
S e s s i o n 1 1

Re c a l l . . .

I n t u i t i v e ": G w e n C S , F , P) , 11.1

a randouvariable i s a mapping

f r o m G t o t h e rea l l i n e .

X : S → 112
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R e c a l l " ,

1 1 . 2

D E I : Given ( S , F , P ) a randomvariable
i s a mapping X : S - R w i t h

t h e property t h a t f o r
a l l AEBCR),

*
"

( A ) = { w e b : Kew) c - A } c - I

such a function i s called a

Bo r e l measurable func t ion .

8.1 9

i n .

Recall,.it#angeSpacenofae-
functicinf- 1 1 . 3

L e t f : S → A .

We ca l l t h e image f l s ) C A t h e

raag@ceoff.-
eig.f: I R → 112, f a r = x 2

t h e n " f ( IR ) " = [ o , c o ) = range space
o f

f a x ) = t 2 .

Given ( h , F , P ) and a R . V N , t h e R V .

t a k e s o n v a l u e s i n t h e range space
E = f ( f ) c - R . .



1 1 . 4
B e c a u s e X i s measurable, a l l

subsets o f t h e f o r m

*
"

( G ) = { w e b : X l w l e G }

where G e B l e )

m u s t b e i n t h e e ve n t space I
-

o f ( S , F , P ) .

S o w e c a n compute t h e probability I C E )

t h a t K l a ) t a ke s o n a va l u e i n

C - c - B c e ) .

1 0 . 1 2

He re 1 1 . 5

P x ( G ) = P ( *
"

(G) )

= P ( {WES : NicoleG}), YG E B ( e ) .

S o w e have t h e s i tua t ion

( S , F , P ) ¥'s ( E , Bce ) , P× ) .

S o w e c a n f o c u s o n t h e n e w random

experiment ( e . Bce),P×) .

GoodNewsi T h i s i s a probability space,
and w e

know h o w t o dea l w i t h probability

spaces.
1 0 . 1 3



1 1 . 6

§ : s o why d o w e desc r ibe a

R V a s a mapping i n t h e

f i r s t place?

A- : I . Insight

2 . We c a n d e f i n e multiple
R V s o n o n e experiment

3 . Generalization t o

s t o c h a s t i c Processes .

10.14

Examplesa: 1 1 . 7

Ex i l e : L e t C S , F , P ) b e any prob.
space. L e t A c - I b e a n y
e v e n t .

Def ine Xiu)=1acw)={1,WEA
0,#A

G . I suppose
I t o s s a d i e

t h a t h a s s i x colored s i d e s .

I = { B r , R , O , Y , G , B l }

F - P l s s



Def ine a
R V * a s fol lows: 1 1 . 8

* (B r ) = 1
Th i s i s a measurable

* ( R ) = 2) R V .
;

1×11313=6

E x . 3 s e l e c t a r e s i s t o r a t random

f r om a b o x o f res i s to rs

and m e a s u r e i t s va lue .

11.9

S o w e c a n t h i n k o f a r a n d om

va r i ab le i n t w o w a y s :

I . Mathematically : A measurable

f u n c t i o n f r o m ( S , # P ) t o R .

Something t h a t2 - IafetjtIneal v a l u e s a t random.

10.17



G i ve n a random variable wi th 11.10

range space
E C R , w e c a n const ruc t

a probability space ( E , Bce ) , P× ) .

How d o w e describe % ?

Discretely.' w e c a n u s e a pouf

p×cxI=P* ( E x 3 ) ,
f r e e .

T h e outcomes o f a random experiment

( e . , Bce ) , R ) ,
e a r .

1 0 . 1 8

C o n t i n u o u s u n t : w e c a n 11.11

u s e a p-d-f. f # ' t ) t o assign

T g ( G ) = §f*Hd× ,
H E E ① ( e )

r e c a l l : s i n c e f * A l i s a pd f :

I i ) f * I x ) 7 0 , t x E C

( i i ) { f* A ) d o = /
.



Defoe: G i ve n a random va r i ab le X 1 1 . 1 2

def ined o n CS , F P ) t h a t induces

a n e w probability space

( E , B K ) , P x ) , t h e cumulative

t.si#iqtYgafunction-Ccdf) o f #

F x ( d ) I Py ( C - o , d ] ) = P x ( E x : X E d } )

= P ( { w e d : Kew) E d } )

= P (X-' (C-did])) ,
D E I R .

