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PURDUE

Reference Motions

 Natural Formations
— String of Pearls

— Others: Identify via Floguet controller (CR3BP)
e Quasi-Periodic Relative Orbits (2D-Torus)
* Nearly Periodic Relative Orbits }+ Stable Manifolds
» Slowly Expanding Nearly Vertical Orbits

e Non-Natural Formations

. . RLP
— Fixed Relative Distance and Orientation {

Inertial

— Fixed Relative Distance, Free Orientation
— Fixed Relative Distance & Rotation Rate
— Aspherical Configurations (Position & Rates)
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PURDUE

2-S/C Formation Model
In the Sun-Earth-Moon System

Relative EOMs: It =T T =1f
Deputy S/C _3 ¢
i AT~ __ B
F(t)=Af(F(t))+0(t) / x
<P
ZAaz A //'S——/\‘ 5
2 Chief sic X
D
L L
Ephemeris System = Sun+Earth+Moon Ephemeris + SRP P\
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PURDUE

Natural Formations

Ry
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PURDUE

UNIVERSITY

Natural Formations:
String of Pearls

X
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PURDUE

Natural Formations:
Quasi-Periodic Relative Orbits — 2-D Torus

"

Chief S/C Centered View
(RLP Frame)

X y o
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PURDUE

Natural Formations:
Nearly Periodic Relative Motion

‘o

10 Revolutions = 1,800 days

7

-5 5
y (m)

Ry
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PURDUE
Evolution of Nearly Vertical Orbits

Along the yz-Plane

60 '

30_ ’

0 30 60
SR

-30
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PURDUE

Natural Formations:
Slowly Expanding Vertical Orbits

100 Revolutions = 18,000 days

100

7 (0) T(t)

Origin = Chief S/C

-100 ' -
100 -50 0 50 100

y (m)
Pz
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PURDUE

Non-Natural Formations

Ry
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PURDUE

UNIVERSITY

Nominal Formation Keeping Cost
(Configurations Fixed in the RLP Frame)

180 days

= [ Jur(t)T(t)d

= 0.7x10° km
,=1.2x10° km

Y § A, = 0.2x106 km
\ A,
A

§ (deg) Pz
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PURDUE

Max./Min. Cost Formations
(Configurations Fixed in the RLP Frame)

Maximum Cost Formation Minimum Cost Formations
il 7 I
y R y R
X X
\ — . 7 .“‘H B 7
N - Deputy S/Cx\“‘“a\ -
Chi ~y Deputy S/C ~a —
ief S/E:f// ;‘\\\ \.\\H
o e Chief S/C ~_
o ~_ —
~ ®
Deputy S/C
Deputy S/C
Nominal Relative Dynamics in the Synodic Rotating Frame PN
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PURDUE

Formation Keeping Cost Variation

Along the SEM L, and L, Halo Families
(Configurations Fixed in the RLP Frame)

o«
=]

—L;p=0°8=0°
— L B=0%8&=90°
or L, B =90°
L, Halo Family L, Halo Family L:B= 0° &=0° |
A, (Local Max.) A, (Global Max.) L:B= 0°, & = 90° :
2.5 - L1: B = 90° |

o
[=]
T

z (10°% km)
] —y

k
=
=

\ ]

o

5

AV (m/sec) per Revolution on the Halo
8

-1 | 1 I 1 ik | 1 | | 1 | 1 1 1
-3 -2 -1 0 1 2 3 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
6
x (10° km) A, (10° km)
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PURDUE

Discrete vs. Continuous Control

Ry
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PURDUE
Discrete Control: Linear Targeter

10 T ! ! l T T T I
! : : : : : .| = At=1day
At = 2 days
v At = 3 days [
&~ : : : | — At=4days

R _=(10m)Y __________ R | |

©
I

Distance Error Relative to Nominal (cm)
(9]
!
i

0 20 40 60 80 100 120 140 160 180
Time (days)
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PURDUE

Achievable Accuracy
via Targeter Scheme

—_
o

T T s T T I

] — At=1day
At = 2 days

rron At =3 days [

— At =4 days
At =5 days | |

©

Maximum Deviation from Nominal (cm)

