6

Tomographic Imaging with
Diffracting Sources

Diffraction tomographyis an important alternative to straight ray tomography. For some applications, the harm caused by the use of x-rays, an
ionizing radiation, could outweigh any benefits that might be gainedfrom the
tomogram. This is one reason for the interest in imaging with acoustic or
electromagnetic radiation, which are considered safe at low levels. In
addition, these modalities measurethe acoustic and electromagneticrefractive index and thus make available information that isn’t obtainablefrom xray tomography.
As mentionedin Chapter4, the accuracyof tomographyusing acoustic or
electromagneticenergy and straight ray assumptionssuffers from the effects
of refraction and/or diffraction. Thesecauseeach projection to not represent
integrals along straight lines but, in some caseswhere geometrical laws of
propagationapply, paths determinedby the refractive index of the object.
When the geometricallaws of propagationdon’t apply, one can’t even use the
conceptof line integrals-as will be clear from the discussionsin this chapter.
There are two approachesto correcting these errors. One approachis to
use an initial estimate of the refractive index to estimatethe path each ray
follows. This approachis known as algebraicreconstructionand, for weakly
refracting objects, will convergeto the correct refractive index distribution
after a few iterations. We will discussalgebraictechniquesin Chapter 7.
When the sizes of inhomogeneitiesin the object becomecomparableto or
smaller than a wavelength, it is not possible to use ray theory (geometric
propagation) based concepts; instead one must resort directly to wave
propagationand diffraction basedphenomena.In this chapter, we will show
that if the interaction of an object and a field is modeled with the wave
equation, then a tomographicreconstructionapproachbasedon the Fourier
Diffraction Theorem is possible for weakly diffracting objects. The Fourier
Diffraction Theorem is very similar to the Fourier Slice Theorem of
conventionaltomography: In conventional(or straight ray) tomography, the
Fourier Slice Theorem says that the Fourier transform of a projection gives
the values of the Fourier transform of the object along a straight line. When
diffraction effects are included, the Fourier Diffraction Theorem says that a
“projection” yields the Fourier transform of the object over a semicircular
arc. This result is fundamentalto diffraction tomography.
In this chapter the basics of diffraction tomography are presented for
application with acoustic, microwave, and optical energy. For each casewe
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will start with the wave equation and use either the Born or the Rytov
approximation to derive a simple expressionthat relates the scatteredfield to
the object. This relationship will then be inverted for several measurement
geometries to give an estimate of the object as a function of the scattered
field. Finally, we will show simulations and experimental results that show
the limitations of the method.
6.1 Diffracted

Projections
Tomography with diffracting energy requires an entirely different approach to the manner in which projections are mathematically modeled.
Acoustic and electromagneticwaves don’t travel along straight rays and the
projections aren’t line integrals, so we will describethe flow of energy with a
wave equation.
We will first consider the propagation of waves in homogeneousmedia,
although our ultimate interest lies in imaging the inhomogeneitieswithin an
object. The propagationof waves in a homogeneousobject is described by a
wave equation, which is a second-orderlinear differential equation. Given
such an equationand the “source” fields in an aperture, we can determinethe
fields everywhere else in the homogeneousmedium.
There are no direct methodsfor solving the problem of wave propagation
in an inhomogeneousmedium; in practice, approximate formalisms are used
that allow the theory of homogeneousmedium wave propagation to be used
for generatingsolutions in the presenceof weak inhomogeneities.The better
known among these approximate methods go under the names of Born and
Rytov approximations.
Although in most cases we are interested in reconstructing threedimensional objects, the diffraction tomography theory presented in this
chapter will deal mostly with the two-dimensional case. Note that when a
three-dimensionalobject can be assumedto vary only slowly along one of the
dimensions, a two-dimensional theory can be readily applied to such an
object. This assumption, for example, is often made in conventional
computerized tomography where images are made of single slices of the
object. In any case, we have two reasonsfor limiting our presentationto the
two-dimensionalcase: First and most importantly, the ideasbehind the theory
are often easier to visualize (and certainly to draw) in two dimensions.
Second,the technologyhas not yet made it practical to implement large threedimensional transforms that are required for direct three-dimensional
reconstructionsof objects; furthermore, direct display of three-dimensional
entities isn’t easy.
6.1.1 Homogeneous Wave Equation
An acoustic pressure field or an electromagnetic field must satisfy the
following differential equation [Go0681:
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(1)

V2u(Zt)-; $ u(7,t)=O

where u representsthe magnitudeof the field as a function of position 7 and
time t and c is the velocity of the field as a function of position.
This form of the wave equationis more complicatedthan needed;most
derivations of diffraction tomography are done by considering only one
temporal frequencyat a time. This decompositioncan be accomplishedby
finding the Fourier transformof the field with respectto time at eachposition
i? Note that the abovedifferential equationis linear so that the solutionsfor
different frequenciescan be addedto find additional solutions.
A field u(i, t) with a temporal frequencyof w radiansper second(rps)
satisfiesthe equation
[V2+ k2(7)]u(F, t) = 0
(2)
where k(J) is the wavenumberof the field and is equal to
(3)
where A is the field’s wavelength. At this point the field is at a single
frequencyand we will write it as
Real Part { u(J)e-jut}.

(4)

In this form it is easy to see that the time dependenceof the field can be
suppressedand the wave equationrewritten as
(V2+k2(Q4(i)=O.

(5)

For acoustic(or ultrasonic)tomography,u(J) can be the pressurefield at
position? For the electromagneticcase,assumingthe applicability of a scalar
propagationequation,u(i) may be set equalto the complex amplitudeof the
electric field along its polarization. In both cases, u(r> representsthe
complex amplitudeof the field.
For homogeneousmedia the wavenumberis constantand we can further
simplify the wave equation.Settingthe wavenumberequal to
k(7) = krJ

(6)

(V2+k$(7)=0.

(7)

the wave equationbecomes

The vector gradientoperator,V, can be expandedinto its two-dimensional
representationand the wave equationbecomes
a?u(F) + a2zq)

ax2
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As a trial solution we let

where the vector k’= (k,, k,,) is the two-dimensionalpropagationvector and
u(i) representsa two-dimensional plane wave of spatial frequency (k’(. This
form of u(7) representsthe basis function for the two-dimensional Fourier
transform; using it, we can represent any two-dimensional function as a
weighted sum of plane waves. Calculating the derivatives as indicated in (8),
we find that only plane waves that satisfy the condition

satisfy the wave equation. This condition is consistent with our intuitive
picture of a wave and our earlier description of the wave equation, since for
any frequency wave only a single wavelength can exist no matter in which
direction the wave propagates.
The homogeneouswave equationis a linear differential equation so we can
write the general solution as a weighted sum of each possible plane wave
solution. In two dimensions, at a temporal frequency of w, the field u(i) is
given by

m=$ J=-,a(ky)ej(kr’+kYy)

dk,+l

J

2?r y, P(ky)ej(-kxx+kuy) dk,

(1 I)

where by (10)
k,=w.

