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• We have seen that optimal detection of a known target in additive white

Gaussian noise is provided by the matched filter.

• This corresponds to the following hypothesis testing problem:

H0 : r(t) = n(t)

versus

H1 : r(t) = s(t) + n(t)

• But two-way motion of one wavelength results in a phase shift of 2⇡ radians

in the passband signal (the carrier).

• So in general, we have a complex factor e
i✓

applied to the received complex

baseband signal.

• Here, ✓ is unknown, and is often modeled as a random variable uniformly

distributed on the interval [0, 2⇡).

white Gaussian noise 

signal 
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• Thus the received signal becomes

r(t) = e
i✓

s(t) + n(t),

• The new hypothesis testing problem to be considered becomes

H0 : r(t) = n(t)
versus

H1 : r(t) = e
i✓

s(t) + n(t),

where ✓ is unknown and usually modeled as uniformly distributed on
[0, 2⇡).

• Also, we assume that n(t) is independent of ✓.

complex white 
Gaussian noise

signal 
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W e kn ow t h a t i n t h e c a s e w h e r e
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t h e phase i s known, w e effectively
h a v e a one-dimensional problem:

÷÷i÷÷÷÷÷
÷÷÷÷÷:÷.Real P a r t

¥ .



-2 2 4 6 8 10

0.1

0.2

0.3

0.4

H0

<latexit sha1_base64="Zj2sbIr2JZplOxI5Czqqcade00M=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuKOYYECTHiCYRkiXMTmaTIbOzyzyEsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hypnSnvft5NbWNza38tvuzm5hb794cNhSiZGENknCE3kfYkU5E7Spmeb0PpUUxyGn7XB0NfXbD1Qqlog7PU5pEOOBYBEjWFvptt7zesWSV/FmQKvEX5BSrfBpytfuR6NX/Or2E2JiKjThWKmO76U6yLDUjHA6cbtG0RSTER7QjqUCx1QF2ezUCSpbpY+iRNoSGs3U3xMZjpUax6HtjLEeqmVvKv7ndYyOqkHGRGo0FWS+KDIc6QRN/0Z9JinRfGwJJpLZWxEZYomJtum4NgR/+eVV0jqr+OeVixubRhXmyMMxnMAp+HAJNahDA5pAYACP8AwvDneenFfnbd6acxYzR/AHzvsPRguQCA==</latexit>

H0

<latexit sha1_base64="Zj2sbIr2JZplOxI5Czqqcade00M=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuKOYYECTHiCYRkiXMTmaTIbOzyzyEsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hypnSnvft5NbWNza38tvuzm5hb794cNhSiZGENknCE3kfYkU5E7Spmeb0PpUUxyGn7XB0NfXbD1Qqlog7PU5pEOOBYBEjWFvptt7zesWSV/FmQKvEX5BSrfBpytfuR6NX/Or2E2JiKjThWKmO76U6yLDUjHA6cbtG0RSTER7QjqUCx1QF2ezUCSpbpY+iRNoSGs3U3xMZjpUax6HtjLEeqmVvKv7ndYyOqkHGRGo0FWS+KDIc6QRN/0Z9JinRfGwJJpLZWxEZYomJtum4NgR/+eVV0jqr+OeVixubRhXmyMMxnMAp+HAJNahDA5pAYACP8AwvDneenFfnbd6acxYzR/AHzvsPRguQCA==</latexit>

H1

<latexit sha1_base64="YZT9Er424Vj1Fp92f8bbA9Uw29s=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuKOYYECTHiCYRkiXMTmaTIbOzyzyEsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hypnSnvft5NbWNza38tvuzm5hb794cNhSiZGENknCE3kfYkU5E7Spmeb0PpUUxyGn7XB0NfXbD1Qqlog7PU5pEOOBYBEjWFvptt7ze8WSV/FmQKvEX5BSrfBpytfuR6NX/Or2E2JiKjThWKmO76U6yLDUjHA6cbtG0RSTER7QjqUCx1QF2ezUCSpbpY+iRNoSGs3U3xMZjpUax6HtjLEeqmVvKv7ndYyOqkHGRGo0FWS+KDIc6QRN/0Z9JinRfGwJJpLZWxEZYomJtum4NgR/+eVV0jqr+OeVixubRhXmyMMxnMAp+HAJNahDA5pAYACP8AwvDneenFfnbd6acxYzR/AHzvsPR4+QCQ==</latexit>

