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Recall i t .

De f y : T h e c l c d f o f t h e 1 3 . 1

ruxI.tn#uedoFis-
F*cxlM)=PlE-X3l1)

= PCE*p{m×}nM#,xeR

T h e def in i t i on o f F a e 1M ) i s j us t l i k e

t h e def in i t ion o f F a a ) , except w e u s e

t h e conditional probability m e a s u r e PC . IM )

i ns tead o f PC . ) .

( S , F , P )
M£9""( S , F , PC.IM))
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① Calm)

Prob. measure

⇒ F t H I M )
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c d f

i . A K I M ) h a s a l l t h e

properties o f a v a l i dadf.ae#P(EacXEb3lM)=f*CblMI-
F*lalM))

Reca l l ".

D e f f : T h e cond i t i ona l 1 3 . 3density.su#ncP::abiIi:ilaiIpdss.s

X cond i t ioned o n M E I i s

f×cxlm) I dFx¥lMI.

" I . F*µq) EE f * c x lM )
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Recall...

I n general, w e m u s t k n ow t h e 1 3 . 4

underlying s t r u c t u r e o f CS , F , P ) a n d t h e

mapping * t o d e t e rm i n e f*cx1M) or#HIM).

B u t s ome t im e s w e c a n d e s c r i b e t h e e v e n t

M e t i n t e r m s o f t h e R V X .

e . g e I . M - { * E a } ,
a c - R .

| 2 i M = { b c¥ 3 a b b

Z , M = { b < H E a 3
,
b a a . 1 3 . 5

[ ( x lm ) = P C { H E X 31 E b s N s a 3 )

=PCEM.fi?.:::II#Three-
distinctregiois-:
( a ) x > a

T a
( b ) b < x E a

( c ) x E b



I 3 . 6Analyzing t h e s e 3 c a s e s , w e get
(exerc ise)

1 , X > a

O , X E b⇐ ' " " = {§÷%¥¥
¥."""

T h e corresponding conditional pdf is

-5*1×1{ b a k e a 3) = dF*NlE¥XEa3)-

O , X > a
= {O, x E b
¥ I I¥ ib,' b < x E a

.

A picture o f t h e s e pdfs appears 1 3 . 7

a s f o l l ow s :
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Recall...

N o w consider P I A I B ) = PCBlp.tt/
pggPlA)-

1 3 . 8

L e t ① = { x , < H E I z } ,
X , < X z

Th e n w e have

Pc a l E x , < * Ex-3) = P¥{¥¥¥lIa¥}§

= ifeng.IE#III?1fI---i3i

what about P I A / { H e x } ) 1 3 . 9

Suppose B = { X = X 3 . w h a t i s P C A I B ) ?

p l a t e # + 3 ) = PlApy§I¥}3) = Of

n-b. I f * i s continuous, ① (EX=x3)=O,
a n d p l a n { * E X 3 ) E P C E x = x 3 1

⇒ p ( A n { H EX31=0.
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1 3 . 1 0S o w e h ave

P L A I E N # 3 ) -ftp.nqEIII33#=Eo=uudefni
ed

B u t clearly t h e probability

① ( A l { X - x } )

i s
meaningful.

1 3 . 1 1Approache:

consider P C A LEX,< H E X , 3)
-

where × , - x

X z = X t D X

T h e n w e c o n s i d e r

* → o

P fA / { x< * E x t o l 3) = PCA /EH=x3)t im



S o I 3 . I 2

P l A I { X = x 3) = LingoP l A I { x a X E X t o x 3 )

⇒÷. .I ⇐"÷÷÷÷÷÷÷i#I m a '

= I ,i n
a . . . finlike Imai

{Asi
de:

f a c t : pligo ABIE = ¥¥¥P¥

a.am, , , , , , , , , , , , , , , , ,

an
}§p s o

I ruin| p o o
931
¥

a r e we l l defined

= . . . = k¥414 P I A ) .



i .
PCAlEX=x3)=f*¥¥¥pcn# ' 3 " "

amitoses;#'II,
w e get

P I A I { ¥ 3 ) f * A ) = f * (X IA )PLA)

⇒ -§ PCA){ * =x3)f*A )d x =
PIA)-§f*cxlA)DX

T i
⇒
PIAF-§ P I A I E .X=t3 f *k1dx
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F u r t h e rmo re f r o m ( 4 )

ta 'HA) = P(AlE¥¥t3)£#

" " °

if.*m÷§÷i÷÷÷÷¥i÷
=÷.

i 1 3 . 1 7

as:::÷::÷:i÷:::÷¥.no.
a s s u m e w e h a v e a f u n c t i o n

Y=gC*) ,
where g :

R - R

on÷÷÷÷i÷.
Yew) =



S o 'Ye . ) =

g
(Xcel) : S → I R . 1 3 . 1 8

I t appears t o b e a random v a r i a b l e .