(12)

The form of this equation might be surprising to the reader for two reasons.
First we have split the integral into two parts. We have chosen to represent
the coefficients of waves traveling to the right by a(ky) and those of waves
traveling to the left by p(k,). In addition, we have set the limits of the
integrals to go from - 00 to 03. For kz greater than k$ the radical in (12)
becomesimaginary and the plane wave becomesan evanescentwave. These
are valid solutions to the wave equation, but becauseky is imaginary, the
exponentialhas a real or attenuatingcomponent. This real componentcauses
the amplitude of the wave to either grow or decay exponentially. In practice,
these evanescentwaves only occur to satisfy boundary conditions, always
decaying rapidly far from the boundary, and can often be ignored at a
distance greater than 10X from an inhomogeneity.
We will now show by using the plane wave representationthat it is possible
to expressthe field anywhere in terms of the fields along a line. The threedimensional version of this idea gives us the field in three-spaceif we know
the field at all points on a plane.
Consider a source of plane waves to the left of a vertical line as shown in
Fig. 6.1. If we take the one-dimensionalFourier transform of the field along
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Fig. 6.1:
A plum wuve
propagating between two planes
undergoes a phase shift
dependent on the distance
between the planes and the
direction of the plane wave.

the vertical line, we can decomposethe field into a number of onedimensionalcomponents.Each of these one-dimensionalcomponentscan
thenbe attributedto one of the valid planewave solutionsto the homogeneous
wave equation,becausefor any one spatial frequencycomponent,k,,, there
can exist only two planewavesthat satisfythe wave equation.Sincewe have
alreadyconstrainedthe incident field to propagateto the right (all sourcesare
to the left of the measurement
line), a one-dimensionalFourier componentat
a frequency of ky can be attributed to a two-dimensionalwave with a
propagationvector of (m,
ky).
We can put this on a more mathematicalbasis if we comparethe onedimensionalFourier transform of the field to the generalform of the wave
equation.If we ignore wavesthat are traveling to the left, then the general
solution to the wave equationbecomes

m=; J;, a(ky)ej(kxx+kyy)dk,.
If we also move the coordinatesystemso that the measurement
line is at x =
0, the expressionfor the field becomesequal to the one-dimensionalFourier
transformof the amplitudedistribution function a(k,).

~(0,
Y)=& JI, a(ky)ejkyy dk,.
If we invert the transform relationship, this equation tells us that the
amplitudedistribution function can be obtainedfrom the fields on the line x
= Oby
c~(k,)= Fourier transformof { ~(0, y)] .

