
S e s s i o n 2 8

Recall...

2 8 . 1

DESI : A random sequence { I n }

q~yigdistribut.in ( d ) t o

Fx, 1 × 1 → f * ( x ) a s n → c o 1¥)

a t every point x-EIR whe r e

F× ( x ) i s continuous.

(tx): i.e., W E > O , T h e E I N such t h a t

I F * , e x ) - F * A l l
- E , A n z ,

f o r a l l X E R where F a c t ) i s continuous,



Recall...

2 8 . 2

D e f t : A random sequence { X , }

connvergesindensity ( d e n )
t o a R .V. X i f

£ , e x ) → f * ( x ) a s n → a s

a t every point x c - R where F* e x )

i s continuous.

2 8 . 3

Aren't convergence i n density a n d

convergence
i n d is t r ibu t ion equivalent?

Note
Examplee: L e t { I n } be a sequence o f

R V s having p .
d. f s

f*ncx1=[It c o s I2itnx)]. I [off).
n i b . cig f * , ex) z o ,

T X E R
.

c s

Iii)-§f*, ex ) d x = §( i t costanx)) DX = ( x + ¥ ,
sinfont))))

= I , n = § E .



Now define 0
,
X < 0 , 2 8 . 4

f ( x ) = { x ,
x c - [ o i l ] ,

*
I

,
X > 1 .

N o t e t h a t
X 0 , + s o

F*n ( x ) = / fnld)d o = {xt # s i n (and), xE[on]
- c o 1

,
X > I

clearly f * , e x , → Fa a ) ,
t h e I R

41,1¥" ' "'
"
'" ' "' " '

a s a → c s

i . w e h a v e

convergence i n

distribution

2 8 . 5B u t f , ex t t o f * Cx)

f a i r ) = d§¥ = 'too!?

a n d

£ ex) = [ I t c o s 21T-x]. Ico,⇒ (X)

¥÷#÷
A s n → i s

÷ # £
€ : " # a ,

a s n - c o ,
I . Convergence ( d )

¥ convergence (den)
.



2 8 . 6
However

convergence (den) ⇒ convergence (d ) .

( n i b . T h e integration t h a t conver ts f µ , ex)
i n t o f * , e x ) smoothes things o u t . )

Cauchycriterionforconvergence 2 8 . 7

Recall t h a t a sequence o f r e a l numbers

X I I ' i i , X n , . . . converges t o a l i m i t x

i f H e > o
, I n e c - I N such t h a t

I t n - X l < E
,
I n Z h e .

T o u s e t h i s def in i t ion t o determine i f

X i , . . . , Xin , . . . converges, w e have t o know

t h e l i m i t x .



T h e Cauchiriterion gives u s 2 8 . 8

a way
t o t e s t f o r convergence

wi thout knowing t h e l i m i t x .

fauchyncriterion: I f { * n } i s a

sequence o f remalneumberse a n d

| X n +m -X , I - O a s n - c o

f o r a 11 M E I N ,
t h e n t h e sequence converges

t o a rea l n umbe r .

n ± T h e Cauchy criterion c a n b e applied t o v a r i o u s

f o r m s o f stochastic convergence.'

1 9 . E[lXn+m-Ant] → o a s h - c s f o r a l l

m e 1 , 2 , 3 , . . .
T h e n { I n } converges i n mean-square.

/¥#~###µ 2 8 . 9

s e t o fa l l Random sequences

2 6 . 2 1



I . M . 5 . Convergence ⇒ convergence Cp)
227¥70

n d PC { I I - u l I E } ) I E[l*{zMl2]_=Var{¥

⇒ P I E I N , - * L E E } ) s E[l*[¥P]-

E [ I # n - X 1 2 ] - O
( m - s convergence)

n o w

⇒ ①( E l k , - H I Z E } ) -O a s n o d .

(convergence (p ) )

2 . convergence (ace)
⇒ convergence 'p).. 2287.13-1

Follow f r o m definitions.

C o n v e r s e i s n o t t r u e .

( s e e Papoulis).

3 . Convergence (d) i s "weaker" t h a n convergence

( a .e . ) ,
C m s . ) o r ( p ) '

( a .e . ) ⇒ ( d )

(mis ) ⇒ ( d )

(p) ⇒ r d ) .



