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Other Approaches to Waveform Processing

• Matched-filtering has the goal of maximizing SNR, not optimizing delay-
Doppler resolution.

• Echo-locating bats appear to possess spatial resolution characteristics su-
perior to that dictated by the ambiguity function of their transmitted
waveform.

• This suggests they are doing something other than matched-filtering:

• Neurological studies of echolocating bats indicate that thye perform a form
of nonlinear correlation of the received signal with the transmitted signal.

• Neurological studies indicate that di�erent temporal parts of the waveform
are processed in di�erent parts of the brain—they are processed separately
and combined.

Other Approaches to Waveform Processing

also have to do with the conditions in which the bat hunts. The
mustached bat often hunts in vegetation and the CF component
of the pulse may help this bat focus in on insects moving within
the vegetation.

When the mustached bat produces a CF-FM pulse, it also
produces harmonics of that pulse. Thus the bat is not only
getting info from its first frequency, but also the 2nd, 3rd, and
4th frequencies of that pulse.

Of particular interest to the mustached bat are the echoes
returning from its 2nd harmonic pulse. This echo returns to the
bat with a great deal of information about the Doppler shift of
the target. And there is a large specialization in the auditory
cortex of the bat that focuses on the frequency range of this
echo.

When a bat begins to echolocate it usually produces short
millisecond long pulses of sonar (CF-FM in the case of the
mustached bat), and listens to the returning echoes. If prey is
detected by the bat, it will generally fly toward the source of the
echo continuing to emit sounds and focus in more accurrately
on the prey. As the bat gets closer and closer to the target the
sonar pulses are emitted faster with a shorter duration. This
happens until the bat is right upon the prey, at which time the
bat scoops the insect up into its wing membranes and into its
awaiting mouth. It's a beautiful, complicated and highly

• This suggests that the bat processes different parts of the waveform 
separately and then combines the results using some form of (nonlinear) 
neural processing.

• Perhaps mimicking this separated processing structure would yield 
useful results in terms of delay-Doppler resolution enhancement or 
ambiguity reduction.
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The V-Chirp Waveform

The V-chirp signal is made up of two successive chirps: an up-chirp with chirp-
rate k1 and a down-chirp with chirp rate k2.

s(t) = s1(t) + s2(t� T ),

where

and

s(t) = s1(t) + s2(t� T )

s1(t) = ej�k1t2 · 1[0,T ](t) s2(t) = ej�k2(t�T )2 · 1[0,T ](t)

Approaches to Processing a V-Chirp
Matched-Filter Processing
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Ambiguity Function of an V-Chirp with k = 33 and k = 66

(a) Normalized ambiguity surface for k1 = k2 = 33, Tr =
T .
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(b) Footprint of ambiguity surface for k1 = k2 =
33, Tr = T .

(c) Normalized ambiguity surface for k1 = 54, k2 =
66, Tr = T .
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(d) Footprint of ambiguity surface for k1 = 54, k2 =
66, Tr = T .

Figure 2: Normalized ambiguity surfaces for di�erent sweep rates.
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Approaches to Processing a V-Chirp
Matched-Segment Pointwise Nonlinear Processing
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Approaches to Processing a V-Chirp
Matched-Segment Product Processing
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Delay-Doppler Response of Matched-Segment Product Processor

(a) Normalized Absolute Response
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Figure 5: Proposed receiver response for a Doppler shifted signal. k1 = 54, k2 = �66.

receiver compared to the matched filter? Under what conditions do we have an acceptable performance?
Are there any other signals that can be used this way? We shall look at the answers to these questions in
the next section.

3.1 Detection Performance

In this section, we analyze the detection performance of the proposed receiver for a slowly fluctuating
point target model. To be more general in our treatment of detection performance, we begin with the
set of pulse trains comprising two diverse pulses. This is not restrictive since pulse trains comprising 2n
pulses can be thought of consisting of two diverse super -pulses each with n pulses. The only condition we
require is that of signal orthogonality. It should be recalled that for large time-bandwidth product, the
chirps satisfy the orthogonality condition.

Consider a particular resolution cell for nominal delay ⇧0 and Doppler ⇥0 and assume that two complex
orthonormal signals (baseband equivalents) s1(t) and s2(t), each of duration T are transmitted. Let s(t)
be the composite signal,

s(t) = s1(t) + s2(t). (18)

Here, by orthonormality we mean
⇥

R
si(t)s�j (t) = �ij for i, j = 1, 2.

