
S e s s i o n 11

€ 3 1 : Thursday,
Feb. 2 0 , 2 0 2 5

° On-Campus: 1 0 : 3 0 - 1 1 : 4 5 a m
,
(Hare) F N Y 13124

• On-Campus
Online

overflow: ' 0 : 3 0 - 1 1 :45 a m

• on l ine E p e : s e e

iynnitegewaid.SI
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S a m e fo rmat a s t h e sample E x a m :

• Closed book
,
c losed notes, N o calculators,

No c r i b sheets

• 4 problems wo r t h 2 5 % each .

Coveragen: Beginning o f class through s l ide 1 0 . 1 5 .

Homework through Problem 6 o f Aw k . 4 .



I I . IReca l l . . .

W e o f t e n d e s c r i b e a R U N

by specifying i t s a d s o r

pdf a n d completely ignoring

t h e underlying ( S , F , P ) .

( t h e underlying C S , F , P ) i s there ,

b u t w e j us t don't t h i n k about i t . )

( S , F , P ) ¥ " t.IR,BCR),P×)

1 1 . 2
E x # G a u s s i a n

A R V X i s Gau s s i a n i f i t has a

pd f o f t h e f o r m N
5-
*
ex ) =,¥o exp {-121¥,their]

where M E I R a n d o > O .

" I fix:[facade = I 1 ¥ ) = G E )
Papoulis

.

I cri:[×÷=, e -Z% d e



1 1 . 3

I I I . I c a n n o t b e written i n closed form.

I t c a n b e numerically computed
and i s

widely tabulated.

So i f X i s a Gau s s i a n R V with

m e I R and O > 0
,
t h e n

P l { a s k s b3)=oIfb¥)-oI(¥)

n d F*cx) = 5 1 ¥ ) .

E x . 2 - UniformlyDistributedR 1 1 . 4

A R V h a s a uniform distribution,

* N U [ a , b ] ,
a c b

i f fxcxt-fat-ca.is

s÷
§I"

Integrate ¥4'
i s ⇒÷ . ¥ ÷ .X i x

12.14



E x . 3 _ BinomiallyDistributedr
.

1 1 . 5

A binomiallydistributedr i s a

d isc re te R V taking o n v a l u e s i n

t h e s e t { o , l
, 2 , . . . , n } C I R

w i t h pouf
p *

( k ) = ( I ) pkl'-pl"-K, Ka o , 1,2,...,h
p c - [ o , I ]

T h e e d f o f t h i s R V i s

F*cxI = P ( { N e x } ) = III. ( 1 ) pkn-pi-k
where ma r l i s t h e integer such

t h a t

m i x ) £ x c m e l t 1

m e ) = [ x ] integer pa r t
o f X

1 3 . 3

-

*

oy.eu?
Ei.E'÷.?

t . E E
" n o

±i÷i÷.

g
Rin )⇒t÷E¥E÷÷÷.



E x i t ExponentiallyDistributedr i i . 7

A R V X w i t h a pd f o f t h e fo rm

f * m = d e i ' . I,oi£,= {dE[+s o
0

,
t o

where o r > o i s called t h e parameter
o f t h e exponential R V,

i¥¥ .

S e e examples o f o t h e r types 1 1 . 8

o f R V s i n Papoulis

Yo u should k n ow t h e following pdfs
a n d poufs:

Gauss ian÷÷÷:÷P o i s s o n
Hwk 4

U n i f o r mGeometric

⇐

..:÷÷÷÷t÷÷÷



Connditionaldistributions 11.9

Given I S , F , P ) w i t h a R V 8

def ined o n i t , a n d given A , M e t ,

w e k n o w t h a t

P C A I M ) =PlpAfmM4 ,
P I M ) > o .

T a k e A ="EXsx3" = { W E S : K l a ) E x }

Then pcalm) = P ({HEX3 1M )

Th i s i s a conditional c d f o f #

c o n d i t i o n e d o n t h e e v e n t M E F .

De f y : T h e condit I c d f o f t h e 1 1 . 1 0

= i # i s
F* ( x l m ) - P l E ¥ 3 l 1 )

= PCEY.fm?nM#,xeR

T h e def in i t i on o f 5*1×1M ) i s j us t l i k e

t h e def in i t ion o f F a a ) , except w e u s e

t h e conditional probability m e a s u r e PC . IM )

i ns tead o f PC . ) .

