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Recall... 1501
Detection of a Known Signal in Additive White Gaussian Noise

Suppose we have a signal s(¢) of known duration 7" in the interval [0,7] such
that
s(t)=0, t¢][0,T].

We wish to determine whether or not this signal is present in the presence of
Additive White Gaussian Noise (AWGN).

H,
s(t) ZONp" y(t) = s(t) +n(t)
_°HK'_’1 ®—H() —

!

w(t)

Hypothetical Lowpass Filter:
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Assume the noise w(t) is zero-mean Gaussian white noise having (two-sided)

PSD N
o (-

We want to determine which of two possible hypotheses are in effect:

Hy :r(t) = w(t) (target absent),
Hy :#(t) = s(t) + w(t) (target present).

Assume we observe the process z(t) through a hypothetical lowpass filter

1O =10mm( ={y o H S h-

H(f)
Assume B sufficiently large such that all but a
1 negligible fraction of the energy in s(t) passes
— = f through H(f).
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If we input only the white noise w(t) into filter H(f), the output n(t) becomes
bandlimited whiite noise n(t):

E[n(t)] =0

Snn(f) = % 1i-p,B)(f)
sin 2w BT

Rontr) = %08 (T35

= NyB sinc(2BT).

It follows that
+1 +£2 +3

Rnn(T):O, for T:ﬁ’ﬁ7ﬁ7.”

— k m NoB, fork=m
. [n (t°+ ﬁ) '”(t”ﬁ)} = NoBokm = {o, for k # m.
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Thus samples of the random process n(t) taken at increments of At = 1/(2B)
form a sequence of uncorrelated Gaussian random variables.

Because this sequence is both Gaussian and uncorrelated, it follows that it is a
sequence of independent Gaussian random variables.

Thus n(ty + 1/(2B)),n(to + 2/(2B)),...,n(to + M/(2B)) are i.i.d. Gaussian
random variables with mean zero and variance 02 = R,,,(0) = NyB.
If we take tg = 0 and sample at time instants ¢,, = m/(2B), where m =

1,2...2BT over duration T, the p.d.f. under Hj is

fo(y(tr), .. y(tapr)) = jf[i\/%gn eXP{ 202 }

1 29BT
= (27)BT 52BT eXpy — mz:
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The p.d.f. under H; is

2BT 0
A altam)) = T] <ot e { -2l

= mexp{ﬁ (y(tm)S(tm))z}-

The log-likelihood ratio as

w - og( )
) exp{ anﬁ<y<tm>—s<tm>>2}
exp{— 597 Lomer V2 (tm)}
1 2B

T 2BT
= _ﬁ ytm Z@/ ]

m=1
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Thus the most powerful test of size a = Ppp is of the form

1 2BT Hy
o D [2u(tn)s(tm) = $2(tn)] % 0,
W m=1 Hyp

where 7 is a threshold determined by the required false alarm rate Ppa.

Equivalently, we can write the test as

2BT H; 2BT

> 2
Z Y(tm)s(tm) Z logro + IN.B " (tm)-
m=1 Hyp m=1
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If we let At =1/(2B), we can rewrite

1 2BT H, 2BT
> 1 2
m=1 Hy m=1
as 2BT 2BT
AL H At
— t)S(tm) = 1 — 2(t).
o n;y( )s( )50 0g70+N0m§::18 (tm)

Now if we let the bandwidth B of the ideal low-pass filter grow arbitrarily large,
i.e., B — oo, then At =1/(2B) — 0, and this Riemann sum can be replaced by
the Riemann integral

2 T Hl 1 ’T2
— t)s(t)dt = 1 — t) dt
[ vstan = tognnt 5 [ s

Hy
or equivalently,
2 /T Hl Es
— y(t)s(t)dt = log~yg + —.

n.b., Es =[5 s*(t) dt.
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This now shows us how to implement a system to compute the optimal decision
statistic for our detection problem. Let

2

x(t) = i

/O (P)s(r) dr-

Then the most powerful test having a given Ppa compares the random variable
z(T) to a threshold 1 = log o + Es/No.

The random process x(t) is a scaled version of the time cross-correlation between
the transmitted signal s(t) and y(t) ~ r(t) as B — 0.