100

Formation Distance (meters)
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PURDUE

Continuous Control:
LOQR vs. Input Feedback Linearization

* LOR for Time-Varying Nominal Motions

k(O=[F ] =T(tx(0).0(1)

Pl =7
P=-A"(t)P(t)-P(t)A(t)+ P(t)B(t)R™'B' (t)P(t)-Q

Optimal Control Law:
Nominal Control Input
_|_

%
9

o

|

u(t)= U (t) \—R‘lBTP(t)(Y(t)—Y" (1))

Optimal Control, Relative to Nominal, from LQR

 Input Feedback Linearization (IFL)

Desired Dynamic Response

FO)=F(r©)u() mmp |a0)= F(r() + 5r).7(0)

Anihilate Natural Dynamics

Ry
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PURDUE

Dynamic Response to Injection Error
0 =5000 km, £=90°, p=0
6X(0)=[7km -5km 35km 1mps -1mps 1mps]T

LOR Controller IFL Controller
15 ' 15
S Sxd
- 10 ............................ = =1z 6yd -4 -
£ 82, £
L — OF
E Iy
s O = z
D g f | =
] - _ _ = .
o _gl/ AV g=1470msec - ] £ 5l . .
w . -2 [/ B :
: . AV B 14.46 m/gec
-10 ' ' ' -10 : : ;
0 0.5 1 1.5 2 0 05 ] 15 5
Time (days) Time (days)

Dynamic Response Modeled in the CR3BP
Nominal State Fixed in the Rotating Frame P
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PURDUE

Output Feedback Linearization
(Radial Distance Control)

Formation Dynamics

%

Af (T)+T(t) — Generalized Relative EOMs
y=1(T) —> Measured Output

Measured Output Response (Radial Distance)

Actual Response Desired Response

2 — —
L E(F,r)+q(r,r)UT =g(T.T)

a \/

Scalar Nonlinear Functions of ¥ and T

ﬁ|j

Scalar Nonlinear Constraint on Control Inputs

h(T(t),F(t))-T(t) T(t)=0
SR
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PURDUE
Output Feedback Linearization (OFL)

(Radial Distance Control in the Ephemeris Model)

y =|(T,l’;) Control Law
_ h(r.7) ~ Geometric Approach:
r u(t)=——-=F 1
r Radial inputs only
o a(mr) PRl (f). e
. a()= 20T }r+(?jr—A ()
2 o Je(nT) R oo
r U(t)— \2 r2 r2 }I‘ A (r)
_ VR 2 2 DR O W
% u(t):{—rg(r,r)— > }r +3(FJr—Af(r)

 Critically damped output response achieved in all cases
« Total AV can vary significantly for these four controllers
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PURDUE

OFL Control of Spherical Formations
In the Ephemeris Model
r(0)=[12 -5 3] km r(0)=[1 -1 1] m/sec

(I radial control (4 hrs) f.f’rf e radial control (4 hrs)
/ —— ¥ =r (10 hours) S / —— y = (10 hours) L
/ — y = (4 hours) / y — y=r% (4 hours) /
y = 1/r (3 days) / / y = 1/r (3 days) /
f". '
J / /
/; / / /
Ll e / (AR
5 5| :
3 : £ — '
N / = | x /f e\ |
/ [ / i s
1/ s/ /-Nominal Sphere ,.
.J’f ;,-’;_h 5 J :‘i
;,r’rlr( J."r/ J_J"f -'/J °
y £ / /
154 /5 i £
15/ T Yy—— / -15 -La - / 5
5 "';?’“— e _____Hif' 15 T ,’;
N 15 y (km) 5 T/
-15 -5 I
15 15 X (km)
% (km) y (km)
Relative Dynamics as Observed in the Inertial Frame P\
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PURDUE