(1%

This amplitudedistribution function can then be substitutedinto the equation
for ~(7) to obtain the fields everywhereright of the line x = 0.
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We will now show how it is possible to relate fields on two parallel lines.
Again considerthe situation diagrammedin Fig. 6.1. If we know a priori that
all the sourcesfor the field are positioned, for example, to the left of the line
at x = lo, then we can decomposethe field u(x = lo, y) into its plane wave
(x = lo, y) = (yej(kxb+kyY)
the
components.Given a plane wave z+,lane
wave
field undergoesa phaseshift as it propagatesto the line x = II, and we can
write
~~~~~~~~~~~~~~~~

y)=~ei(kx’O+kyy)e~kx(II-lO)=~p,anewave(~=Io,

y)ejWi-‘0)
(16)

Thus the complex amplitude of the plane wave at x = 1, is related to its
complex amplitude at x = 1, by a factor of ejkA’i-‘O).
The complete processof finding the field at a line x = Ii follows in three
steps:
1) Take the Fourier transform of u(x = lo, u) to find the Fourier
decompositionof u as a function of /ry.
2) Propagateeachplane wave to the line x = Ii by multiplying its complex
amplitude by the phase factor ejkArl-IO) where, as before, k, =
@TyI
3) Find the mverse Fourier transform of the plane wave decompositionto
find the field at u(x = I,, u).
These stepscan be reversedif, for some reason, one wished to implement on
a computer the notion of backward propagation; more on that subject later.
6.1.2 Inhomogeneous Wave Equation
For imaging purposes, our main interest lies in inhomogeneousmedia.
We, therefore, write a more general form of the wave equation as
[V2+k(F)2]u(J)=O.

(17)

For the electromagneticcase, if we ignore the effects of polarization we can
consider k(7) to be a scalar function representingthe refractive index of the
medium. We now write
k(7) = kon(q= kO[l + n*(Q

(18)

where k. represents the average wavenumber of the medium and ~(9
representsthe refractive index deviations. In general, we will assumethat the
object has a finite size and therefore n@) is zero outside the object.
Rewriting the wave equation we find
(V+ k@(F) = - k$(7)2-

l](flu(fl

(1%

where n(Q is the electromagneticrefractive index of the media and is given
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Here we have used p and E to representthe magnetic permeability and
dielectric constantand the subscript zero to indicate their averagevalues.
This new term, on the right-handside of (19)) is known as a forcing function
for the differential equation(V2 + ki)u(n.
Note that (19) is a scalar wave propagationequation.Its use implies that
there is no depolarizationas the electromagneticwave propagatesthroughthe
medium. It is known [Ish78] that the depolarizationeffects can be ignored
only if the wavelength is much smaller than the correlation size of the
inhomogeneitiesin the object. If this condition isn’t satisfied, then strictly
speakingwe must use the following vector wave propagationequation:

[ 1
Vn
-.E
n

V2,?(rv)+k$n2E(q-2V

co

where E is the electric field vector. A vector theory for diffraction
tomographybasedon this equationhas yet to be developed.
For the acoustic case, first-order approximationsgive us the following
wave equation[Kak85], [Mor68]:
(V2+k$u(7)=

-kt[n2(7)-

l]u(fl

(22)

where n is the complex refractive index at position 7, and is equal to
n(F)=-

CO

C(Q

where co is the propagationvelocity in the medium in which the object is
immersedand c(i) is the propagationvelocity at location iin the object. For
the acousticcasewhere only compressionalwaves in a viscous compressible
fluid are involved, we have

1
c(i)=mmi

(24)

where p and K are the local density and the complex compressibility at
location Z
The forcing function in (22) is only valid provided we can ignore the first
and higher order derivativesof the mediumparameters.If thesehigher order
derivativescan’t be ignored, the exact form for the wave equationmust be
used:
(V2+k;)u(7)=k;y,u-V
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where
K -

Ko

(26)

YK=-

P-P0

(27)

yp=-.
P

~~ and p. are either the compressibility and the density of the medium in
which the object is immersed, or the averagecompressibility and the density
of the object, dependingupon how the processof imaging is modeled. On the
other hand, if the object is a solid and can be modeled as a linear isotropic
viscoelastic medium, the forcing function possessesanother more complicated form. Since this form involves tensor notation, it will not be presented
here and the interested reader is referred to [Iwa75].
Due to the similarities of the electromagneticand acoustic wave equations,
a general form of the wave equation for the small perturbation case can be
written as

(V2+ k;)u(F) = - o(i)u(F)

(28)

where
o(i) = ki[n2(F) - 11.

(2%

This allows us to describe the math involved in diffraction tomography
independentof the form of energy used to illuminate the object.
We will consider the field, u(F), to be the sum of two components,uo(i)
and u,(J). The component uo(F), known as the incident field, is the field
present without any inhomogeneities, or, equivalently, a solution to the
equation
(V2 + k;)u,(F) = 0.

(30)

The component u,(F), known as the scatteredfield, will be that part of the
total field that can be attributed solely to the inhomogeneities.What we are
saying is that with uo(F) as the solution to the above equation, we want the
field u(7) to be given by u(i) = uo(F’) + u,(fl. Substituting the wave
equation for u. and the sum representation for u into (28), we get the
following wave equation for just the scatteredcomponent:
(V2+ k@,(i)

= - u(F)o(F).

(31)

The scalar Helmholtz equation(31) can’t be solved for u,(i?) directly, but a
solution can be written in terms of the Green’s function [Mor53]. The
Green’s function, which is a solution of the differential equation
(V2+k;)g(717’)=

210

COMPUTERIZED

TOMOGRAPHIC

IMAGING

-&(7-F’),

(32)

is written in three-spaceas

g(?,P’)=g

(33)

with
R= (i-i’/.

(34)

In two dimensions the solution of (32) is written in terms of a zero-order
Hankel function of the first kind, and can be expressedas

In both cases, the Green’s function, g(?13’), is only a function of the
difference 7 - P so we will often representthe function as simply g(7 - P).
Becausethe object function in (32) representsa point inhomogeneity, the
Green’s function can be consideredto represent the field resulting from a
single point scatterer.
It is possible to representthe forcing function of the wave equation as an
array of impulses or
o(i)@)=

j o(i’)u(f’)6(7-7’)

d7’.

(36)

In this equation we have representedthe forcing function of the inhomogeneouswave equation as a summationof impulses weighted by 0(7)u(F) and
shifted by Z The Green’s function represents the solution of the wave
equation for a single delta function; becausethe left-hand side of the wave
equation is linear, we can write a solution by summing up the scatteredfield
due to each individual point scatterer.
Using this idea, the total field due to the impulse 0(7’)u(i’)6(7 - 7’) is
written as a summation of scaled and shifted versions of the impulse
response,g(F). This is a simple convolution and the total radiation from all
sources on the right-hand side of (31) must be given by the following
superposition:
u,(i)= j g(7-?‘)o(F’)u(F’)

di’.

(37)

At first glance it might appear that this is the solution we need for the
scatteredfield, but it is not that simple. We have written an integral equation
for the scatteredfield, u,, in terms of the total field, u = u. + u,. We still
needto solve this equationfor the scatteredfield and we will now discusstwo
approximationsthat allow this to be done.
6.2 Approximations

to the Wave Equation

In the last section we derived an inhomogeneousintegral equation to
represent the scatteredfield, u,(fl, as a function of the object, o(i). This
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equationcan’t be solved directly, but a solution can be written using either of
the two approximationsto be describedhere. Theseapproximations,the Born
and the Rytov, are valid under different conditions but the form of the
resulting solutions is quite similar. Theseapproximationsare the basis of the
Fourier Diffraction Theorem.
Mathematically speaking, (37) is a Fredholm equation of the secondkind.
A number of mathematicianshave presentedworks describing the solution of
scattering integrals [Hoc73], [Co1831which should be consulted for the
theory behind the approximations we will present.
6.2.1 The First Born Approximation
The first Born approximation is the simpler of the two approaches.Recall
that the total field, ~(9, is expressedas the sum of the incident field, uo(iz),
and a small perturbation, u,(fi, or
u(i)=uo(i)+u,(i).

(38)

The integral of (37) is now written as
u,(3)=

j g(i-i’)o(i’)uo(i’)

di'

d7'

+ j g(i-i’)o(i’)y(i’)

but if the scatteredfield, u,(3), is small comparedto uo(J) the effects of the
secondintegral can be ignored to arrive at the approximation
u,(i)=uB(i)=

1 g(i-i')o(i')uo(i')

di'.

(40)

An even better estimatecan be found by substituting uo(i) + ue(fl for u@)
in (40) to find
z@(i)=

di'.

1 g(i-i’)o(i’)[uo(i’)+us(i’)]

(41)

In general, the i&order Born field can be written
u;+‘)(i)=

1 g(i-i’)o(i’)[uo(i’)+u$)(i’)]

di’.

(42)
An alternate representationis possible if we write
u(i)=uo(i)+uu1(i)+u2(i)+~*~

(43)

where
u(~+~)(Q= ui(i')o(i')g(i-7')
s

dJ'.

(44)

By expanding (42) it is possibleto seethat an approximateexpressionfor the
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scatteredfield, ~$1, is