Assuming that a slowly fluctuating point target is present, the received signal is

sr(t) =

�
Bs(t� ⇧)ej2⇥�t + n(t), under H1,

n(t), under H0,
(19)

where B is a complex Gaussian random variable and n(t) an independent zero-mean complex Gaussian
white noise process with variance ⌅2

n = N0 (each quadrature component is N0/2). We let E[|B|] =
⇤

⇤/2 ⌅b

and E[|B|2] = 2⌅2
b .

9

(a) Normalized ambiguity surface for k1 = k2 = 33, Tr =
T .
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(b) Footprint of ambiguity surface for k1 = k2 =
33, Tr = T .

(c) Normalized ambiguity surface for k1 = 54, k2 =
66, Tr = T .
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(d) Footprint of ambiguity surface for k1 = 54, k2 =
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Figure 2: Normalized ambiguity surfaces for di�erent sweep rates.

15

Matched-Filter bank Response for Purpose of Comparison



Matched Segment Processing for Enhanced Delay-Doppler Ambiguity Response > The proposed nonlinear matched filtering

Two targets 10 dB apart at (0, 0) and (0.02, 1).

For V-chirp, T = 1, Tmax = 2, k1 = 54, k2 = �66.

(a) V-Chirp with Matched Filter. (b) Up-Chirp with Matched Filter.

(c) Product Receiver with V-Chirp. (d) Minimum Receiver with V-Chirp.

Dept. of Electrical and Computer Engineering http://cobweb.ecn.purdue.edu/~mrb

Two Targets: One at (0,0) and one at (0.02,1) [-10dB ]

-

Detection Performance
Consider a particular resolution cell (⇥0, �0) where we are testing for a target.
Assume (⇥0, �0) = (0, 0) WLOG:

Let s1(t) and s2(t) be two orthogonal signals, each of duration T, and let

s(t) = s1(t) + s2(t� T ).
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Detection Performance (Continued)

Assuming that a slowly fluctuating point target is present, the received signal
is

sr(t) =

�
Bs(t� ⇤)ej2⇥�t + n(t), under H1,

n(t), under H0,

where B is a complex Gaussian random variable and n(t) an independent zero-
mean complex Gaussian white noise process with variance ⇥2

n = N0 (each
quadrature component is N0/2). We let E[|B|] =

⇥
�/2⇥b and E[|B|2] = 2⇥2

b .

Using our proposed receiver structure, the received signal is correlated with
s1(t) and s2(t) individually:

O1(⇥, �) =
�

R
sr(t)s⇥1(t� ⇥0)e�j2⇥�0t dt,

O2(⇥, �) =
�

R
sr(t)s⇥2(t� ⇥0)e�j2⇥�0t dt.

Detection Performance (Continued)

Without loss of generality, we can take ⇥0 = �0 = 0. Then the output of the
first correlator under H1 is

O1(⇥, �) =
⇤

R

�
B(s1(t� ⇥) + s2(t� ⇥))ej2⇥�t + n(t)

⇥
s�1(t) dt

= B
�
⇤�

1,1(⇥,��) + ⇤�
1,2(⇥,��)

⇥
+n1.

Similarly,

O2(⇥, �) = B
�
⇤�

2,2(⇥,��) + ⇤�
2,1(⇥,��)

⇥
+n2.

X j k ( T N ) = § Sj ( t ) s k y→ yeti
2 ' T ' t

d t
.
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Detection Performance (Continued)
For simplicity, let

R1
⇥=O1(⌅, �)

and
R2

⇥=O2(⌅, �).

When a target is present at the nominal delay and Doppler, we have ⌅ = � = 0.
Since ⇧�(0, 0) = 1, and by signal orthogonality ⇧�1,2(0, 0) = 0, we have

Ri =

⇧
B

�
⇧�i,i(⌅,��)

⇥
+ni, : H1,

ni, : H0.

for i = 1, 2. Since B and ni, i = 1, 2 are independent gaussian variates, therefore,
R1 and R2 are complex normal random variables:

fRi|H1(ri) =
1

⇥(2⇤2
b + N0)

exp
⇤
�r�i ri

2⇤2
b + N0

⌅
,

fRi|H0(ri) =
1

⇥N0
exp

⇤
�r�i ri

N0

⌅
,

for i = 1, 2.

