
S e s s i o n 2

The Doppler Effect

The radar transmits waveform s(t).

The received waveform is of the form

Radar
Targetv

r(t) =
√

α · s(αt − τ) =
√

α · s(α(t − τ ′)),

where
α =

1 + v/c

1 − v/c
.

is the  Doppler compression factor.
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Figure 1.3: Radar Measurement of the Doppler effect resulting from a target with radial

velocity v approaching a monostatic radar.

1.3 The Doppler Effect

When a source of electromagnetic or acoustic radiation is in motion with respect to an

observer of this radiation, the waveform seen by the observer is a time-scaled version of that

seen at the source, where the scale factor is a function of the relative velocity between the

source and observer [1]. This phenomenon is known as the Doppler Effect3. Perhaps the

most familiar example of the Doppler effect is the apparent shift in pitch of a train whistle

as a train passes. A distinct drop in the pitch of the whistle as the train passes—this change

resulting from the change in radial velocity between the train whistle and the observer as

the train whistle first approaches and then recedes from the listener. This effect is also heard

when a fast moving jet airplane passes nearby.

The Doppler effect also exhibits itself in radar problems where there is relative motion be-

tween the targets being sensed and the radar’s transmit or receive antennas. In a monostatic

radar system, the Doppler effect is “seen twice”—once as the transmitted waveform travels

from the radar to the target, and then once again as the reflected waveform travels from the

target back to the radar. In order to observe this effect, consider the radar/target scenario

shown in Fig. 1.3. Here we have a radar target approaching the monostatic radar antenna

with speed v. Now assume that the radar transmits an electromagnetic wave whose electric

field as a function of time is s(t). The received scattered waveform will be proportional to

r(t) =
√
α · s(αt− τ) =

√
α · s(α(t− τ ′)), (1.3)

where

α =
1 + v/c

1− v/c
(1.4)

3The Doppler effect is named after the Austrian physicist Christian Doppler, who described the phe-

nomenon in 1842.
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Figure 1.4: Geometry for the derivation of the Doppler effect for a target with radial velocity

v approaching a monostatic radar.

is the Doppler compression factor, which in this form includes relativistic effects. Here, τ is

once again the delay resulting from the round trip propagation time, and τ ′ = τ/α is the

delay scaled by the Doppler compression factor α. Note the factor
√
α multiplying s(αt−τ)

in Eq. (1.3); this factor arises because energy is conserved (i.e., no energy is lost in the

propagating wave as a result of the relative motion of the radar and target).

We now derive the expression for the Doppler compression factor in Eq. (1.4). Since

we are dealing with electromagnetic waves, a correct derivation must take into account the

effects of special relativity. This is most easily done by referencing all target motion to the

radar’s inertial reference frame.

Consider a target approaching a radar at constant velocity v as shown in Fig. 1.4. Here

we assume both the radar and the target are moving with constant velocity, and the relative

closing velocity between them is v; both the radar and the target are in inertial reference

frames (i.e., neither of them are accelerating.) If at time t = 0 the target is at range R0

from the radar, then at time t the range from the radar to the target is

R(t) = R0 − vt. (1.5)

Now suppose the radar transmits a pulse of duration T that occupies the time interval [0, T ]

as observed in the radar’s reference frame. This is shown in Fig. 1.5(a).

Assume that the leading edge of the transmitted pulse hits the target at time ta as seen

from the radar’s reference frame. Then at time ta, the waveform has traveled a distance cta

as seen by the radar. At this point in time, the range of the target from the radar is

R(ta) = R0 − vta, (1.6)
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Figure 1.5: Waveform timing diagrams as viewed in the inertial reference frame of the radar:

(a) the transmitted waveform s(t); (b) the received waveform r(t) .

from which it follows that

(c+ v)ta = R0, (1.7)

and thus

ta =
R0

c+ v
. (1.8)

The range to the target at this time is

R(ta) = R0 − vta

= R0 − v

(
R0

c+ v

)

= R0

(
1− v

c+ v

)

=
R0c

c + v
., (1.9)

Once the front edge of the waveform hits the target, it is reflected and travels the same

distance cta back to the radar for a total travel time of 2ta from the time of transmission of

the leading edge to the time of receiving the leading edge reflection. Thus the delay τA from

transmission to reception of the reflected leading edge of the pulse is

τA = 2ta =
2R0

c+ v
. (1.10)

We now consider the trailing edge of the transmitted waveform. The trailing edge leaves

the radar at time T and hits the target at time tb as seen from the radar’s reference frame.