(45)
j=O

and in the limit
u(~?‘uo(7)+u~(F)+u~(F)+u3(i)+~*~

.

(46)

This representation(46) has a more intuitive interpretation. The Green’s
function gives the scatteredfield due to a point scattererand thus the integral
of (42) can be interpreted as calculating the first-order scatteredfield due to
the field Ui. For this reasonthe first-order Born approximation representsthe
first-order scatteredfield and Ui representsthe &order scatteredfield.
The result can also be interpreted in terms of the Huygens principle; each
point in the object produces a scatteredfield proportional to the scattering
potential at the site of the scatterer. Each of these partial scattered fields
interacts with the other scatteringcentersin the object and if the Born series
convergesthe total field is the sum of the partial scatteredfields.
While the higher order Born series does provide a good model of the
scatteringprocess,reconstructionalgorithms basedon this serieshave yet to
be developed. These algorithms are currently being researched; in the
meantime, we will study reconstruction algorithms based on first-order
approximations [Bar78], [Sla85].
The first Born approximation is valid only when the scatteredfield,
u,(J) = m

- u,(7),

(47)

is smaller than the incident field, u,-,.If the object is a homogeneouscylinder
it is possible to expressthis condition as a function of the size of the object
and the refractive index. Let the incident wave, uo(fi, be an electromagnetic
plane wave propagating in the direction of the unit vector, s’. For a large
object, the field inside the object will not be well approximated by the
incident field
U(i)

= U&je&(F)

#:AejkO”’

(48)

but instead will be a function of the changein refractive index, ns. Along a
line through the center of the cylinder and parallel to the direction of
propagationof the incident plane wave, the field inside the object becomesa
slow (or fast) version of the incident wave, that is,

Since the wave is propagating through the object, the phase difference
between the incident field and the field inside the object is approximately
equal to the integral through the object of the changein refractive index. For a
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homogeneouscylinder of radius a, the total phase shift through the object
becomes
PhaseChange= 4ms i

(50)

where X is the wavelengthof the incident wave. For the Born approximation
to be valid, a necessarycondition is that the change in phase between the
incident field and the wave propagating through the object be less than ?r.
This condition can be expressedmathematically as

x
ang<i
*

(51)

6.2.2 The First Rytov Approximation
Another approximation to the scatteredfield is the Rytov approximation
which is valid under slightly different restrictions. It is derived by considering
the total field to be representedas a complex phaseor [Ish78]
u(7> = e+(7)

(52)

and rewriting the wave equation (17)
(V2+kz)u=0

(17)

as
V2e”+ k2e” = 0

(53)
(54)

V2$e+ + (V+)2e” + k2e@= 0

(55)

(W2+V24+k;=

(56)

and finally
-o(i).

(Although all the fields, 4, are a function of c to simplify the notation the
argument of these functions will be dropped.) Expressing the total complex
phase, +, as the sum of the incident phase function 4. and the scattered
complex phase4S or

where
uo(i) = e+o(n,
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(58)

we find that
(V+o)2+2V~o.

V~~+(V~,)2+V2~0+V2~~+k;+~(i)=0.

(59)

As in the Born approximation, it is possible to set the zero perturbation
equation equal to zero. Doing this, we find that
k;+(V$0)2+V240=0.

(60)

Substituting this into (59) we get
2v40 * vq5s+v2q5s=-(V&)2-o(i).

(61)

This equation is still inhomogeneousbut can be linearized by considering
the relation
V2(uo4J = V(Vuo * 4s+ uoV4s)

(62)

or by expanding the first derivative on the right-hand side of this equation
V2(u,,4s)=V2uo * 4s+2Vuo * V4s+uoV24s.

(63)

Using a plane wave for the incident field,
u. = A##

5

(64)

V2uo= - k;uo

(65)

we find
so that (63) may be rewritten as
2~~~4~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~

(66)

This result can be substitutedinto (61) to find
(V2+k;)uo4,=

-~oNV4s)~+o(iN.

(67)

The solution to this differential equationcan again be expressedas an integral
equation. This becomes
n
uo[(V4s)2+o(i’)] di'.
uo4s= J V g(i-7')
VW
Using the Rytov approximation we assumethat the term in brackets in the
above equation can be approximatedby
(V4J2+o(i)=o(i).

(69)

When this is done, the first-order Rytov approximation to the function uo4s
becomes
uo4s= s V g(i-i')uo(i')o(i')
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Thus 4,, the complex phaseof the scatteredfield, is given by
g(i- i’)uo(i’)o(i’)

di’.

(71)

Substituting the expressionfor us given in (40), we find that
4s(q=s;

(72)

.
0

The Rytov approximation is valid under a less restrictive set of conditions
than the Born approximation [Che60], [Kel69]. In deriving the Rytov
approximation we made the assumptionthat
(V4s)2+o(i)=o(F).

(73)

Clearly this is true only when
m

s= (V4d2.

(74)

If o(F) is written in terms of the change in refractive index
o(i) = ki[n2(i) - 1] = kt[(l + ns(i))2- 1]

(2%

and the square of the refractive index is expandedto find
o(F)=ki[(l

+2ns(i)+n,Z(i))-

o(q = ki[2n6(i) + n,2(7)].

1]

(75)
(76)

To a first approximation, the object function is linearly related to the
refractive index or
o(i)=2k#$(i).

(77)

The condition neededfor the Rytov approximation (see(74)) can be rewritten
as
n ~ (V4d2
6
7’

(78)

This can be justified by observingthat to a first approximation the scattered
phase, d,, is linearly dependent on the refractive index change, ns, and
therefore the first term in (73) can be safely ignored for small ns.
Unlike the Born approximation, the size of the object is not a factor in the
Rytov approximation. The term V4, is the change in the complex scattered
phaseper unit distanceand by dividing by the wavenumber

ko=!f
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(79)

we find a necessarycondition for the validity of the Rytov approximation is
(80)

Unlike the Born approximation, it is the changein scatteredphase, &, over
one wavelengththat is important and not the total phase.Thus, becauseof the
V operator, the Rytov approximation is valid when the phasechangeover a
single wavelength is small.
Sincethe imaging processis carried out in terms of the field, UB, defined in
the previous subsection,we need to show a Rytov approximation expression
for uB. Estimating u,(7) for the Rytov case is slightly more difficult. In an
experiment the total field, u(J>, is measured. An expression for ~(3 is
found by recalling the expressionfor the Rytov solution to the total wave
u(i)=uo+u,(i)=e~o++~

(81)

and then rearranging the exponentialsto find
u,=e40+4-e+0

(82)

u,=e@(eQs- 1)

(83)

24,= uo(e+s- 1).

(84)

Inverting this to find an estimate for the scatteredphase, 4,, we obtain
r#&)=ln

[uo1
4fs+l

.

635)

Expanding 4, in terms of (72) we obtain the following estimatefor the Rytov
estimate of ue(i):
ue(i) = uo(i) In

[ 1
4fs+l
uo

.

Since the natural logarithm is a multiple-valued function, one must be careful
at each position to choose the correct value. For continuous functions this
isn’t difficult becauseonly one value will satisfy the continuity requirement.
On the other hand, for discrete (or sampled)signalsthe choice isn’t nearly as
simple and one must resort to a phaseunwrapping algorithm to choose the
proper phase. (Phaseunwrapping has been describedin a number of works
[Tri77], [OCo78], [Kav84], [McG82].) Due to the “ + 1” factor inside the
logarithmic term, this is only a problem if u, is on the order of or larger than
ug. Thus both the Born and the Rytov techniquescan be used to estimate
usm.
While the Rytov approximation is valid over a larger class of objects, it is
possible to show that the Born and the Rytov approximations produce the
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same result for objects that are small and deviate only slightly from the
averagerefractive index of the medium. Consider first the Rytov approximation to the scatteredwave. This is given by
u(i) = e40+%

(87)

Substitutingan expressionfor the scatteredphase,(72), and the incident field,
(64), we find
u(Q

= ejkoS’?+e+exp

(-jkoSti)u.d?)

u(q

= Uo(fleexp(-jkor”%e(r3e

@8)

or
(8%

For small uB, the first exponential can be expanded in terms of its power
series. Throwing out all but the first two terms we find that
u(i)=z.40(i)[l+e-~ko~r

uem1

(90)

01

u(i) = uo(i) + tie(i).

(91)

Thus for very small objects and perturbations the Rytov solution is
approximately equal to the Born solution given in (40).
The similarity betweenthe expressionsfor the first-order Born and Rytov
solutions will form the basis of our reconstructions.In the Born approximation we measurethe complex amplitude of the scatteredfield and use this as
an estimateof the function uB, while in the Rytov case we estimate uB from
the phaseof the scatteredfield. Since the Rytov approximation is considered
more accuratethan the Born approximation it should provide a better estimate
of ue. In Section 6.5, after we have derived reconstruction algorithms based
on the Fourier Diffraction Theorem, we will discuss simulations comparing
the Born and the Rytov approximations.
6.3 The Fourier Diffraction

Theorem

Fundamental to diffraction tomography is the Fourier Diffraction
Theorem, which relates the Fourier transform of the measured forward
scattereddata with the Fourier transform of the object. The theorem is valid
