 . 1 3

= E [ ( * 2 - Z X T H t ( E ) 2 ]

= E [ X 2 ] - Z E E [ A ] t ( E ) -

= E [ * 2 ] - 2 5 . I t a x }

= E [ X - J - Z ( I l ) -+ HT) -

= E [ × 2 ] - ( E d t ) ) -

.li/varCX)=EEH2J-(EEXT#X.



16.14
[ x ¥ : consider a G a u s s i a n R V * with

pdf
f a n =,¥oexp{' ' I I I } ,
where M E I R a n d o > O .

Meany.'
•

EC*]=§¥¥exp{ ' ' I F } d r
L e t r - x - u ⇒ X - r t m ⇒ d a - d r

=.fi#f?expE-zE3dr-
=IEEoefp&Eo.3drtnIi,¥exp{'Eo3dr

-

¥ ¥ . = O f u n ' t = @

variance: r a r ( x ) = E [ 1 × 2 ] - µ 2 1 6 . 1 5

E¥]=-[¥2;¥ exp {-1=1}d× l e t r - x - u

x = r t m

d x = d r

=-[crtut.,¥, exp {¥0 . } d r
Lex.ee?seIo2tu3

⇒ v a r ( X ) = o - t u - - c u t = 10¥

.io/AEaessianRVwithpdfL-
f*H=y#oerpE-¥123
hasmeaumaudv
ariauceo



E x ± consider t h e Po isson R V × 1 6 . 1 6

w i t h pouf

⇒ ( k ) =p,a = P C {X=k3)

= E,¥k, 1 < = 0 , 1 , 2 , . . . .
u > 0

Compute t h e m e a n a n v a r i a n c e o f X .

±:ea⇒÷÷÷*÷÷÷÷÷÷÷÷.
=uei¥¥÷..-eiu.EE?I-
=eM.u-e"

= n o

variance: ✓ a r ( x ) = E [ * 2 ] - C E [ * ] ) ' 1 6 . 1 7

= E [ * 2 ] - u -

•
E A T = t.z.pk#e@-uk=EIkE??EiIIsti

= ¥ocstbes.fm#-
=tus.Ee=s=u-zIseI?s
= u a l l t h i l = 1 2 t u

i . v a r ( X ) = u 2 t u - u ' = @



ThecharacteristicFunction 1 6 . 1 8

Define: L e t i t b e a R - V . o n ( S , F , P ) .
T h e chaaracteristifunction o f X

i s
f -
*
(w) E E [eiw*], W E I R ,

I f f * Cx) i s t h e pdf o f X ,
t h e n

F-
*
(w) = fe i ' f # k i d s .

- c o

#
*
w ) : R → E .

1 6 . 1 9

#
*
I w ) =,] f*cx1etiw× d x

i s a Fourier t r a n s fo rm o f t h e pd f # (x).

n .be ,
i = I T . Engineers often u s e " j "

i ns tead o f " i " , b u t

w e w i l l u s e " i " ,


