Name: Final Exam
ECE301 Signals and Systems Tuesday, May 1, 2018
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Write your name on this page and every page to be safe.
Test Duration: 120 minutes.
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Closed Book. Four two-sided handwritten sheets.
Calculators NOT allowed.
This test contains four problems, each with multiple parts.
You have to draw your own plots.
You must show all work for each problem to receive full credit.

Good luck! It was great having you in class this semester!

Have a great Summer!



Problem 1.

(a) Consider the system: y(t) = x(at), where a is real-valued and positive, a > 0. Let E,
denote the energy in y(t) = x(at) and E, denote the energy in x(¢). Determine the
relationship between E, and £, in terms of a.

(b) Show that your result holds for the case where () is the Gaussian signal below. That
is, determine F, and E, for the Gaussian signals below and show that they satisfy the
relationship that you derived in part (a.) Your answers, of course, will also depend on
the standard deviation, o, which is a real-valued, positive constant.

t2 _ (at)?

x(t) = e 27 y(t) = z(at) = e 202




Show your work for Problem 1 here.



Problem 2. Consider the periodic input signal xy(¢) below, which is one of the entries in
Table 4.2 of Fourier Transform pairs.

om & 2
xo(t):€7T 3 5(1&—1{:%)
k=—o00

This signal is first input to an analog filter with impulse response

0% (t) - 7t B E it

to form x(t) = xo(t) * hpp(t), and then x(t) is sampled at a rate of wy = 40 to form z[n|, so

that the time between samples is T = % The DT signal xz[n] thus obtained is then input
to a DT LTT system with impulse response

2
i) — s1n(2n) _4{81n(4n)} W
™m ™m
Show all work. Write your expression for the output y[n] = z[n] % hln| in the space below.
Plot both the Fourier Transform of hyp(t) and the DTFT of h[n| to help solve the problem,
but since the input is a sum of sinewaves (HINT) it is not necessary to plot the Fourier
Transform of x(t) or the DTFT of the sampled signal z[n].



Problem 2. You can continue your work and plots for Problem 2 here.



Problem 2. You can continue your work and plots for Problem 2 here.



Problem 3 (a). Consider an analog signal z,(¢) with maximum frequency (bandwidth)
wy = 20 rads/sec. That is, the Fourier Transform of the analog signal x,(t) is exactly zero
for |w| > 20 rads/sec. This signal is sampled at a rate w; = 60 rads/sec., where w; = 27 /T}

such the time between samples is T, = é—g sec. This yields the discrete-time sequence
2
sin (%“n) 7 |sin (%n) o
=x,nT) = —F7F— — —= here: T, = —
] = @a(nTe) = == = 10\ Ty Where 60

A reconstructed signal is formed from the samples above according to the formula below.
Determine a simple, closed-form expression for the reconstructed signal z,.(t). Show work.

> 27 7 sin(10¢) sin(30¢)

wll)= 2, allh(t=nT,)  where: T, =5 and A(t) =Tqe=—r—=—0

n=—oo

Problem 3 (b). Consider the SAME analog signal z,(t) with maximum frequency (band-
width) wys = 20 rads/sec. This signal is sampled at the same rate ws = 60 rads/sec., but
is reconstructed with a different lowpass interpolating filter according to the formula below.
Does this achieve perfect reconstruction, that is, does z,(t) = z,(t)? For this part, you
do not need to determine z,.(t), just need to explain whether z,.(t) = z,(t) or not.

& _ _2r .1 [sin(212)  sin(39¢)
z.(t) = Y. z[n]h(t —nT,)  where: TS—% and h(t)—Ts§{ — + -

n=—oo

Problem 3 (c). Consider the SAME analog signal z,(t) with maximum frequency (band-
width) wys = 20 rads/sec. This signal is sampled at the same rate ws = 60 rads/sec., but
is reconstructed with a different lowpass interpolating filter according to the formula below.
Does this achieve perfect reconstruction, that is, does z,(t) = z,(t)? For this part, you
do not need to determine z,.(t), just need to explain whether z,.(t) = z,(t) or not.

0 o 7 (sin(10t))?
~(t) = h(t —nT, here: T, = — d h(t) =T,—
x,(t) Z x[nlh (t — nTy) where 0 an (t) 10{ = }

n=—oo

Show all your work for Prob. 3, parts (a)-(b)-(c) on next page.



Show your work for Prob. 3, parts (a)-(b)-(c) below.



Problem 3 (d). Consider an analog signal z,(t) with maximum frequency (bandwidth)
wy = 20 rads/sec. That is, the Fourier Transform of the analog signal x,(t) is exactly zero
for |w| > 20 rads/sec. This signal is sampled at a rate w; = 50 rads/sec., where w; = 27 /T
such the time between samples is T, = %—g sec. This yields the discrete-time sequence

sin (n) {H} wherer 7,2 2T

x[n] - xa(nTs) - mnT. 10 mnT. 50

50

A reconstructed signal is formed from the samples above according to the formula below.
Determine a simple, closed-form expression for the reconstructed signal z,.(t). Show work.

o 2 1 {sin(21t) N sin(29¢) }

z.(t) = Y z[n]h(t —nT,) where: T, = 0 and h(t) = Ts§ - =

n=—oo

Problem 3 (e). Consider the SAME analog signal z,(t) with maximum frequency (band-
width) wy; = 20 rads/sec. This signal is sampled at the same rate ws; = 50 rads/sec., but
is reconstructed with a different lowpass interpolating filter according to the formula below.
Does this achieve perfect reconstruction, that is, does z,(t) = z,(t)? For this part, you
do not need to determine z,.(t), just need to explain whether z,.(t) = z,(t) or not.