when the inhomogeneities in the object are only weakly scattering. The
statementof the theorem is as follows:
When an object, 0(x, y), is illuminated with a plane wave as shown in Fig.
6.2, the Fourier transform of the forward scattered field measured on line
TT' gives the values of the 2-D transform, O(wl, 02), of the object along a
semicircular arc in the frequency domain, as shown in the right half of the
figure.
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frequency

space domain

The Fourier
Fig. 6.2:
Diffraction Theorem relates the
Fourier transform of a diffracted
projection to the Fourier
transform of the object along a
semicircular arc. (From [SIa83].)

domain

The importanceof the theoremis madeobviousby noting that if an object is
illuminated by plane waves from many directions over 360”) the resulting
circular arcs in the (pi, w2)-planewill fill up the frequencydomain. The
function 0(x, u) may then be recoveredby Fourier inversion.
Before giving a short proof of the theorem, we would like to say a few
words aboutthe dimensionalityof the object vis-a-visthat of the wave fields.
Although the theoremtalks abouta two-dimensionalobject, what is actually
meant is an object that doesn’tvary in the z direction. In other words, the
theoremis about any cylindrical object whosecross-sectionaldistribution is
given by the function 0(x, y). The forward scatteredfields are measuredon a?
line of detectorsalong TT' in Fig. 6.2. If a truly three-dimensionalobject
were illuminated by the plane wave, the forward scatteredfields would now
haveto be measuredby a planararray of detectors.The Fourier transformof
the fields measuredby such an array would give the values of the 3-D
transformof the objectover a sphericalsurface.This was first shownby Wolf
[Wo169].More recentexpositionsare given in [Nah82] and [Dev84], where
the authorshavealso presenteda new syntheticapertureprocedurefor a full
three-dimensionalreconstructionusing only two rotational positions of the
object. In this chapter, however, we will continue to work with twodimensionalobjects in the sensedescribedhere. A recent work describing
someof the errors in this approachis [LuZ84].
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Earlier in this chapter, we expressedthe scatteredfield due to a weakly
scattering object as the convolution
uB(i) =

o(i’)u,#‘)g(ii’) d7’
(92)
s
where us(i) representsthe complex amplitude of the field as in the Born
approximation, or the incident field, ua(Q, times the complex scattered
phase,+,(q, as in the Rytov approximation. Starting from this integral there
are two approachesto the derivation of the Fourier Diffraction Theorem.
Many researchers[Mue79], [Gre78], [Dev82] have expandedthe Green’s
function into its plane wave decompositionand then noted the similarity of the
resulting expressionand the Fourier transform of the object. The alternative
approachconsistsof taking the Fourier transform of both sidesof (92). In this
work we will present both approachesto the derivation of the Fourier
Diffraction Theorem; the first becausethe math is more straightforward, the
second because it provides a greater insight into the difference between
transmission and reflection tomography.
6.3.1 Decomposing the Green’s Function
We will first consider the decomposition of the Green’s function into its
plane wave components.
The integral equation for the scatteredfield (92) can be considered as a
convolution of the Green’s function, g(7 - ?), and the product of the object
function, o(T), and the incident field, ~~(7). Consider the effect of a single
plane wave illuminating an object. The forward scattered field will be
measuredat the receiver line as is shown in Fig. 6.3.
A single plane wave in two dimensionscan be representedas
~~(7) = eif*’

(93)

where B = (k,, k,J satisfies the relationship
k;=k;+k;.

(94)

From earlier in this chapter, the two-dimensionalGreen’s function is given
by

and HO is the zero-order Hankel function of the first kind. The function H,J
has the plane wave decomposition[Mor53]
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Incident

Fig. 6.3: A typical diffraction
tomography experiment is shown.
Here a single plane wave is used
to illuminate the object and the
scattered field is measured on the
far side of the object. This is
transmission tomography. (From
[Pan83].)

plane wave

where 7 = (x, y), 7” = (x’, y’) and
p4q-2.

(97)

Basically, (96) expressesa cylindrical wave, Ha, as a superpositionof plane
waves.At all points, the wave centeredat 7’ is traveling outward; for points
suchthaty > y ’ the planewavespropagateupwardwhile for y c y ’ the plane
wavespropagatedownward.In addition,for IQ] I kO, the planewavesare of
the ordinary type, propagatingalong the direction given by tan- l (p/o).
However, for ICY(> ko, P becomesimaginary, the waves decay exponentially and they are called evanescentwaves.Evanescentwavesare usually of
no significancebeyondabout 10 wavelengthsfrom the source.
Substitutingthis expression,(96), into the expressionfor the scattered
field, (92), the scatteredfield can now be written

u,c+&

i @ ‘)u@ ‘)

I”“, $ ,+-h-X’)+@ lU-U’llda di’.

(98)

In order to show the first stepsin the proof of this theorem, we will now
assumefor notational conveniencethat the direction of the incident plane
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wave is along the positive y-axis. Thus the incident field will be given by
uo(Q = ej%‘i

(99)

where Z,, = (0, ko). Since in transmission imaging the scattered fields are
measuredby a linear array located at y = la, where lo is greater than any ycoordinate within the object (see Fig. 6.3), the term Iy - y ’1 in the above
expressionmay simply be replacedby la - y’ and the resulting form may be
rewritten
uE(x, y=jo)=k

jy,

da

j $?

ej[~(x-x’)+b(r,-r’)leikov’

dJ’.

(100)

Recognizing part of the inner integral as the two-dimensional Fourier
transform of the object function evaluatedat a frequency of (CY,/3 - ko) we
find
4(x, Y = lo) = &

o, A ej(ux+flto)O(a, p- ko) da
P

s -m

(101)

where 0 has beenusedto designatethe two-dimensional Fourier transform of
the object function.
Let Us(w, /a) denote the Fourier transform of the one-dimensional
scatteredfield, uB(x, @, with respect to x, that is,
UE(w, lo) = ST, uE(x, lo)e-jux dx.

(102)

As mentionedbefore, the physics of wave propagationdictate that the highest
angular spatial frequency in the measuredscatteredfield on the line y = 4-,is
unlikely to exceedko. Therefore, in almost all practical situations, U,(w, 4~)
= 0 for (w ( > ko. This is consistentwith neglecting the evanescentmodesas
describedearlier.
If we take the Fourier transform of the scatteredfield by substituting (101)
into (102) and using the following property of Fourier integrals

mej(O-u)x dx= 27r6(w- CY)
s--o

(103)

where 6( *) is the Dirac delta function we discussedin Chapter 2, we find

UE(%lo)=

J

&GloO(a,

w

- ko)

for I~Y[<ko.

2&57

(104)
This expressionrelatesthe two-dimensionalFourier transform of the object to
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the one-dimensionalFourier transform of the field at the receiver line. The
factor

is a simple constantfor a fixed receiver line. As CYvaries from - k0 to kO,the
coordinates (CX,&?
- kc,) in the Fourier transform of the object
function trace out a semicircular arc in the (u, u)-planeas shown in Fig. 6.2.
This proves the theorem.
To summarize, if we take the Fourier transform of the forward scattered
data when the incident illumination is propagating along the positive y-axis,
the resulting transform will be zero for angular spatial frequencies1CY
1 > /co.
For 1(Y1 < ks, the transform of the data gives values of the Fourier transform
of the object on the semicircular arc shown in Fig. 6.2 in the (u, u)-plane.
The endpointsof the semicircular arc are at a distanceof fikO from the origin
in the frequency domain.
6.3.2 Fourier Transform Approach
Another approachto the derivation of the Fourier Diffraction Theorem is
possible if the scatteredfield
uB(i)= j o(7’)uo(i’)g(i-7’)

dt’

(106)

is consideredentirely in the Fourier domain. The plots of Fig. 6.4 will be
used to illustrate the various transformationsthat take place. Again, consider
the effect of a single plane wave illuminating an object. The forward scattered
field will be measuredat the receiver line as is shown in Fig. 6.3.
The integral equationfor the scatteredfield, (106), can be consideredas a
convolution of the Green’s function, g(i - 7’), and the product of the object
function, o(i’), and the incident field, ~~(7). First define the following
Fourier transform pairs:
om 4-bma
g(i-7’)

++ G(R)

(107)

u(i) 4-bU(B).
The integral solution to the wave equation, (40), can now be written in
terms of these Fourier transforms, that is,
U,(x) = G(f)(O(7i)

* Uo(7i)}

(108)

where * has been used to representconvolution and x = (CY,y). In (93) an
expressionfor ~0 was presented.Its Fourier transform is given by
u,(A)=27r~(iL-R)
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Two-dimensional
Fig. 6.4:
Fourier representation of the
Hebnholtz equation. (a) is the
Fourier transform of the object,
in this case a cylinder, (b) is the
Fourier transform of the incident
field, (c) is the Fourier transform
of the Green function in (95),
(d) shows the frequency domain
convolution of (a) and (b), and
finally (e) is the product in the
frequency domain of (c) and (d).
(From [Sla83].)

and thus the convolutionof (108)becomesa shift in the frequencydomain or
O(X) * u,(x)=2~o(x-~).

This convolution is illustrated in Figs. 6:4(a)-(c) for a plane wave
