
S e s s i o n 1 4

Recall...

Thetotalprob.LawandBayestheodem 14.1

Given a
R V × o n ( S , F , P) , l e t { A , , . . . , An}

b e a partition o f S , w i t h A e G F , k i l,...,n .

Then

p ( { * e x 3 ) = P ( {HEX31A,)
PCA,)tPlEHEx3lAz)PCAz)

+ . . . + ① ( {HEX3)An)Plan),.. ( 1 )

B u t note t h a t

P I E#E t } ) - Fia)

P ( { * E x3)Aia) = Ecklar)

1 3 . 1 0



Recall...

. ! Fact) = facxlA,) PCA, ) t F*cx/Az1PlAz)
1 4 . 2

+ . . c t fa c x l a n ) P lan )
- - -

( I A )

note fa c t ) = d¥¥)
a n d f*Cx/A←) = dFa¥A#

⇒
f * ( x ) = f.ua/A,)PfAi)tf*cx/Az)PIAz)

t . . . t f a c x l A n ) P lan )
- - - ( I B )

1 3 . 1 1

Recall,,,

2 - .
R e c a l l Bayes Formula :

1 4 . 3

P l a t t s ) = PCBlpA§Pµ.

L e t ① = E l i s a } . T h e n

P l A l E x e x 3) =
PCEHpqtqfl.tt#gP
A)

=AHI.fi?,PCAJ.:F
3TI!Aa1-TtH#a,



N o w consider P I A LB ) = PCBlp.tl/
pgPglA)-

14.4

L e t ① = { x , < H E I z } ,
'X, < X z

Th e n w e have

PIAIEx.sk#j=P&E3*lII.-zj)
= ifeng.IE#III?1JI---i3'

what about P I A I { H e x } ) 1 4 . 5

Suppose B = { X = X 3 . w h a t i s P C A I B ) ?

P l a t e # + 3 ) ÷ PlAp1Eq**¥}#

N I . P I E # = x 3 ) = 0 i f R V * i s continuous

a n d A n { * = x 3 E E # E X }

= P C A n { K = X 3 ) £ P I E # ⇒ 3 ) = 0

\ E f # i s abs. continuous

O



S o w e

have'
14.6

PCAIEX#3) = PlAp{Eq'¥¥3¥ = %.-undefined.

B u t clearly t h e probability

① ( A ) { H i t } ) i s meaningful.

1 4 . 7Approache:

consider PlAlEXi<XE×2¥¥
where x , = x

X z = X t D X

T h e n w e c o n s i d e r

•
×→oPfA/{x<* E x t o l 3) = PCA

124=+3)
t im



S o

P l A I { A = x 3) = LingoP l A I { x a X E x + o x 3 )
' 4 - 8

⇐'iii.of '¥¥¥¥jI¥¥÷m a '
= I i m

a . ol÷i÷÷÷"÷÷÷y....

{Asi
de:

Fact : fig. Apffpd,
= ¥¥¥P¥......÷.....
.}Assuming I i m

\ 'p't o ABI
PPI,

a r e we l l defined

= . . . = f¥*¥A) PFA) r



i.PH/EX=x3)=fxfIII=pen# '" ' °

amitoses;#'II,
w e get
P f ALEAH3 )fact) = £ , K I A ) PCA)

⇒ § MALEK#3)fact) d x =
PIA)-[fact I A)d x

i f
⇒ P I A ) [§PfAl{** 3)f * A t d x .

"I"n÷÷÷÷:÷÷;÷.I.::



F u r t h e rmo re f r o m ( 4 )

ta 'HA) = PCA.IE#Iat3)f*I

" " "

"¥x*÷÷÷÷÷÷÷÷¥i
÷I÷..

i 14.13

a:::÷÷:÷:i÷:i:÷¥.no.
a s s u m e w e h a v e a f u n c t i o n

Y=gC*) ,
where g :

R - R

o÷÷÷÷i÷÷.



S o 'Ye . ) =

g
( N l t ) : S → I R . 14.14

I t appears t o b e a random v a r i a b l e .

I s i t ?

Recally: f r om t h e defn . o f a RV, Y : S → I R

i s a R V i f

Y-"( A ) = { w e d : Yew)EA3 E t , HAEBCR),

where F i s t h e event space
o f

( S , F , P ) .

F o r Y=g ( X ) t o b e measurable 14.15

( i . e , a n R V ) gle) m u s t satisfy t h e

following properties:

I . T h e domain o f gc.) mus t contain

t h e range space
o f X .

2 . F o r each y e I R ,
t h e s e t

R ye { X ER : gassy}
m u s t b e a Borel set .

3 . T h e events { g i r l = I c s }
must

have probability 0 .

.



Any function gc.) satisfying t h e s e 14.16

3 properties i s ca l l ed a Bairefunction

F o r s u c h functions g c . ) ,

Y=gCX)
i s a v a l i d r a n d om va r i ab le .

Al l functions w e typically

encounter i n engineering a r e

① d i re functions.

1 4 . 1 7t.hi.ee?istraibutvionoIIi9#s.F.psw.th-
cdfF*cx)

,
a n d given a func t ion

g :
I R - 11

,
w e d e f i n e Y=gCX).

F i d
quay, = PC E t s y 3)

= P ( Egd ) E y 3)

= p ( { * c - g-'f-cosy] )

= P x (g- 'C-a s , y ] )

Th is t e l l s u s h o w t o f i n d fiery)
f o r a n y y e I R ,



I . Consider a genericf unc t i on gc.): 1 4 . 1 8

i,
i±⇒÷i÷÷÷÷

÷÷÷
÷÷÷÷÷÷÷:

X i s a R V w i t h c d f Fact).

Consider f , ay,)=pCqYey,3kp({HEX,})-FHA')

considery Fµcyz)-PCE.ws/z3J=P(EXexz'3UEx1E.XEXz'
'

'3)
A 9

disjoint

14.19

i . Fycyzs = P ( { * End3 ) T P ( {X I E#Exz " ' } )
= F* lXz ' ) t ( Fa f XI" ) - facxz" ) )

I f K i s no t absolutely continuous, w e
h ave t o t h i n k carefully about t h e setuator
a t x = Xz ".

S o t o dete rm ine Fycy) completely, w e

m u s t d o t h i s f o r a l l YER.

Th is c a n b e easy o r difficult depending

t h e complexity o f ga)



E x . A - ' Y= a # t b ,
a l b E R . 1 4 . 2 0

⇒ g a ) = a x t b f a f f . i e transformation)

t w o c a s e s : a Z O . y¥b
( i ) a n d

Frey)-PCEY.ci/3)=pCEaHtb3ey3j

"§£¥¥
%= p ( { a s # 3 )

= F * (Yad)

f r a p adf.ge#=f*(Y-
ab-).ta=taf*(Y-a-b)

( i i ) a c e : Fyly)-PCEity} 14.21

= p ( { a # t b E y 3) n

= PEE ' s ¥ 3 )

= p c e x ± i ÷ 3 )

:
¥÷e÷÷i¥

.

= I - F * (Yad)