& 2
v(t)= Y z[nlh(t—nT,)  where: TS:£ and h(t):ng{

sin(5t) sin(25t) }

it it

n=—oo

Problem 3 (f). Consider the SAME analog signal z,(¢) with maximum frequency (band-
width) wy, = 20 rads/sec. This signal is now sampled at the same rate ws = 50 rads/sec.,
but is reconstructed with a different lowpass interpolating filter according to the formula
below. Does this achieve perfect reconstruction, that is, does z,(t) = z,(t)? For this part,
you do not need to determine z,(t), just need to explain whether z,(t) = z,(t) or
not.

> 27 sin(25¢)

z.(t)= > zn]h(t—nTy)  where: T, = =0 and h(t) =T

Tt

n=—oo

Show all your work for Prob. 3, parts (d)-(e)-(f) on next page.



Show your work for Prob. 3, parts (d)-(e)-(f) below.



Problem 3 (g). Consider an analog signal x,(t) with maximum frequency (bandwidth)
wy = 20 rads/sec. This signal is sampled at a rate w, = 30 rads/sec., where w, = 27 /T

such the time between samples is T = ?,’—g sec, yielding the following discrete-time sequence:

zn| = z,(nTy) = M S {sm(?n)}z where: T} 2m

mnl 10 mnl, - 30

A reconstructed signal is formed from the samples above according to the formula below.
Determine a closed-form expression for the reconstructed signal x,(t). Show all work.

s 2 in(1
z.(t)= Y z[n]h(t —nT;) where: T, = % and h(t) =T sin(15)

n=—oo

7t

Problem 3 (h). Consider the SAME analog signal x,(t) with maximum frequency (band-
width) wys = 20 rads/sec. This signal is sampled at the same rate wys = 30 rads/sec., where
ws = 2mw/Ts and the time between samples is Ty = 3—3 sec, but offset by T's/2 from ¢t = 0, i.e.,
at the points t = nT + T/2. This yields the Discrete-Time x[n| signal below:

sin (%(n+0.5)) o [ sin (%“(n+0.5)) ’ ' o
m(n+05)T, 10) w(n+0.5)T,

zln| = z.((n + 0.5)T) =

A reconstructed signal is formed from the samples above according to the formula below.
Determine a simple, closed-form expression for the reconstructed signal x,.(t).

> 27 sin(15¢)

z.(t) = Y z[n]h(t — (n+0.5)T,)  where: T, = 30 and h(t) =T,

Tt

n=—oo

Show your work for Prob. 3, parts (g)-(h) on the next 2 pages.



Show all your work for Prob. 3, part (g) on this page.



Show all your work for Prob. 3, part (h) on this page.



Problem 4.
The rectangular pulse x;,(t) = {u(t) — u(t — 1)} of duration 1 sec is input to the following
system of two integrators:

t t—3

zq(t) =3 Tin(T)dT — 3 Tin (T)dT

t—2 t—>5
The output z,(t) is sampled every Ts = 1/3 seconds to form z[n| = x,(nT). The sampling
rate is f; = 3 samples/sec. Show work. Clearly label and write your final answer in the
space provided on the next few pages.

(a) Do a stem plot of the DT signal z[n] OR you can simply write the numbers that
comprise x[n| (indicate with an arrow where the n = 0 value is.)

(b) The Discrete-Time (DT) signal z[n], created as described above, is input to the DT
system described by the difference equation below:

y[n] = z[n] — 2z[n — 1] + x[n — 2]

(i) First, determine the impulse response h[n| for this system.

(ii) Determine and do a stem-plot the output y[n] by convolving the input z[n] defined
above with the impulse response h[n] OR you can simply write y[n] in sequence
form. Show all work in the space provided.



Show your work and plots for Problem 4 here.



Show your work and plots for Problem 4 here.



Aperiodic signal

Section Property Fourier transform
x(®) X( )
y(®) ¥( o)
420 Duali ty X(’C) ________ 2 K(~w) B
4.3.1 Linearity ax(t) + by(®) aX.( w) + b¥( w)
432 Time Shifting x(t — 1) e X (w)
4.3.6 Frequency Shifting el x(%) X( o —w)
433 Conjugation () X'(- w)
435 Time Reversal x(=1) X(— w)
1
435 Time and Frequency x(at) HX (—;o—)
Scaling
4.4 Convolution x(@ = y(E) X( 0Y( w)
4.5 Multiplication x(t)y(t) <—1‘r’-—- )(Cw)%\{(w) = ;er( OY( w—06):de
434 Differentiation in Time ——x(t) joX( o)
t 1 '
434 Integration f x(t)dt j—wX( w) + mX(0)d(w)
- o,
43.6 Differentiation in tx(t) J 75X »)
Frequency )
X(w) =X~ w
_ | RelX( )} = Re{X(— @)}
433 Conjugate Symmetry x(t) real  Im{X( w)} = —Im{X(- f)}
for Real Signals 1X( 0)| = |X(— w)|
[ XX( w) = —4X(— )
433 Symmetry for Realand  x(z) réal and even X( o)real and even
Even Signals - ;
43.3 Symmetry for Realand  x(¢) real and odd X( o) purely imaginary and ot
Odd Signals ‘ &
x,(f) = & f) real X
433  Even-Odd Decompo- *) " Bz{x(t)}_ [x(e re:l] .;{ X( w)}}
sition for Real Sig- xo() = Od{x(6)} [x(r) Igo] JIn{X( )
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x(0) = %

Xod= OOy dt

£6>§(u3) dw

43.7 Parseval’s Relation for Aperiodic Signals " 4
+o 1 %‘%
J_w [x(®)de = Zt'r ] IX( »)dw E
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TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS
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