propagatingwith directionvector, J? = (0, ko). Fig. 6.4(a) showsthe Fourier
transformof a single cylinder of radius 1X and Fig. 6.4(b) showsthe Fourier
transform of the incident field. The resulting multiplication in the space
domain or convolution in the frequencydomain is shown in Fig. 6.4(c).
To find the Fourier transform of the Green function the Fourier
transformof (32) is calculatedto find
(-A2+/$G(f17
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-e-jxei

(111)

Rearrangingterms we see that
(112)

G(7i I”)=&
0

which has a singularity for all x such that
(A(2=cY2+y2=k;.

(113)

An approximation to G(x) is shown in Fig. 6.4(d).
The Fourier transform representationin (112) can be misleadingbecauseit
representsa point scattereras both a sink and a source of waves. A single
plane wave propagatingfrom left to right can be consideredin two different
ways dependingon your point of view. From the left side of the scatterer,the
point scattererrepresentsa sink to the wave, while to the right of the scatterer
the wave is spreading from a source point. Clearly, it’s not possible for a
scattererto be both a point sourceand a sink. Later, when our expressionfor
the scatteredfield is inverted, it will be necessaryto choose a solution that
leads to outgoing waves only.
The effect of the convolution shown in (106) is a multiplication in the
frequency domain of the shifted object function, (llO), and the Green’s
function, (112), evaluatedat i’ = 0. The scatteredfield is written as
U,(X)=2n

0(X 4)
AZ-k2

(114)

’

This result is shown in Fig. 6.4(e) for a plane wave propagatingalong the yaxis. Since the largest frequency domain componentsof the Green’s function
satisfy (113), the Fourier transform of the scatteredfie!d is dominated by a
shifted and sampledversion of the object’s Fourier transform.
We will now derive an expressionfor the field at the receiver line. For
simplicity we will continue;0 assumethat the incident field is propagating
along the positive y-axis or K = (0, ko). The scatteredfield along the receiver
line (x, y = lo) is simply the inverse Fourier transform of the field in (114).
This is written as

(115)
which, using (114), can be expressedas

(%y-ko)
da&.
“(x9‘=/,,‘$ s:,j-,cm‘a2+y2-k2
ei(-+rlo)

(116)

0

We will first find the integral with respectto y. For a given (Y,the integral
has a singularity for
y1,2= +dzp.
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Using contour integration we can evaluatethe integral with respectto y along
the path shown in Fig. 6.5. By adding 1/2r of the residueat eachpole we find
u,(x, y) =&

1 rl(cr; y)ejax da+&

i r2(a; y)eJux da

(118)

where
r, =

jO(w

v--k4

eje,o

(119)

24cp

r = -jO(w
2

w--M
2&5-z

e-jG,o

w-a

Examining the above pair of equationswe seethat rr representsthe solution
in terms of plane waves traveling along the positive y-axis, while r2
representsplane waves traveling in the -y direction.
As was discussedearlier, the Fourier transform of the Green’s function
(112) representsthe field due to both a point source and a point sink, but the
two solutions are distinct for receiver lines that are outside the extent of the
object. First consider the scatteredfield along the line y = IOwhere lo is
greater than the y-coordinate of all points in the object. Since all scattered
fields originate in the object, plane waves propagating along the positive yaxis representoutgoing waves while waves propagatingalong the negativeyaxis represent waves due to a point sink. Thus for y > object (i.e., the
receiver line is abovethe object) the outgoing scatteredwavesare represented
by I’, or
u,(x,

Integration path in the
complex plane for inverting the
two-dimensional Fourier
transform of the scattered field.
The correct Dole must be chosen
to lead to okgoing fields. (From
[Sla84/.)
Fig. 6.5:
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y) = &

l rl(a;

y)ej”lw da,

y > object.

(121)

Conversely, for a receiver along a line y = lo where lo is less than the ycoordinate of any point in the object, the scatteredfield is representedby r2
or
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y) =k

n

1 r2(a;

y)ejax

da,

y c object.

ww

In general, the scatteredfield will be written as
(123)
and it will be understoodthat values that lead only to outgoing waves should
be chosenfor the squareroot in the expressionfor r.
Taking the Fourier transform of both sides of (123) we find that

s U(X, y= lo)e-jax dx= I’(a, 10).

(124)

But sinceby (119) and (120)) I’(a, lo) is equal to a phaseshifted version of the
object function, the Fourier transform of the scatteredfield along the line y =
lo is related to the Fourier transform of the object along a circular arc. The use
of the contour integration is further justified by noting that only those waves
that satisfy the relationship
cr2+y2=k;

(125)

will be propagatedand thus it is safe to ignore all waves not on the ko-circle.
This result is diagrammedin Fig. 6.6. The circular arc representsthe locus
of all points (CY,y) such that y = m
The solid line shows the
outgoing waves for a receiver line at y = lo above the object. This can be
consideredtransmissiontomography. Conversely, the broken line indicates
the locus of solutions for the reflection tomography case, or y = lo is below
the object.
6.3.3 Short Wavelength Limit of the Fourier Diffraction Theorem
Fig. 6.6: Estimates of the
two-dimensional Fourier
transform of the object are
available along the solid arc for
transmission tomography and the
broken arc for reflection
tomography. (Adapted from
[Sla84/.)

While at first the derivations of the Fourier Slice Theorem and the Fourier
Diffraction Theorem seemquite different, it is interesting to note that in the
limit of very high energy waves or, equivalently, very short wavelengthsthe
Fourier Diffraction Theorem approachesthe Fourier Slice Theorem. Recall
that the Fourier transform of a diffracted projection correspondsto samplesof
the two-dimensionalFourier transform of an object along a semicircular arc.
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The radius of the arc shown in Fig. 6.2 is equal to

k.

which is given by

and X is the wavelength of the energy. As the wavelength is decreased,the
wavenumber, ko, and the radius of the arc in the object’s Fourier domain
grow. This process is illustrated in Fig. 6.7 where we have shown the
semicircular arcs resulting from diffraction experiments at seven different
frequencies.
An example might make this idea clearer. An ultrasonic tomography
experiment might be carried out at a frequency of 5 MHz which corresponds
to a wavelengthin water of 0.3 mm. This correspondsto a k. of 333 radians/
meter. On the other hand, a hypothetical coherent x-ray source with a lOOkeV beam has a wavelength of 0.012 PM. The result is that a diffraction
experiment with x-rays can give samples along an arc of radius 5 x lo8
radians/meter.Certainly for all physiological features(i.e., resolutions of <
1000 radians/meter)the arc could be consideredto be a straight line and the
Fourier Slice Theorem an excellent model for relating the transforms of the
projections with the transform of the object.
6.3.4 The Data Collection Process

Fig. 6.1:

As the frequency of
the experiment goes up
(wavelength goes down) the
radius of the arc increases until
the scattered field is closely
approximated by the Fourier Slice
Theorem discussed in Chapter 3.

The best that can be hopedfor in any tomographic experiment is to estimate
the Fourier transform of the object for all frequencieswithin a disk centered
at the origin. For objectswhose spectrahave no frequency content outside the
disk, the reconstruction procedure is perfect.
There are several different procedures that can be used to estimate the
object function from the scatteredfield. A single plane wave provides exact
information (up to a frequency of ako) about the Fourier transform of the
object along a semicircular arc. Two of the simplest procedures involve
A Objects
%

k=

k =Bk,
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Fig. 6.8:

With plane

wave

illumination, estimates of the
object’s two-dimensional Fourier
transform are available along the
circular arcs.

changing the orientation and frequency of the incident plane waves to move
the frequency domain arcs to a new position. By appropriately choosing an
orientation and a frequency it is possibleto estimatethe Fourier transform of
the object at any given frequency. In addition, it is possible to change the
radius of the semicircular arc by varying the frequency of the incident field
and thus generatingan estimateof the entire Fourier transform of the object.
The most straightforward data collection procedure was discussed by
Mueller et al. [Mue80] and consistsof rotating the object and measuringthe
scattered field for different orientations. Each orientation will produce an
estimateof the object’s Fourier transform along a circular arc and thesearcs
will rotate as the object is rotated. When the object has rotated through a full
360” an estimateof the object will be available for the entire Fourier disk.
The coveragefor this method is shown in Fig. 6.8 for a simple experiment
with eight projections of nine sampleseach. Notice that there are two arcs
that passthrough eachpoint of Fourier space.Generally, it will be necessary
to chooseone estimate as better.
On the other hand, if the reflected data are collected by measuringthe field
on the same side of the object as the source, then estimatesof the object are
available for frequenciesgreater than akO. This follows from Fig. 6.6.