( S , F , P )
M£9""( S , F , PC.IM))

-



11.11

① Calm)

Prob. measure

⇒ F t H I M )
i s a v a l i d i s a valid

c d f

i . A K I M ) h a s a l l t h e

properties o f a v a l i dadf.ae#P(EacKEb3/
M)=F*CblM)-F*lalM)

I I . 1 2
D e f f : T h e cond i t i ona ldensity.su#ncP::abiIi:ilaiIpdss.s

X cond i t ioned o n M E I i s

fxcxlml-tdfxf.IM#.

nib. [ ( x lm)
¥

f * ( x l m )
i s a va l id

⇒
i s a va l id

e d f pd f

e .g . P ( { a s k s b3IM) = §#Klm) D X
a



I n general, w e m u s t k n ow t h e 1 1 .13

underlying s t r u c t u r e o f CS , F , P ) a n d t h e

mapping * t o d e t e rm i n e f*cx1M) o r # (xlm).

B u t s ome t im e s w e c a n d e s c r i b e t h e e v e n t

M e t i n t e r m s o f t h e R V X .

e . g e I . M - { * E a } ,
a c - R .

Z , M = { b e # E a } , a :b E R

b e

11.14
1 -. L e t M = ¥ E a } , A E I R

[ N I M ) = P ( { H e x 31 { N s a } )

t.me#ie3*?a:5a3'-
Twocases:-x > a and × E a

.



I . L e t M = { H E a 3 I I . I s

( a ) x > a

{ ¥ 1 3 1 { K ¥ 3 - { N s a }

I t
⇐ " '"t"¥i*÷÷=f÷÷=i.

11.16( k ) : I f x s a n :

{.IE/3nE*=a3=EKEx3,-#q-
Ecx1mt-Pp4II?a'j¥¥,

I : # . * a

i .
£ (xlm)-{

I ,
X > a .



I l . 1 7

÷t÷÷÷"
"" " '

( £ , Cx)

Conditionalpd

f*Cxlm) = dF*NI{XEa3#

= {E:#, ⇐ a

O , X > a

I l . I 8

f
£ , A l e ks a 3t⇐÷±÷.



Z , M = { b < H E a 3
,
b a a . 11.19

[ ( x lm ) = P C { H E X 31 E b s N s a 3 )

=PCEM.fi?.:::II#Three-
distinctregiois-:
( a ) x > a

T a
( b ) b < x E a

( c ) x E b

I I . 2 0Analyzing t h e s e 3 c a s e s , w e get
(exerc ise)

1 , X > a

O , X E b⇐ ' " " = {§¥%¥
¥#,,

b - * a t

T h e corresponding conditional pdf is

-5*1×1{ b a k e a 3) = dF*CXlE¥XEa3)-

O , X > a
= {o, × E b
F*¥I¥g,' b < t e a

.



1 1 .21
A picture o f t h e s e pdfs appears

a s f o l l ow s :

← f*CXl{b-* Ea3)

Iµ¢§µq,

Thetotalprob.LawandBayestheover 1 1 . 2 2

Given a
R V × o n ( S , F , P) , l e t { A , , . . . , An}

b e a partition o f S , w i t h A k c - I , Kel,..., n .

Then

p ( { * e x 3 ) = P ( {HEX31A,)
PCA,)tPlEHEx3lAz)PCAz)

+ . . . + ① ( {HEX3)An)Plan),.. ( I )

B u t note t h a t

P I E#E t } ) - Fia)

P ( { * Ex})Aia) = Ecklar)



e: F*cx) = facxlA,) PCA,) t Fa c i IA>I P l A z ) 1 1 . 2 3

+ . . c t F a ( X I AN ) P lan )
- . - CIA)

notes # A ) = d§¥
a n d f*cx/A←) = dG¥Ak#

⇒

f a l x ) = f*CxlA,) PCA,) t -5*1×1A z ) ①( A z )

+ . . . t f * (XIAN)
P l a n )

- - - ( I B )

.

11.24
2 - .

R e c a l l Bayes Formula :

P l a t t s ) = PCB!A§Pµ.

L e t B = { H e x } . T h e n

① I A l { * E x 3 ) = PK*¥}*tn¥PA)

=f*'¥a¥'#

i . P I A I E * E x 3 ) = F*HII¥c#



N o w consider P I A I B ) = PCBlp.tl/
pggPlA)-

i i . z s

L e t ① = { x , < H E I z } ,
X , < X z

Th e n w e have

P I A I E x , < * 5×23) = P¥¥§3¥Iq¥}§

= ifeng.in?EE;III?1J#---i3'

X

what about P IA I { H e x } )

suppose 1 3 ¥ 1 3 . w h a t i s P C A I B ) ?

= °

p e a l E x # 3 ) = PlAp1§I¥}¥o= Of

n-b. I f * i s cont inuous

14.5