At this time, the trailing edge of the waveform has traveled a distance c(tb − T ) as viewed

from the radar’s reference frame. At this time tb, the target is at a range of

R(tb) = R0 − vtb, (1.11)
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Azimuth and Elevation Angle Measurement

φ = elevation angle

θ = azimuth angle

R = range to target

x

y

z

θ

φ

R

Target

Radar

Radar measures

azimuth and


elevation angles

using antenna

(R, θ, φ) ∼ spherical coordinates

(x, y, z) ∼ cartesian coordinates

We can easily translate:

x = R cos θ cos φ

y = R sin θ cos φ

z = R sin φ

⇒
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Antennas and the 
Transmission of EM Energy

Ability of a radar to make useful 
measurements is ultimately limited by the 
amount of energy scattered and collected


This is a function of

Transmitted Energy

Target Scattering Characteristics


Transmit and Receive Antenna 
Characteristics
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Typical Microwave Antenna

Path length from Feed to aperture is 
constant regardless of particular path.

Distance to distant point on axis to feed is 
constant regardless of particular path.

Paraboloid Reflector

Hyperboloid Subreflector
Feed

Focus of Paraboloid and Hyperboloid

Aperture of Constant Phase

Cassagranian Reflector Antenna (1–30 GHz):

.

2 " "



Outgoing field crossing the aperture of 
the paraboloid is in phase at all points on 
the aperture.


This is the condition required for focusing 
energy in a narrow beam (Fourier 

Paraboloid Reflector

Hyperboloid Subreflector
Feed

Focus of Paraboloid and Hyperboloid

Aperture of Constant Phase
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T r a n -

In General, for Apertures that are  In-
Phase


On Transmit: Greater the concentration of 
power, and the larger the power density.


On Receive: Greater the collection area 
and thus the greater the power collected.


Reciprocity Theorem states that these two 
facts are basically the same thing.
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Consider a plane wave normally incident 
on an aperture A


Assume Electric field (for some fixed 
polarization) is E(x,y)


We want field F(P) at point P.

Aperture

Screen

Incident EM
Wave

E(x,y)

P

dA=dx dy
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Huygens’s Principle states that we sum the 
contributions from each differential 
element dA of the aperture to get the 
total field at P.

Aperture

Screen

Incident EM
Wave

E(x,y)

P

dA=dx dy
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Translating into 
Mathematics:

Aperture

Screen

Incident EM
Wave

E(x,y)

P

dA=dx dy

Dx,y

C = a constant

dFx,y(P ) =
C

Dx,y(P )
exp

{

−i
2π

λ
Dx,y(P )

}

dA
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F (P ) =

∫

A

∫

C

Dx,y(P )
exp

{

−i
2π

λ
Dx,y(P )

}

dx dy

Aperture

Screen

Incident EM
Wave

E(x,y)

P

dA=dx dy

Dx,y

A

The total field F(p) at P is obtained by

integrating over the aperture A
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Scalar Diffraction Theory
This approach to calculating a scalar 
component of a electric field is called 
scalar diffraction theory.

Useful because a linearly polarized wave 
traveling through free-space retains its 
polarization.


This allows us to treat EM fields as scalar 
quantities instead of vector fields.


Quite accurate for propagation of waves 
from large apertures at small diffraction 

2 . 2 0

angles.

Scalar Diffraction

Using Scalar diffraction, we can 
characterize the field arising at a point in 
space from the the field across the 
aperture that gave rise to it.

References on Scalar Diffraction:

Joseph Goodman, Fourier Optics


M. Born and E. Wolf, Principles of Optics
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Antenna Apertures
An antenna aperture is a surface of constant

phase near the “face” of the antenna.

The aperture of an antenna has an area A.
This area characterizes the antenna’s behavior.
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The Friis Equation
Suppose we have two antennas “pointing 
at each other” a large distance R apart.

R

AT ARPT PR

PT = transmitted power

PR = received power

PR

PT

=
AT AR

λ2R2
.

If

then
(Friis Equation)
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