I s i t ?

Recally: f r om t h e defn . o f a RV, ¥ : S → I R

i s a R V i f

Y-"( A ) = { w e d : Yew)EA3 E t , HAEBCR),

where F i s t h e event space
o f

( S , F , P ) .

F o r Y=g ( X ) t o b e measurable 1 3 . 1 9

( i . e , a n R V ) gle) m u s t satisfy t h e

following properties:

I . T h e domain o f gc.) mus t contain

t h e range space
o f X .

2 . F o r each y e I R ,
t h e s e t

R ye { X ER : gassy}
m u s t b e a Borel set .

3 . T h e events Egan = I c s } must

have probability 0 .

.



Any function gc.) satisfying t h e s e 1 3 . 2 0

3 properties i s ca l l ed a Bairefunction

F o r s u c h functions gc . ) ,

Y=gCX)
i s a v a l i d r a n d om va r i ab le .

Al l functions w e typically

encounter i n engineering a r e

① d i re functions.

1 3 . 2 1t.hi.ee?istraibutvionEIi9#s.F.psw.th-
cdfF*cx)

,
a n d given a func t ion

g :
I R - I R , w e d e f i n e Y=gCX).

F i d
quay, = PC E t s y 3)

= P (Eget) E y 3)

= p ( { * c - g-'f-cosy] )

= P x (g- 'C-a s , y ] )

Th is t e l l s u s h o w t o f i n d fiery)
f o r a n y y e I R ,



I . Consider a genericf unc t i on gc.): 1 3 . 2 2

÷⇒i¥÷¥÷
÷÷÷÷i÷÷÷i÷÷÷÷÷÷÷:

X i s a R V w i t h c d fFact!I
c o n s i d e r f i rey, ) = p ( E t s y, 3) = ①({HEX,}) = Fam )

Con s i d e r: F , cya) = P ({Yeyz3) = PIE#EXz'3U{x'IENEx:L})
I 9
disjoint

= Fa (X} ) t [ 1 × 1 ' ) - F a 1×2")

µ.gg?
onsdedY3-

: Fair' '13) = a - - = FA 1×3)

1 3 . 2 3

i . Fycyzs = P ( { * End3 ) T P ( {X I E#Exz " ' } )
= F* lXz ' ) t ( Fa f XI" ) - facxz" ) )

I f * i s no t absolutely continuous, w e
h ave t o t h i n k carefully about t h e setuator
a t x = Xz ".

S o t o dete rm ine Fecy) completely, w e

m u s t d o t h i s f o r a l l YER.

Th is c a n b e easy o r difficult depending

t h e complexity o f ga)

1419



E x . A - ' Y = a # t b , a , b E R . 13.24

, , , a y

⇒ ¥ = " " + b / " # " " + " " " " " " " " ° " )

* ÷ : n o t :
¥÷¥÷÷÷.F.ua/I=pCEYey3J=PkaHtbEy3)

- = p ( { K s ' ¥ 3 ) = F a 1 ¥ )

f iery) t.fi#=f*cFTta-
=Iaf*lYaI)

( i i ) µ : f , up = P (EYEY3) 1 3 . 2 5

= P ( { X z ¥ 3 )::::::::" t÷÷÷÷¥
= P ( E X I ¥ 3 )

⇒ f i 'y' = d§¥ = ¥ , [ i - Fa ( ¥ 5 ]
= - f * ( tab) . ta = - I f a (Fab)
combining c a s e d ) a n d"is, w e get

a¥¥y,¥¥q£ " " = ¥ "# l "¥ )

§ gof i ' ' l l↳ y



E x . b y : Y = g
( X ) = * 2 ⇒ g't)-- ×

2
'

1 3 . 2 6

N o t e immediately t h a t

F , l y1 = 0 , y < 0 .

⇐

..................÷÷÷I¥
÷÷""F o r y # :

= p len ty s K s I T 3 )
= P I E - I T s . H s ty ' 31

= F a I I I ) - Fat-ily)
i . F y Cy) = [FANTI-El-YTD Io,%