Detection Performance (Continued)
Under H0, R1 and R2 are uncorrelated and thus independent. So |R1| and |R2|
are independent Rayleigh RVs. Letting Z = |R1R2|, we have

fZ|H0(z) =
4z

c2
0

K0(2z/c0)

where
c0 = N0,

and K0(z) is zero order modified Bessel function of the second kind

Under H1, Ri ⇥ CN (0, 2�2
b + N0) and the covariance between real (imaginary)

components of R1 and R2 is �2
b , and cross components are independent. R1 and

R2 are thus correlated Rayleigh RVs. Letting c1 = 2�2
b + N0

fZ|H1(z) =
4z

c0(2c1 � c0)
I0

� 2z(c1 � c0)
c0(2c1 � c0)

⇥
K0

� 2zc1

c0(2c1 � c0)

⇥
,

where
I0(x) = zero-order modified Bessel function of first kind.

- -



Detection Performance (Continued)

The resulting likelihood ratio is

l(z) =
c0

2c1 � c0
I0

� 2z(c1 � c0)
c0(2c1 � c0)

⇥K0( 2zc1
c0(2c1�c0)

)
K0(2z/c0)

H1
�
H0

�.

Since I0 and K0 are monotone functions, an equivalent test is

Z
H1
�
H0

�c,

where �c is a function of c0 and c1 and is selected to achieve a specific false
alarm probability.

No

Detection Performance (Continued)
Probability of false alarm:

PFA = Pr[Z ⇥ �c|H0]

=
� �

�c

4z

c2
0

K0(2z/c0)dz

=
2�c · K1(2�c/c0)

c0
,

where K1(z) is 1st order modified Bessel function of second kind.

Probability of detection:

PD = Pr[Z ⇥ ⇤c |H1] =
⇤ ⇥

�c

fZ|H1(z)dz

=
2z

c0(2c1 � c0)
�
I0(2⇤c�)K1(2⇤c⇥)c1

+ I1(2⇤c�)K0(2⇤c⇥)c1 � I1(2⇤c�)K0(2⇤c⇥)c0

⇥

where � = (c1�c0)
c0(2c1�c0)

and ⇥ = c1
c0(2c1�c0)

.
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Product Receiver versus Conventional Matched-Filter

• Detection performance of  proposed technique is close to optimal, especially at high SNR.
• Significant improvement in delay-Doppler resolution.

Matched-Segment Minimum Processor
Matched Filter


Bank for
s1(t)

Matched Filter

Bank for
s2(t)

Delay

T

O1(⇥, �)

O2(⇥, �)

�

�

�

�

�

�

O(⇥, �)
rs(t)

Pointwise


Operation

min (O1, O2)Matched Segment Processing for Enhanced Delay-Doppler Ambiguity Response > The proposed nonlinear matched filtering

Delay-Doppler Response

Minimum Receiver

(a) Normalized Absolute Response
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Questions:

Delay-Doppler resolution vs Detection Performance

Multiple target scenarios
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Matched Segment Processing for Enhanced Delay-Doppler Ambiguity Response > The proposed nonlinear matched filtering

Two targets 10 dB apart at (0, 0) and (0.02, 1).

For V-chirp, T = 1, Tmax = 2, k1 = 54, k2 = �66.

(a) V-Chirp with Matched Filter. (b) Up-Chirp with Matched Filter.

(c) Product Receiver with V-Chirp. (d) Minimum Receiver with V-Chirp.

Dept. of Electrical and Computer Engineering http://cobweb.ecn.purdue.edu/~mrb

Two Targets: One at (0,0) and one at (0.02,1) [-10dB ]

Two Targets: At (0,0) and (0.08,0) [-15 dB]

k = 54, T = 2.

(0, 0) (0.08, 0) T = 1, Tmax = 2, k1 = 54, k2 =

�66.

(0.08, 0) (0, 0)

→.



Minimum Receiver versus Conventional Matched-Filter

• Detection performance of  proposed technique is close to optimal, especially at high SNR.
• Significant improvement in delay-Doppler resolution.

Matched Segment Processing for Enhanced Delay-Doppler Ambiguity Response > The proposed nonlinear matched filtering

Comparison with Matched-Filter

Minimum Receiver
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Detection performance of proposed technique is close to optimal,
especially at high SNR.
Significant improvement in delay-Doppler resolution.
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Comparison of Product and Minimum Receivers

Matched Segment Processing for Enhanced Delay-Doppler Ambiguity Response > The proposed nonlinear matched filtering

Comparison with Matched-Filter

Product Receiver
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Detection performance of proposed technique is comparable to optimal,
especially at high SNR.
Significant improvement in delay-Doppler resolution.
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Matched Segment Processing for Enhanced Delay-Doppler Ambiguity Response > The proposed nonlinear matched filtering