Nahamooand Kak [Nah82], [Nah84] and Devaney [Dev84] have proposed
a method that requires only two rotational views of an object. Consider an
arbitrary source of waves in the transmitter plane as shown in Fig. 6.9. The
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Fig. 6.9: A typical synthetic
aperture tomography experiment
is shown. A transmitter is
scanned past the object. For each
transmitter position the scattered
field is measured. Later,
appropriate phases are added to
the projections to synthesize any
incident plane wave. (From
[Sla83/.)

transmittedfield, ur, can be representedas a weightedset of plane wavesby
taking the Fourier transform of the transmitter aperturefunction [Goo68].
Doing this we find
u,(x) =-$

jy, At(kx)ejkxx dk,.

(127)

Moving the sourceto a new position, 7, the plane wave decompositionof the
transmittedfield becomes

G iven the plane wave decomposition,the incident field in the plane follows
simply as
ui(v; x, y)= so)_ (--$ ,4,(kx)ejkxq) ej(kxx+kyy)dk,.

(129)

In (124)we presentedan equationfor the scatteredfield from a singleplane
wave. Becauseof the linearity of the Fourier transform the effect of each
plane wave, ej(+++‘), can be weightedby the expressionin bracketsabove
and superimposed
to find the Fourier transformof the total scatteredfield due
to the incident field u,(x; q) as [Nah82]
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Taking the Fourier transform of both sides with respect to the transmitter
position, 7, we find that
O(a-kx,
Us(kx;

Estimates of the
Fourier transform of an object in
the synthetic aperture experiment
are available in the shaded
region.
Fig. 6.10:

a) =4(k)

r-k,)
j27

’

By collecting the scatteredfield along the receiver line as a function of
transmitter position, 7, we have an expressionfor the scatteredfield. Like the
simpler case with plane wave incidence, the scatteredfield is related to the
Fourier transform of the object along an arc. Unlike the previous case,
though, the coveragedue to a single view of the object is a pair of circular
disks as shown in Fig. 6.10. Here a single view consistsof transmitting from
all positions in a line and measuringthe scatteredfield at all positions along
the receiver line. By rotating the object by 90” it is possible to generatethe
complementarydisk and to fill the Fourier domain.
The coverageshown in Fig. 6.10 is constructedby calculating (g - x) for
all vectors (a and (x) that satisfy the experimental constraints. Not only
must each vector satisfy the wave equation but it is also necessarythat only
forward traveling plane waves be used. The broken line in Fig. 6.10 shows
the valid propagation vectors (- & for the transmitted waves. To each
possiblevector ( - x) a semicircular set of vectors representingeachpossible
receivedwave can be added.The locus of receivedplane waves is shown as a
solid semicircle centeredat eachof the transmittedwaves indicated by an x .

t ky
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Fig. 6.11: A typical vertical
seismic profiling (HP)
experiment.

The entire coverage for the synthetic aperture approach is shown as the
shadedareas.
In geophysicalimaging it is not possibleto generateor receive waves from
all positions around the object. If it is possible to drill a borehole, then it is
possible to perform vertical seismic profiling (VSP) [Dev83] and obtain
information about most of the object. A typical experiment is shown in Fig.
6.11. So as to not damagethe borehole, acoustic waves are generatedat the
surface using acoustic detonatorsor other methods and the scatteredfield is
measuredin the borehole.
The coveragein the frequency domain is similar to the synthetic aperture
approach in [Nah84]. Plane waves at an arbitrary downward direction are
synthesized by appropriately phasing the transmitting transducers. The
receiverswill receive any wavestraveling to the right. The resulting coverage
for this method is shown in Fig. 6.12(a). If we further assumethat the object
function is real valued, we can use the symmetry of the Fourier transform for
real-valued functions to obtain the coverage in Fig. 6.12(b).
It is also possibleto perform such experimentswith broadbandillumination
[Ken82]. So far we have only considerednarrow band illumination wherein
the field at each point can be completely describedby its complex amplitude.
Now consider a transducerthat illuminates an object with a plane wave of
the form A,(t). It can still be called a plane wave becausethe amplitude of the

Borehole
\

Scattered

WCWCZ
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(b)

Available estimate of
the Fourier transform of an
object for a VSP experiment (a).
If the object function is real
valued, then the symmetry of the
Fourier transform can be used to
estimate the object in the region
shown in (b).
Fig. 6.12:

field along planesperpendicularto the direction of travel is constant.Taking
the Fourier transformin the time domainwe can decomposethis field into a
numberof experiments,eachat a different temporal frequency,w. We let
At@-, Y, w) = j;- A,(x, y, t)e+jwt dt

(132)

where the sign on the exponentialis positive becauseof the convention
defined in Section6.1.1.
G iven the amplitude of the field at each temporal frequency, it is
straightforward to decomposethe field into plane wave componentsby
finding its Fourier transform along the transmitterplane. Each plane wave
component is then described as a function of spatial frequency, k, =
A(-),
and temporalfrequency,o. The temporalfrequencyw is related
to k, by

km=:

(133)

w

TOMOGRAPHIC

IMAGING

WITH

DIFFRACTING

SOURCES

233

where c is the speedof propagationin the media and the wave vector (k,, ky)
satisfiesthe wave equation
k;+k;=k;.

(134)

If a unit amplitude plane wave illumination of spatial frequency k, and a
temporal frequency w leads to a scatteredplane wave with amplitude u,(k,,
w), then the total scatteredfield is given by a weighted superpositionof the
scatteredfields or
us(x Y; t) =&

s;, do sTk dkA(k,,
0

tile- jutus(kx, W; y)&(W+$Y).
(135)

For plane wave incidence the coverage for this method is shown in Fig.
6.13(a). Fig. 6.13(b) showsthat by doing four experimentsat 0,90, 180, and
270” it is possible to gather information about the entire object.
6.4 Interpolation
Sources

and a Filtered Backpropagation

Algorithm

for Diffracting

In our proof of the Fourier Diffraction Theorem, we showedthat when an
object is illuminated with a plane wave traveling in the positive y direction,
the Fourier transform of the forward scatteredfields gives values of the arc
shown in Fig. 6.2. Therefore, if an object is illuminated from many different
directions, we can, in principle, fill up a disk of diameter &2k in the
frequency domain with samplesof 0( ulr Q), which is the Fourier transform
of the object, and then reconstruct the object by direct Fourier inversion.
Therefore, we can say that diffraction tomographydeterminesthe object up to
a maximum angular spatial frequency of &2k. To this extent, the reconstructed object is a low pass version of the original. In practice, the loss of
resolution causedby this bandlimiting is negligible, being more influenced by
considerationssuch as the aperture sizes of the transmitting and receiving
elements, etc.
The fact that the frequency domain samples are available over circular
arcs, whereas for convenient display it is desirable to have samples over a
rectangular lattice, is a source of computational difficulty in reconstruction
algorithms for diffracting tomography. To help the reader visualize the
distribution of the available frequencydomain information, we have shown in
Fig. 6.8 the sampling points on a circular arc grid, each arc in this grid
correspondingto the transform of one projection. It should also be clear from
this figure that by illuminating the object over 360” a double coverageof the
frequency domain is generated;note, however, that this double coverage is
uniform. We may get a complete coverage of the frequency domain with
illumination restricted to a portion of 360”; however, in that casethere would
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(a) Estimates of the
Fig. 6.13:
Fourier transform of an object
for broadband illumination. With
four views the coverage shown in
(b) is possible.

be patchesin the (wi, &-plane where we would have a double coverage.In
reconstructingfrom circular arc grids to rectangulargrids, it is often easierto
contend with a uniform double coverage, as opposedto a coveragethat is
single in most areasand double in patches.
However, for some applications that do not lend themselves to data
collection from all possibledirections, it is useful to bear in mind that it is not
necessaryto go completely aroundan object to get completecoverageof the
frequency domain. In principle, it should be possibleto get an equal quality
reconstruction when illumination angles are restricted to a 180 plus an
interval, the anglesin excessof 180 being requiredto completethe coverage
of the frequency domain.
There are two computationalstrategiesfor reconstructingthe object from
the measurementsof the scatteredfield. As pointed out in [Sou84a], the two
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algorithms can be consideredas interpolation in the frequency domain and
interpolation in the space domain; and are analogousto the direct Fourier
inversion and backprojectionalgorithms of conventionaltomography. Unlike
conventional tomography, where backprojection is the preferred approach,
the computational expense of space domain interpolation of diffracted