Recall...
So the processor and optimal test can be implemented using a correlator:

2 r Threshold —> i
y(t) YA () dt Comparison
T ok p —> Hy
s(t)

Note that this correlator implementation requires the synchronization of the
reference signal s(¢) with the signal component in the incoming signal y(t).

In a digital signal processing (DSP) implementation, this can done with a resyn-
chronized version of s(t) repeated in each sampling interval.

While this works, it is not the most computationally effiecient approach.

However, we can eliminate the synchronization issue altogetherby implementing
the correlator using a linear time-invariant (LTI) filter.
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We can implement the correlation using the linear time-invariant (LTT) filter

h(t) = Nios(T 4
to replace the correlator, because
2(T) = ht)*y(t)i=r
= /T h(T)y(T — 7)dr
OT )
= i FOS(T —1)y(T —7)dr

- [Nio /O ) dT]

Correlator output at time T

In block diagram form, the LTT filter implementation appears as follows:

a 2 | Threshold
y(t) h(t) = 55T —1) | Comparison

RS

_)Hl

12,11

or eliminating the scale factor 2/Ny and adjusting the thresho9ld accordingly:

Threshold

y(t)—>1 h(t) =s(T'—1) Comparison

—> H

—> H,

This implementation is called the matched filter implementation.

Because h(t) is a LTI filter, the synchronization issue is not as critical here.
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Computing the Threshold

In order to compute the threshold for the test that uses the statistic z(7T), we
need to compute the mean and variance of the Gaussian random variable z(7)
under each hypothesis:

%Emm=i/m<uwwo

2 (T, 2F
Hi :E NO/ El(s(t) + n(t))s (t)]dt:m/o s(t) Pt =

The variance is the same under both hypotheses, and is given by

ooy = B, lx(T)%

e
= N2 / / E[n )]s(u)s(v) du dv.

= E

1 Qeltd

Because n(t) is bandlimited white noise over frequency band [—B, B|, as B —
m?

Eln(un(v)] = Ruyn(u —v) = %5@ — ).

Substituting this result into

2 _i ' ' niun\vj)isiu)s(v u av
=gz | [ Enn)sse) duds,

the variance is given by

Ji(T) = N/ —(5 (u—v)s(u)s(v) dudv

= 7/0 s (u) du
2F

No '




So we have

with the threshold v; computed by noting that

Oé:PFA

[e'e) 1 U2 }
— €X Ini———— du
/Cl VAnE, /Ny I){ 4E /Ny
— 1—¢ L ,
V2E, /Ny
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The threshold can then be found as

2F
= P11 -
4! NO ( Oé),
where
o) = [ CL gy,
oo V21
The power of the test is
B = Pp
> 1 — E,/Np)?
= ————— exp{— (u /No) Hdu
. \4TE /Ny 4Es/No

_ q_g(1= 2E5/No
N V/2E, /Ny
- 1—@(®4ﬂ—ww—\MEJNQ.

1 92.10




The Matched Filter: Signal-to-Noise Ratio Maximization

An alternative approach to deriving—and extending—the matched filter is to
consider the signal-to-noise ratio at the LTI filter output at time ¢t = T

V)
=
8
=
=
3

- H(f) [

Assume s(t) has energy E:

/T |s(t)|? dt = E.
0

We will assume that the noise n(t) is a zero-mean wide-sense stationary (WSS)
random process with power spectral density Sy, (f).

e n(t) is not necessarily Gaussian.

e n(t) is not necessarily white.

We wish to find the LTI filter h(t) < H(f) that maximizes the signal-to-noise
ratio (SNR) at its output at time ¢t = T.

Question: What is the SNR at the filter output at time ¢t =17

z2(t) = s(t) + n(t) —— h(t) +— z(t) = x5(t) + z,(t)




z2(t) = s(t) + n(t) —— h(t) +——— z(t) = x5(t) + z,(t)

Computing the filter output x(7") at time ¢ = T, we have
x(T) = / h(T)z(T — 1)dr
= / h(T)[s(T —7)+n(T —71)|dr

= /_OO h(T)s(T — 7)dr|+ /_OO h(T)n(T — 1) dr
= [z, (T) Hzn(D)

The SNR of the filter output x(7") at time t = T is defined as

(@)
N Bl 0P

S e g

Our problem becomes finding the filter h(t) that maximizes the SNR at time 7"
|z (T)? 1
ho(t :argmaxl— :
) = 28 B | Bl ()T
By Parseval’s theorem,

