
S e s s i o n 1 5

Reca l l . . .

E x . A - ' Y= a r t b ,
a , b E R . i s . ,

⇒ g a ) = a x t b f a f f . i e transformation)
n't

t w o c a s e s : a E 0 . y'¥
( i ) a n d

Frey)-PCEY.ci/3)=PCEaHtb3ey3)
"¥¥¥¥

= p ( { a s # 3 )
= F * (Yad)

f r a p adf.ge#=f*(Y-
ab-).ta=atf*(Y-a-b)



Recall. . .

( i i ) a c e : Fyly)-PCEity} 1 5 . 2

= p ( { a # t b E y 3) n

= PEE ' s ¥ 3 )

= p c e x ± i ÷ 3 )

:
¥÷e÷÷i¥

.

= I - F * (Yad)
⇒sina.ae#=EiEEI?........-
=-f*fYab-).ta=I-f*(4¥)f"¥÷

,
combining s i ) a n d ( i i ) . .

f iery) = # f # ( ¥ ) , E µ µ

Ex.B- ' Y = g ( H )
= X - ± ga l = × ? 1 5 . 3

-

µ.#immediately t h a t ⇐ " ' ""t.I.FI#-.xFory=:
Fiery, = P l E Y E y 3 ) = P (EX-Ey3) .

= ① ( E - i l y = N E I T 3 )

= PC { - I T- E . K s I T 3 )
= F * ( I T ) - E , C-VT )

ein F , ay) = [ F * ( I T ) - Fia ft'T)]-to,%



1 5 . 4
f , up = ¥4)

= f × l i ly) .# - f*C-VT) (2¥)

= 2¥, [ f , NY ) t f #C- I T ) , y o

= ¥ , [ f t (VT) + fatty)] . I c y ) .Co ,co)

1 5 . 5
E x t suppose t h a t gex) i s constant

a c r o s s a n i n te r va l [ X o , X , ]
n

-

F.ua/I=PlEYEY3) Yp
f-

- - - - - o x
g a l

c ) Fycyd)=P({TEYo3) y , - .

⇒
caxias'..fi#Ii@&ux=pfz-
XE5' ' '1073)

= p c# c - g- 'to,-143)
= Fuel"j'cyas")

ciisysy-ifycypj-PCEY.ci/p3)=PCEHEXp3l
= P ( { * s "g-'Cyp'"3)
= F x (g-'Cyp)) '



Frey, ) = P I E Y E y, 3 ) = P ( { H e x ,3)
' 5 . 6

= P ( { H E xo3) t P ( { Xo <HEX, 3)

= F * ( Xo ) t [Fact,I - Facto)]

= Fact,) ¥ r

£ (g-'ly)), Y-Y i 1 5 . 7
ie. Fire'll = {F x ( X i ) , y = Y ,

Fa l g-'cyl), y > Y ,

.at?M-.---j
} PCE t t y ,3 ) = Fa I x , I - G A o ) .t ± . .



1 5 . 8
EX.3- As s ume t h a t g i r l h a s a

jump discontinuity a t Xo

gixotitgexi) ✓

" " " " " ⇒

÷i÷i÷
f÷÷÷.

A s s um e gulag exit, x o x o

I f y i g ( X i ) E y Egcxot):

Fya l l =PCE.ua/3)=PlEXEXot3)=PfEXEXo-3)-
=F*(xotJ=f*CX5)

i f * i s absolutely c o n t i n u o u s .

.

•

"

. F , cyl appears a s fo l l ows : 1 5 . 9

NEY )

±--- - - - - - -1"€t¥÷⇒'



T h e D i r e c t p d f e d 15.10

Suppose Y=g(X) ,
where g :

R - R

s u c h t h a t t h e i n v e r s e g-'c.) e x i s t s ,

( i . e . , i f y e girl ⇒ x = g-"y' i s unique. ) ,
r a p - g-'iyl

and a s s u m e t h a t

d¥, =dgj!¥ ex is ts

T h e n

f , l y , =-5×1g-'cy)). Id§'¥)
= #c r y ) ) . 14¥11, where xiyl-g.ly).

15.11

÷i¥¥¥÷.

P ( {H e a r , x t oX ) } = P ( { Y E Ey,ytoy]})
112

112

f * ( x ) -DX = fiery).OY

⇒ f.ua/1=f*cxl.8y1If*Ct1d&.



Exampley: L e t X ~ U [ o i l ] and l e t 1 5 . 1 2

Y = a # = - 1 ¥ .
F i n d f e y ) , -f a c t ) = I CX )

[ 0 , I ]

Solution: y = gar ) - IF ⇒ x - y '
Xcy) = y 2

dI'¥ = da¥2y
⇒f.ua/1=f*lXly1)alZyl-
=IeoYjloo2y=2yoIcoiilj1
IEiiss.4

Exampled L e t × b e a G a u s s i a n R V

w i t h p
d f

f , ex t = 1 ¥ e-"K.
L e t Y = a X t b . F i n d

f.ua/I.-
Solut=n:#=alXtb
y=axtb..........""f , ey) =-5*1×411 I dI¥) × = y ¥

¥, = ta

f r a p = ¥ , exp {-41¥}. Ya,
= ¥+5 exp {-4¥12}.



Mean.VarianceandExpectation 15.14

Def f : T h e means o r expectedvalue
o f a R V × w i t h pdf f * e x )

i s
E[X]E§xf*cx1dx.

W h a t a b o u t discrete R Vs .

n ib. T h e def in i t ion above also applies 1 5 . 1 5

t o discrete R V s i f w e w r i t e

t h e i r pd f using 8-func t ions :

I f P f EX-X i a 3) = P x (Xia) = p ,

o v e r a discrete c a d e t set

fac ts = §! p ick ) Six ta ) = Zi p , SH-X ia )

and E[*]=§xf*AIdt=[x (§! p,-Sar-Xxl) d i
=

¥.'
pie,§x S i x - r a d a r = E'p,-Xa vi-

= § , Pyke)-Xia



15.16
' . F o r a discrete R V X , w e h a v e

⇐

"I.is?.:..:::::.:::#............

you c a n w r i t e

C - (X ] [[x d f ext
l discrete R v * )

§, Xia Px ( x x )=L
f)x f#Ix) d x (continuous R V ×)

Defy: L e t ¥ b e a R V o n ( S ,F ,P ) 1 5 . 1 7

a n d l e t M E # . T h e n t h e conditional

meanotonditione
dom

i s

E[HIM] E§xf* (xlm) d x .
(neb. I f X i s discrete, w e h a v e t h e conditional

pmfpxcx.ae/M)=PlEX=xk3lM) ,
a nd t h e n

E[HIM] = fjxfxcxlmldx-fxfqpxlxi.IM) SA-Xxl)dx
- A

c o

= §p×lxklM):{× Six-Xk) DX =Iix×p*Nk/M))
K

.



Exampled: L e t × b e a n exponentially 1 5 . 1 8

d is t r ibuted R V w i t h pdf

f * ex) = In ex p { -¥ } 'Leo,# i n > 0

w h a t i s Fe l i x ]?

E [ X ] = [x £ , e x ) d x = [x.I n e-
H t t

D X

= . . . = E x e-"H-needle]} - n o