OFL Control of Spherical Formations
Radial Dist. + Rotation Rate

Quadratic Growth in Cost w/ Rotation Rate

T T T T
y Radial Distance = 50 meters: : : : 1Rev/1 hour : :
%2000— """ g o memes e T LR jrm B §o e o SR e B f A CRUSCNEER GRS R g W A i e —
o i A i 5
o
2 1500 - y
&
3
| 1000 Lo cmaovminy soe sn SaUen R 0N B SEREAHIED G SEREOTE S DAGERNTEREE B BRees R e B B SETEDE e LR SRSmREe @l melRUenTEs o —
w ;
o ; : : : : ; : : ; !
§,500_.‘....3.1‘.rev./.7gdays...; ........ —— T S hemneed - L v asamsmndbs 2 o sk e v o —— Nl
< / : : : : : : : : ‘ :
‘ i L | i I | | | | i
2 4 6 8 10 12 14 16 18 20 22 24
Rotation Rate (Revs/Day)
Linear Growth in Cost w/ Radial Distance
500 ! ! ! ! ! ! ! ] !
v Rotation Rate = 1 rev/day
TA400F- - ottt R y .................................................................. =
a
o
o
'l: 300 b mensveamerR R AT o I I =
o :
>
o :
1 200 _ ... , ............................................................................. -
3 3
3 ﬁ
= 100 fez Sempaieig @ AR U g N S S I R SR R S R S S i S i =
< :
0 I | | | | | | | |
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Radial Distance (km) m

27 G School of Aeronautics and Astronautics INIIINEIEGEGD w



PURDUE

23

Inertially Fixed Formations
In the Ephemeris Model

€ = inertially fixed formation pointing vector (focal line)

@ Chief S/C PN
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PURDUE

Conclusions

e Continuous Control in the Ephemeris Model:

— Non-Natural Formations
 LQR/IFL — essentially identical responses & control inputs
» |FL appears to have some advantages over LQR in this case
 OFL — spherical configurations + unnatural rates
* Low acceleration levels — Implementation Issues

e Discrete Control of Non-Natural Formations
— Targeter Approach
« Small relative separations — Good accuracy
« Large relative separations — Require nearly continuous control
e Extremely Small AV’s (10> m/sec)
e Natural Formations
— Nearly periodic & quasi-periodic formations in the RLP frame
— Floquet controller: numerically ID solutions + stable manifolds

Ry
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PURDUE

Backups

Ry
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PURDUE

Targeter Maneuver Schedule

x 10
14 I I I I I I I I
At =5 day
¥ At =4 days
+ At =3days
12 At =2 days [
* At =1days
i o 1
. ED *
2 e
2 *
e =
- L e -
3‘08 **
+
% " ++T+, *
T * =+ +
o + + *
[o] E 3 +
3 0.6F x ¥ + L 7]
2 " o Ll
@ ***** + +
= ++ E 3
++ +
2 i + *
0.4, 4 p++tttT + ’

0 20 40 60 80 100 120 140 160 180
time (days)

Ry
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PURDUE

LOR vs. IFL (CR3BP)
Control Accelerations

x 10
R 1 T T T
S — a (LQR)
-g ay (LQR)
2 N a_ (LQR)
é_ o P EE_ === a, (IFL)
= | ;./ a, (IFL)
[= / a_(IFL)
- . z
S
O -1 1 1 1 | 1 | 1 L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (days)
x10°
— 15 | | | | 1 I I
o~
g | Close-up over 177 days - i
© - \
E I — N \
= 05 — /,/ \\ g I
E —— - -_—— —— e
é‘ 0k N —
— -05}) \\ _—— - B
[e)] N o
g o
c -1tk i
S
O 15 I I L L I I I
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PURDUE

IFL Response in the Ephemeris Model

L‘.VT oF (180 days) = 3.3973 m/sec

10 T T T T
\
\
51‘s
8r J
\
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S gl | 1
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8 \
o
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@
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PURDUE
OFL Control in the Ephemeris Model

20

Orbital Period on Sphere (Hours)
=

P | 1 | | ) | 1 |
o 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1
Time (days)

o i A TR - 0z

-5 \.\ /"_,/;'“ i !.I
S S
10 - oaf- oo
y (km) 10 x (km) \

0.051

0 L 1 L 1 1 L 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1 m
Time (days)
—
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PURDUE

