
m z

Null space basis:

0

I

mxz

zxz
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DO I = 1,N

   DO J = 1,N

     X(I,J) = X(I-1,J+1)......

Dependence matrix = 
-1

 1

I

J
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I

J
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Tiling is illegal!Permutation is illegal!

H

G

J

I



I

J

U

V

I

J
= 

U

V1    1

1    0

1

-1

1

0

Skewing of inner loop by outer loop: 

Skewing of inner loop by an outer loop:   always legal

New dependence vectors:  compute T*D

In this example,   D =   T*D   = 

This skewing has changed dependence vector but it has not brought dependent iterations 

closer together....

1   0

k   1
(k is some fixed integer)

I

J
= 

U

V

I

J

U

V

1    1

0    1

1   k

0   1
Outer loop skewing: 

Skewing of outer loop by inner loop: not necessarily legal

In this example,   D =   

-1
T*D   = 0

-1

1 incorrect

Dependent iterations are closer together (good) but program is illegal (bad). 

How do we fix this??

0 0I U

U = [-1][I]

DO  I =  1, N

X(I) = I+2 X(-U) = -U +2

DO U =  -N,-1

Transformation matrix =  [-1] 

Another example:  2-D loop, reverse inner loop U

V

I

J

1   0

0   -1
=

Legality of loop reversal:   Apply  transformation matrix to all dependences & verify lex +ve

5 -5

Code generation:  easy 

1    1

0    1

1    0

0  -1

I

J

U

V

I

J
= 

U

V

U

V
= 

G

H

G

H

Composition of linear transformations

= another linear transformation! 

Composite transformation matrix is 

* = 
1    0

0  -1

1    1

0    1

1     1

0   -1

How do we synthesize this composite transformation??

close together! 

In final program, dependent iterations are 

Transformation: skewing followed by reversal







I

J

I

J
= 

U

V

DO I = 1,3

DO J = 1,3

  A(4J-2I+3,I+J) = J;

DO U = -2,10,2

   DO V = -U/2 +3 max(1,ceil(u/2+1/2)),

                  -U/2 + 3min(3,floor(U/2+3/2)),3

         A[U+3,V] = (U+2V)/6

1    1

-2   4

   How do we determine integer lower and upper bounds?

Key problems: 

How do we determine step sizes? 

        (rounding up from rational bounds is not correct)

U

-1  2

   0  1

-1 3

2  0 

-1 3

2  0 -1  2

   0  1

I

J

U

DO U = -2,10,2

   DO V = -U/2 +3 max(1,ceil(u/2+1/2)),

                  -U/2 + 3min(3,floor(U/2+3/2)),3

         A[U+3,V] = (U+2V)/6

U

DO I = 1,3

DO J = 1,3

  A(4J-2I+3,I+J) = J;

DO P = -1,5

  DO Q = max(1,ceil(p+1/2)),min(3,floor(p+3/2)

     A(2P+3,-P+Q) = Q

-2   4

 1     1
=

Initial Iteration Space

Final Iteration Space

Auxiliary Iteration Space

-1    3

2   0

0    1

-1   2

1    1

-2   4
=
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DO I = 1,N

   DO J = 1,N

     X(I,J) = X(I-1,J+1)......

Dependence matrix = 
-1

 1
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Tiling is illegal!

D =   
-1

 1

...

....

-k-n-m

...

...

first row

with negative entries...

....

row a

   

...

......
p3p1 ...

...
row b

(a) for each negative entry in the first row with negative entries, 

      find the first positive number in the corresponding column
assume the rows for these positive entries are a,b etc as shown above

(b) skew the row with negative entries by appropriate multiples of 

      rows a,b....

       For our example, multiple of row a = ceiling(n/p2)

multiple of row b = ceiling(max(m/p1,k/p3))

Transformation:    I

0 0 ..0 ceiling(n/p2) 0 0 ceiling(max(m/p1,k/p3))0...0

       I

p2
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I

J
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1
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3

4

5

1 1

1 0

Original loop Tiled fully permutable loop