1 1 . 1 3

Notation: W e o f t e n w r i t e

"E # s o 3 "
o r

"p ( {k£23)"

w e understand t h a t

" {Hear}" = { W E S : X I ' E d } e F .

1 0 . 2 1



11.14
F*Cd) specifies 7 * 1 . ) :
#

Fac t : I t i s possible t o construct a n y

s e t F E B C R ) using a countable

sequence
o f s e t operations

o n t h e intervals o f t h e f o rm

( - c s , X u ] .

n.be [ (Xin) = P× ( to ,Xn ] )

n i t e w e cou ld h a v e def ined ① ( I R ) a s

t h e sma l l e s t o - f i e l d containing a l l

intervals o f t h e f o r m C - • , x ] , X E R

I n s t e a d w e u s e d t h e open s e t s .

S o t h e e d f i s defined a s I I . I s

F* e x ) = ① ( { * E x } ) ,
t h r e e .

= P ( { w e b : Kew ) e x 3) , t h e i r

= P y ( C - b , x ] ) ,
# E R .

1 0 . 2 3



P r o p e r t i e s o f t h : 11.16

I . F * ( t o o ) = I a n d f a k e s ) = O .

neb. Fx e t c )
= P ( { H e t o o 3 ) " I " T

=
Faces) = p ( E X E - • 3 ) = 0 .

I

11.17
2 . I f X , L X z ,

t h e n

F I N E F*cxz ) .

n.be F×c x , ) = P x ( C - c o , X , ] )

F a l t z ) = P × ( C - a s , XzT)

C - c o , X , ] C C - c o , X - ]

⇒ C-co, X - ] = C- c o , X , ] U ( X , , X z ]
A disjoint 9

P × ( c - d . X i ) - Pll-exit)tPxl§}D-×

H H

F*CXz) = FA I X , )

i - F a ( X s ) Z F a I X , ) n



3 . PC { I > d 3 ) = l - f , c a ) . 11.18
'

E X - d } - E X I T
⇒ ① ( { X > 0 3 ) = I - P I E # E d } ) = I-F*Cd).

-4. I f X , < X z , t h e n

P ( { X , C X E X > 3) = Fy N z ) - G A , ) .

N I f - p , X z ] = C-co,X , ] U ( X , , X z ]

4 1 "disjoint

P C E - • < * E X z 3 = PCE - •< * EX,3ltP(Ex,cXEXz3)

l b H

FA 1 × 2 ) = F a I X , ) tP (EX ,sXEXz3)

⇒ P I E x , c X £ X z } ) = F a H a ) - F a c t , I n

11.195 . P({X=Xo3) = F× l xo ) - 5×1×5)

where

F * c x5 ) = I i m F * (Xo-e ) .

E b o

n.b.es F * N o ) - f a c t o . )

= Px ( G a , X o ] ) - 1 i n Pfc-as,xo-e])
E b o

= ' i m P×((Xo-e, Xo ] ) =P× ( {Xo3)
E b o



I n summary : 1 1 . 2 0

P.io?Iie:.oIihe:.#a.........
2 . I f X , < X z , t h e n Fj Ctr,) { F * C Xz ) .

3 . P ( { X > x 3) = I - F * ( x ) ,
t h e R .

4 . I f × , < X z , t h e n

P ( { x , < X E X >3 ) = Fx 1×2) - F x ( X i ) .

5 . P ( { * = Xo} ) = F x (Xo) - Fx ( X i )
where

f *c×g) = I i m
E b o

¥ ( Xo - e )

11.21Defy : W e say
t h a t a random

va r i a b l e i s Cabsolutely)continuous
i f f * e x ) i s a

continuous"
func t ion

a t a l l points X E R .
aE×cx)

tact)

} discontinuity¥÷÷÷÷i÷÷
¥ouqR1µ



I I . 2 2
W e say

t h a t a R V X i s discrete
i f i t t a k e s o n v a l u e s f r om a d i s c r e t e

( f i n i t e o r countable) subset o f I R .

I n t h i s c a s e , F * ex ) i s a " s t a i r c a s e ".

I N A
± - - - - - . o o -

K = 1 ,2 , 3 .
T

' purf o f K r

±
¥÷i÷÷÷÷÷:"g - - ,"