4 . ( a .e ) # cm ' s ) 2781402

( m i s ) ¥ ( a . e . )

n .be T h e Chebysheu Inequality i s a n

important t o o l when working w i t h

Cmas.) convergence.

ChebyshevInequality: L e t i t b e a R i v .

w i t h m e a n u a n d v a r i a n c e 0 2 < 0 .

Then H E > 0
,

PCEIX.nl ' re}) ← I I

Proof-i L e t 9,CX) = Iqrefpipr-µ1ze3 287.1103

and guys K¥2
Note : gzcx) Z g ,ex), t h e

I R ÷±±¥÷.
L e t old = gurl-g, C H Z O ,

A X E I R

⇒ E ( lock)) 2 0
⇒ E [41×1 ] = E [gd*)-g,#D= E[gzc§ - E [91*1]%0

⇒ E [ g , CHI ] E , E [ g a l # I ]
B u t E [g,CK)] = P ( { I X - u l I E 3 )

E [921*1] = I z
i . R ( { I X - u l I E 3 ) I ¥2 •

2 7 . 5



Reca l l . . .

TheWeakofLargeNumb@z8.H
L e t { X i n } be a sequence o f i . i . d Random

va r i ab les w i t h m e a n u and v a r i a n c e 02 .

Define

µ , = In ¥1, K k ,
n e l , 2 , 3 , . . .

T h e n f o r any
E > O ,

P ( E l i n - a l e e3) → 0 a s n - c o .

( i n ↳ u ) .

Recall...

'Proofy: E [ I n ] = E [ ' T III, * k ] 2 8 . 1 5

= t I I . E [ ¥ ] = In C n n ) = @

and v a rC% ) =
exerciseI ' I

|
= E [ I I I . III.H i¥ ] ='T II!II.EE#iNk]i:::::::::÷÷:÷
÷:÷÷÷÷÷g

= ¥ [n( I t µ 2 ) t n Cn- l ) u 2 ]

= . . . = & t e t -



Recall...

2 8 . 1 6Applying t h e chebyshev Inequality
t o Mn , w e get

P l a i n - u l z e 3) s varlet = n¥z.

' '- P I E 1 % - u l z e 3 ) s EE, → o a s n o o .

⇒ ' in ( b ) u a s u → •
•

2 8 . 1 7Corollary: suppose w e repeat a simple
experiment ( S o , Fo , Po)

many
t i m e s independently.

L e t A E F o
,
and def ine a R V

*
k
£ I a ( w ) = { I ,

w e A

0
, w¢A

o n t h e K- t h repetition o f t h e experiment

N o t e : H , g . . . , X u , . . .
i s a n i . i . d . sequence

o f RVs w i t h

E [X i e ] = E [1,1W)] = PCA)

v a r ( X p ) = o h = ①( A ) ( e - PCA)).



2 8 . 1 8De f i n e

r n ( A )
I X.t t#EXn
= I n II. * k

E [ r n ( A ) ] = E [HitHzutrarku]
= t (PCA)+ PCA) t . . - PCA ) ) =

PCAJ-n-t.ee
Applya} t h e W L L W t o r n CA) , w e ge t
① ( q I r , C A I - P H I L Z E } ) - O a s n o w

f o r a l l e > o f p(EluncAt-HAILEE})s %AI{AA=

→ 0 a s n o w .

So t h i s says t h a t t h e relative frequency 2 8 . 1 9

r n ( A ) =
( " "

" b e d o f t i m e s A o c c u r s

innindepneudals)

converges i n probability cp) t o t h e

probability PCA) .

r n ( A )
t o PCA) a s n - c o

-
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2 8 . 2 6

3208,22€

E C E 6 0 0 F i n a l E x a m

[-48^2^5]8 : 0 0 - 1 0 : 0 0 am
F o r F N Y a n d

÷÷÷÷÷÷÷÷i÷÷
÷÷÷÷÷.
You may ne t u s e a ca lcu la to r.
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15-0%-
1
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228829.1ft

StochasticProcesses

• T h e i d e a o f a s t o c h a s t i c

p ro c e s s i s a straightforward
ex t e n s i o n o f t h e i d e a o f a

random v a r i a b l e .

• I n s t e a d mapping e a c h o u t c ome W E S

t o a n u m b e r Xiao), w e map i t t o a

func t ion o f t i m e * I t , w )

2288¥02F a t h e r Processes

0
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