Comparison with Matched-Filter

Minimum Receiver
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Detection performance of proposed technique is close to optimal,
especially at high SNR.
Significant improvement in delay-Doppler resolution.
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Product Receiver: Minimum Receiver:

Matched Segment Processing for Enhanced Delay-Doppler Ambiguity Response > The proposed nonlinear matched filtering

Delay-Doppler Response

Minimum Receiver

(a) Normalized Absolute Response
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Questions:

Delay-Doppler resolution vs Detection Performance

Multiple target scenarios
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Matched Segment Processing for Enhanced Delay-Doppler Ambiguity Response > The proposed nonlinear matched filtering

Delay-Doppler Response
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Figure 5: Proposed receiver response for a Doppler shifted signal. k1 = 54, k2 = �66.

receiver compared to the matched filter? Under what conditions do we have an acceptable performance?
Are there any other signals that can be used this way? We shall look at the answers to these questions in
the next section.

3.1 Detection Performance

In this section, we analyze the detection performance of the proposed receiver for a slowly fluctuating
point target model. To be more general in our treatment of detection performance, we begin with the
set of pulse trains comprising two diverse pulses. This is not restrictive since pulse trains comprising 2n
pulses can be thought of consisting of two diverse super -pulses each with n pulses. The only condition we
require is that of signal orthogonality. It should be recalled that for large time-bandwidth product, the
chirps satisfy the orthogonality condition.

Consider a particular resolution cell for nominal delay ⇧0 and Doppler ⇥0 and assume that two complex
orthonormal signals (baseband equivalents) s1(t) and s2(t), each of duration T are transmitted. Let s(t)
be the composite signal,

s(t) = s1(t) + s2(t). (18)

Here, by orthonormality we mean
⇥

R
si(t)s�j (t) = �ij for i, j = 1, 2.

Assuming that a slowly fluctuating point target is present, the received signal is

sr(t) =

�
Bs(t� ⇧)ej2⇥�t + n(t), under H1,

n(t), under H0,
(19)

where B is a complex Gaussian random variable and n(t) an independent zero-mean complex Gaussian
white noise process with variance ⌅2

n = N0 (each quadrature component is N0/2). We let E[|B|] =
⇤

⇤/2 ⌅b

and E[|B|2] = 2⌅2
b .

9

Questions:

Delay-Doppler resolution vs Detection Performance

Multiple target scenarios

Dept. of Electrical and Computer Engineering http://cobweb.ecn.purdue.edu/~mrb
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Future Work: Extension from Pointwise to Neighborhood Combining

• There may be advantages to moving beyond pointwise nonlinear 
operations to nonlinear operations in a neighborhood about the delay-
Doppler cell being processed

• Information about the modulus and phase of the segment ambiguity 
functions may be useful in formulating a neighborhood combining 
function.

• Example: Inhibition / Excitation models of cochlear and retinal 
processing.

• Closed-form detection performance may not be possible.

Future Work: Coded Waveform Segments

• Chirps are not the only waveforms that can be used with the matched-
segment processor.

• We have investigated Costas waveforms. Moderately encouraging 
results, but further work needed.

s1(t) = ej⇥k1t2 · 1[0,T ](t),

s2(t) = ej⇥k2(T�t)2 · 1[0,T ](t).

�0,1(⇤, �) �
⇤

R
s0(t + ⇤/2)s⇥1(t� ⇤/2)e�j2⇥�tdt

=
⇤ T�|⇤/2|

|⇤/2|
ej⇥k1(t+⇤/2)2e�j⇥k2(T�t+⇤/2)2 · e�j2⇥�tdt.

�0,1(⇤, �) =
⇤ T�|⇤/2|

|⇤/2|
exp

⌅
j⇥

⌃��
k1 � k2 t +

k1⇤ + 2k2T + k2⇤ � 2�

2
⇥

k1 � k2

⇥2

� ((k1 + k2)⇤ + 2k2T � 2�)2

4(k1 � k2)
+ (k1 � k2)

⇤2

4
� k2T (T + ⇤)

↵ ⌦ �
K

⌥⇧
dt.

x =
�

k1 � k2 t +
(k1 + k2)⇤ + 2k2T � 2�

2
⇥

k1 � k2
,

x1 =
�

(k1 � k2) · |⇤ |
2

+
(k1 + k2)⇤ + 2k2T � 2�

2
⇥

k1 � k2
,

x2 =
�

(k1 � k2) ·
�
T � |⇤ |

2

⇥
+

(k1 + k2)⇤ + 2k2T � 2�

2
⇥

k1 � k2
,