H1

<latexit sha1_base64="YZT9Er424Vj1Fp92f8bbA9Uw29s=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuKOYYECTHiCYRkiXMTmaTIbOzyzyEsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hypnSnvft5NbWNza38tvuzm5hb794cNhSiZGENknCE3kfYkU5E7Spmeb0PpUUxyGn7XB0NfXbD1Qqlog7PU5pEOOBYBEjWFvptt7ze8WSV/FmQKvEX5BSrfBpytfuR6NX/Or2E2JiKjThWKmO76U6yLDUjHA6cbtG0RSTER7QjqUCx1QF2ezUCSpbpY+iRNoSGs3U3xMZjpUax6HtjLEeqmVvKv7ndYyOqkHGRGo0FWS+KDIc6QRN/0Z9JinRfGwJJpLZWxEZYomJtum4NgR/+eVV0jqr+OeVixubRhXmyMMxnMAp+HAJNahDA5pAYACP8AwvDneenFfnbd6acxYzR/AHzvsPR4+QCQ==</latexit>

Real Part of 
Complex 
Baseband:

Real Part of !
Complex !
Baseband:

Complex 
Baseband:
Complex !
Baseband:

2 3 . 6

fo ( x ) f , ex)
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M F output

folx,Y) f , H ,Y)

However, in the case where the phase ✓ is unknown, the problem is intrinsically

2-dimensional:

When we do not know the phase ✓, we must consider both dimensions ( the real
and imaginary part of the matched-filter output.) There is i.i.d. noise in both
dimensions, and we get a contribution from both noise components.

The problem of detecting a known signal s(t) with unknown phase ✓ (i.e., the
problem of detecting ei✓s(t)) is called the non coherent pulse detection problem.
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a n

u n k n o w n phase f a c t o r e i o , t h e detec t ion s t a t i s t i c
i s t h e magnitude o f t h e complex matched

f i l t e r output.

I I : s i t ) →lm.IT#t-XlT)-
Then-:ei0s-4-/mF-IioxlT)

TyTinearity
T.f.IT o f M F .

I f w e a s s u m e 0~U[0,2T) , the re i s n o prefered
d i rec t ion f o r t h e signal o r t h e noise.

⇒ T h e phase o f t h e M . F . output i s irrelevant.
T h e magnitude f t p . T J i s a l l t h a t matters

a s a de tec t i on s t a t i s t i c , w h e r e

E.ie#.:::::::II

T h e in-phase ( rea l ) a n d quadrature (imaginary) 2 3 . 9
n o i s e components i n t h e complex baseband matched

f i l t e r output a r e i . i . d , z e r o m e a n R V s w i t h

v a r i a n c e 0 2 = } ¥

They together c a n b e v iewed a s a complex

" c i r c u l a r Gauss ian" R V

I = X t i t
, X,,VnN[0,02]
X I T .

s i n c e t h e magnitude o f t h e no ise i s g iven
by R = 1 × 7 2
a n d o n t a r i ' ( Y , X )
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• T h e output o f t h e matched f i l t e r
c a n b e s h o w n t o h a v e p d f

£ , Iorio) =z¥z e-
'2/202.

I c r i . 1 (o) .
[O,D ) [0,2T)

• Integrating i v . r u t . Q , w e ge t
a

ftp.crl-fsfmorioldo-
rzer2/2toIqbj-pdfunderHo-

Rayleigh p d f

Underlt ( signal + noise) : 23 . 1 1

T h e output o f t h e matched f i l t e r , f o r
a f i x e d O t = o o , c a n b e desc r ibed

by a t w o - dimensional Gau s s i a n p d f
w i t h n o n - z e r o m e a n s ( I , T ) given
by

I = 2¥ c o s Oo

and

I = 2¥ s i n o o .



2 3 . 1 2w e c a n w r i t e t h e m e a n s i n t h e

f o r m
I = A c o s 0 )

I = A s i n o .

T h e n w e h a v e

f r e a l =y¥o e x p {-1×-1%01}

Em''ll = ,¥o exp {-4-2%112}

T h e n letting 2 3 . 1 3

R = 1 * 2 + 7
a n d

to = t a n ' l 'T,X ) ,
w e c a n w r i t e t h e joint pdf o f R a n d I a s

£,#cr.tk#zexpfr=ArzE-tAl3Ie+.IjHzofjj.
Integrating o v e r ¢ , w e g e t

. I@Arcos
(O-0/1/202

f i r ( r ) =¥g , e-
4202.e-Ako'

T

- I T
m e d ¢

periodic i n ¢ .
Integrated o v e r exactly
o n e period regardless
o f va l u e o f O -
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Undert-to:

fn,ocr) = ¥ e x p { - I f } . Iq's}
= I s exp {-2¥}. I coiss
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Detection Using Multiple Observations (Pulses)
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