Inertially Fixed Formations

In the Ephemeris Mo(d)el
r'(t,

<— 100 km —>

e fn @
—> 8 ¢ ¥
Chief S/C | W

I'(t; ) = Nominal configuration of deputies (20 s/c) at time t,

é = inertially fixed formation pointing vector (focal line) Pz
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PURDUE

Stability of T-Periodic Orbits

Linear Variational Equation:
5X(t)=d(t,0)6%(0)

5X (t) — measured relative to periodic orbit

Im{y;}
V2 57/56 71 Redy;
@ : | : @ >
Stable | i Unstable
O
Center

Ry
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PURDUE

Eigenstructure Near Halo Orbit

Reference Halo Orbit

N \ 2 e Deputy S/C
Chief S/C % 5__{;;}_ (1,0)5%(0)
\_ -

Floquet Decomposition of ®(t,0):
®(1,0)={P(t)s}e" {P(0)s}"

Floguet Modal Matrix:
E(t)=P(t)S=@(t,0)E(0)e™

Solution to Variational Eqn. in terms of Floquet Modes:

= 35%, ()= ¢, (5 (1) =E(t)c
j=1 j=1 PN
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PURDUE

Floguet Controller
(Remove Unstable + 2 Center Modes)

Find AV that removes undesired response modes:

i&YjJ{OﬂAV: > (1+aj)5ij
' |3 j=2,3,4

or
]=2,5,6

Remove Modes 1, 3, and 4:

— — — — -1
a|_ 0X,e OXer OXir 0 (5%, + 5%, + 0%, )
AV | | 6%, 0%, 0%y, -l o

Y \

Remove Modes 1, 5, and 6:

_ _ — _ -1

a|_ 0Xye OXye OX,r 0 (5% + 6%, +6%,)
AV | | 6%, 6%, ©O%, -l °

Ry
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PURDUE

Deployment into Torus
(Remove Modes 1, 5, and 6)

30

F(0)=[5 00 O]m
Deputy S/C
" T(0)=[1 -1 1] m/sec

Origin = Chief S/C
Rals 5 :

35
30

30

15]

-15

5

0 3 15 0 15 30
y (m)
- - . - S
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PURDUE

Deployment into Natural Orbits
(Remove Modes 1, 3, and 4)

100

F(O):[ro 0 O] m
3Dejp\uAties N F(O):[l -1 1] m/sec

[

-20 30 80 130
x (m)
100 100
50 50
E E
N — -
e
0 ‘\,‘35 = A A 0
()
-50 50
-20 30

130 -50
x (m)

100
y ()
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PURDUE

36

z (10%km)

Floquet Control
(Large Formations — Example 1)

2 -1 0 1 2
y (10° km) m
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PURDUE

Floguet Controller Maneuver Schedule
(For Example 1)

250
200 ss e cmavmfumrsmenman jos cu 2o TV SR - jrssmismasducans

150 - .......... ........ Bacaccasse: .......... ........

Maneuver Scheme (m/sec)

100 ezs 235 srazimernzsmsnisascmssazs ............................ ........ ...................

] AR I fos won as S A PR T ——

1
800 1000 1200 1400 1600 1800
time (days)

Ry
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PURDUE

Nearly Periodic Formations
(Inertial Perspective)

n{0)={0 50 0] meters

ri0)=[0 50 0] meters

2
2

-50 -25 /] 25 50 -50 -25 /] 25 50

x (m) ¥ (m) m
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PURDUE

Nearly Vertical Formations
(Inertial Perspective)

st
25
E o
=
-251
S0
r(0}=] 0 0 50] meters
50 25 o 25 50
¥ fmb
S0F S0F
25 25
E a E
N N
25 251
S0F 1 S0F
r(0}=] 0 0 50] meters r(0)=] 0 0 50] meters
-50 -25 o 25 50 -50 -25 o 25 50
x (mjy ¥ (mjy
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