2

\xs<T>|2=\ | nscr- =| [ anserial
and
Bllin(T)?] = Ry, (0) = / oo (F) df = / Sun(f) df.
Thus
[ H(DS(F)e2 T df 2

SNR =

SO H(f )|2Snn( ) df
00 (f) pi2nT 2
|22 HU Sun (D)2 Lem T df|
SO 1H () 2Snn () df '




By the Schwarz inequality, we know that any two square-integrable functions f

and g satisfy
[ 10t | /|f Wt [ lgto)?a,

with equality if and only if f(t) = kg™ (¢

Thus we have

’foo H(f \/T S(f) 271 gf |2
SNR = | (/1)
j'w |H )|ann( )df App|)’ Schwarz

Inequality

W j‘ !S’S(f(f) to numerator
L2 P St df

= |S(f)P
/_oo Sunf) ¥

with equality if and only if

IA

kS*(f) iz T Matched Filter for wide-sense

— stationary additive
Snn(f) colored noise

Note that when the noise is white, S,,,(f) = No/2, and this becomes

H(J) = 38" (e T,

The corresponding impulse response of is

() = 25(T — 1)

and the resulting SNR is

_[S(HIP 2E,
SNR_/OO No/2 @ = Ny

n.b., the exact same result we got for additive white Gaussian noise.




It can be shown that at threshold test on the output of this filter,

}¥(f):: ksw(f)e—dQNTf’

S%n(f)

yields the most powerful test of size o in wide-sense stationary Gaussian noise
with power PSD S,,,,(f).

This is because

e Under hypothesis Hy, the output z(7T") at time t = T is a Gaussian random
variable with mean O.

e Under hypothesis Hy, the output x(7") at time ¢ = T is a Gaussian random
variable with mean proportinal to the signal-to-noise ratio SNR.

e The variance in the output x(7) is identical under both hypotheses.

e In such a Gaussian detection problem, ther performace improves as the
difference of the means becomes larger.

e In this situation, the difference of the means is maximized when the SNR
is maximized.

e The SNR is maximized by the above filter.

Detection of a Pulse Train in Stationary Noise

[ X X J
9A 2A +d R
0 d A A+d 3A 3A+d

e Suppose we have a waveform s(¢) constructed by periodically repeating
some basic pulse shape p(t).

e Assume we may amplitude modulate the individual pulses.

e Assume the pulses are non-overlapping.




Consider the waveform s(t) constructed by regularly repeating a basic wavefor
p(t) with amplitude modulation on each pulse:

M
— Z amp(t — (m —1)A).

[ X X )
9A 2A +d
0 d A A+d (M_1)A (M_DA+d

>

e Here a,, is the amplitude of the m-th pulse.

The amplitudes could be binary(e.g.,+1), real or complezx.

e Assume we receive the signal in the presence of zero-mean stationary noise
having PSD S,,,,(f)-

We want to design the matched filter to maximze the output SNR at
observation time ¢t =T

We know that in this situation, if

o0

ﬂﬁ=f@@}=/ s(t)e=I g,

— o0

Then the matched filter is given by

If we take T'= M A so that the observation time trailing the last pulse is equal
to the observation time between all other pulses, and we note that

S(f) :/ S(t —i27 ft dt = Za P —zwa(m—l)A)

where

mﬂz/mp@fmﬂw




So the matched filter can be written as

7 S*(f) —ionfma
H — e ! 7 f
m(f) S (7
M *
_ Z ajn P (f) e—iQWfAe—iZW(M—m)fA
M
= 3 @ H (e,
m=1
where H,(f) is the single pulse matched filter sampled at time ¢t = A
by
P(f) —iznpa
H f — e ! 7 f .
: — ;
: tm = mA m=1 T=MA 1
| a, |
Hu(f)

We can implement this in block diagram form as follows:

X

Z(t)—) Hp(f) A > A > oo0e0 A
tm = mA 1
Y y
ay ap—1| [@rr—2 aé ay
| XX Thresh
T = MA ma
Or it can be implemented “all-analog” using tapped delay lines:
Delay Pelay Pelay
Line Line Line
Z(t)—) Hp(f) > —> o000 —4
A A A
\ 4 y
any a7\4—1 a}k\/{—Q a; aj
% »é—)ék —> o
XX Thresh
T=MA —>H,