projections makesfrequencydomain interpolation the preferred approachfor
diffraction tomography reconstructions.
The remainder of this section will consist of derivations of the frequency
domain and space domain interpolation algorithms. In both cases we will
assumeplane wave illumination; the reader is referred to [Dev82], [Pan831
for reconstruction algorithms for the synthetic aperture approach and to
[Sou84b] for the general case.
6.4.1 Frequency Domain Interpolation
There are two schemesfor frequency domain interpolation. The more
conventional approach is polynomial based and assumesthat the data near
each grid point can be approximated by polynomials. This is the classical
numerical analysisapproachto the problem. A secondapproachis known as
the unified frequency domain reconstruction (UFR) and interpolates data in
the frequency domain by assuming that the space domain reconstruction
should be spatially limited. We will first describe polynomial interpolation.
In order to discussthe frequency domain interpolation between a circular
arc grid on which the data are generatedby diffraction tomography and a
rectangular grid suitable for image reconstruction, we must first select
parametersfor representingeach grid and then write down the relationship
between the two sets of parameters.
In (104), UB(W, 10) was used to denote the Fourier transform of the
transmitted data when an object is illuminated with a plane wave traveling
along the positive y direction. We now use UB,~(W)to denote this Fourier
transform, where the subscript 4 indicates the angle of illumination. This
angle is measuredas shown in Fig. 6.14. Similarly, Q(w, 4) will be used to
indicate the values of O(w,, w2)along a semicircular arc oriented at an angle
C#Ias shown in Fig. 6.15 or
Q(o, x@-i?

- k,,),

(136)

Iwl <ko-

Therefore, when an illuminating plane wave is incident at angle 4, the
equality in (104) can be rewritten as

W~lQ(w 4)
u&e(~)
=.i-2d---&exp

for (wick.

(137)

In most casesthe transmitteddata will be uniformly sampledin space,and
a discrete Fourier transform of these data will generate uniformly spaced
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Fig. 6.14:
The angle $I is used to
identify each diffraction
projection. (From [Pan83j,)

Fig. 6.15:
Each projection is
measured using the 6 - w
coordinate system shown here.
(From [Kak;85].)
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Fig. 6.16:
Uniformly sampling
the projection in the space
domain leads to uneven spacing
of the samples of the Fourier
transform of the object along the
semicircular arc. (Adapted from
(Pan83J.)

samplesof U&o) in the o domain. Since Q(w) is the Fourier transformof
the object along the circular arc AOB in Fig. 6.15 and since K is the
projection of a point on the circular arc on the tangentline CD, the uniform
samplesof Q in K translateinto nonuniform samplesalong the arc AOB as
shownin Fig. 6.16. We will thereforedesignateeachpoint on the arc AOB
by its (0, 4) parameters.[Note that (0, 4) are not the polar coordinatesof a
point on arc AOB in Fig. 6.15. Therefore,w is not the radial distancein the
(wi , wz)-plane.For point E shown,the parameterw is obtainedby projecting
E onto line CD.] We continueto denotethe rectangularcoordinatesin the
frequencydomain by (wi, wz).
Before we presentrelationshipsbetween(w, 4) and (wr, 4, it must be
mentionedthat we must considerseparatelythe points generatedby the A0
and OB portions of the arc AOB as r$ is varied from 0 to 27r. We do this
because,as mentionedbefore, the arc AOB generatesa double coverageof
the frequencydomain, as 4 is varied from 0 to 2n, which is undesirablefor
discussinga one-to-onetransformationbetweenthe (w, 4) parametersand the
(wi, w2)coordinates.
We now reserve(w, 4) parametersto denotethe arc grid generatedby the
portion OB as shownin Fig. 6.15. It is importantto note that for this arc grid,
w varies from 0 to k and 4 from 0 to 27r.
We now presentthe transformationequationsbetween(w, 4) and (wi, WZ).
We accomplishthis in a slightly roundaboutmannerby first defining polar

sampling
is

frequency
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along the are
non-uniform

coordinates(Q, 0) in the (q, w2)-planeas shown in Fig. 6.17. In order to go
from (CO,,w2)to (w, 4) , we will first transform from the former coordinatesto
(Q, 13)and then from (Q, 0) to (w, 4). The rectangularcoordinates(CO,,wZ)are
related to the polar coordinates(Q, 19)by (Fig. 6.17)

e=m-l 2 .
0*I

(139)

In order to relate (Q, 8) to (w, q5),we now introduce a new angle /3, which is
the angularposition of a point (q, 02) on arc OB in Fig. 6.17. Note from the
figure that the point characterized by angle /3 is also characterized by
parameterw. The relationship between w and P is given by
w=k sin fl.

(140)

The following relationship exists betweenthe polar coordinates(0, 8) on the
one hand and the parametersj3 and q5on the other:
A second change of
variables is used to relate the
projection data to the object’s
Fourier transform. (From
[Kak85] as modified from
[Pan83].)
Fig. 6.17:

p=2 sin-’ -n
2k

(141)
(142)
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By substituting(141) in (140) and then using (138), we can expressw in terms
of wI and w2. The result is shown below.

w=ksin

psin-i

(T)]

.

(143)

Similarly, by substituting (139) and (141) in (142), we obtain

4=tan-’ (z)+sin-i

(F)+i.

(144)

These are our transformation equations for interpolating from the (w, 4)
parametersused for data representationto the (wl, w2)parametersneededfor
inverse transformation. To convert a particular rectangular point into (w, 4)
domain, we substituteits wl and w2 values in (143) and (144). The resulting
values for w and 9 may not correspondto any’for which Q(w, 6) is known.
By virtue of (137), Q(w, 6) will only be known over a uniformly sampledset
of values for w and 6. In order to determine Q at the calculated w and 4, we
use the following procedure. Given N, x N+ uniformly located samples,
Q(wi, dj), we calculate a bilinearly interpolated value of this function at the
desired w and q5by using
(145)
i=l

j=*

where
hi(W) =

I-!4

IwIsAw

0

otherwise

Aw

I4l~WJ

(146)

(147)

otherwise;
A6 and Aw are the sampling intervals for 4 and w, respectively. When
expressed in the manner shown above, bilinear interpolation may be
interpreted as the output of a filter whose impulse responseis hlh2.
The results obtained with bilinear interpolation can be considerably
improved if we first increasethe sampling density in the (w, +)-plane by using
the computationally efficient method of zero-extendingthe two-dimensional
inversefast Fourier transform (FFT) of the Q(wi, 4j) matrix. The technique
consistsof first taking a two-dimensionalinverse FFT of the N, x N4 matrix
consisting of the Q(wi, 4j) values, zero-extending the resulting N, x N+
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array of numbersto, let’s say, mN, x nM,, and then taking the FFT of this
new array. The result is an mn-fold increasein the density of samplesin the
(w, +)-plane. After computing Q(w, 4) at each point of a rectangulargrid by
the procedureoutlined above, the objectf(x, y) is obtainedby a simple 2-D
inverse FFT .
A different approachto frequency domain interpolation, called the unified
frequency domain (UFR) interpolation, was proposed by Kaveh et al.
[Kav84]. In this approachan interpolating function is derived by taking into
account the object’s spatial support. Consider an object’s Fourier transform
as might be measuredin a diffraction tomographyexperiment. If the Fourier
domain data are denotedby F(u, v), then a reconstruction can be written
J-(x, u) = i(x, Y) IFT {W,

u>>

(148)

where the indicator function is given by
where the object is known to have support
(149)
elsewhere.
If the Fourier transform of i(x, u) is I(u, u), then the spatially limited
reconstructioncan be rewritten
f(x,

y)=IFT

(4~

u) * F(u,

u>)

(150)

by noting that multiplication in the spacedomain is equivalentto convolution
in the frequency domain. To perform the inverse Fourier transform fast it is
necessaryto have the Fourier domain data on a rectangular grid. First
consider the frequency domain convolution; once the data are available on a
rectangulargrid the inverse Fourier transform can easily be calculatedas it is
for polynomial interpolation.
The frequency domain data for the UFR reconstruction can be written as
F(u, u)= j j Z(u-u’,

U-u’)F(u’,

u’) du’ du’.

(151)

Now recall that the experimentaldata, F(u ’, u’), are only available on the
circular arcs in the 4 - w spaceshown in Fig. 6.15. By using the changeof
variables

and the Jacobianof the transformation given by

d(u’, u’)
J(4, W)’ a(4,w)
I
I
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the convolution can be rewritten
F(u, VI= j j J(4, wV(u - TIC& wh
u-

T2(4,

w))F(TI(~,

WI,

T2(4,

w))

d4

dw.

(154)

This convolution integral gives us a meansto get the frequency domain data
on a rectangulargrid and forms the heart of the UFR interpolation algorithm.
This integral can be easily discretized by replacing each integral with a
summation over the projection angle, 4, and the spatial frequency of the
received field, w. The frequency domain data can now be written as
F(u, u) = A,A,EEJ(+,
Z(u-

Tl(4,

F(TI(~,

w),

u-

w),

T2(6

w)

T2(49

w))

(155)

w))

where Ad and Aw representthe sampling intervals in the C$- w space.
If the indicator function, i(x, u), is taken to be 1 only within a circle of
radius R, then its Fourier transform is written
Z(u, u)=

J,(Rdu2 + u2)
Rm

’

(156)

A further simplification of this algorithm can be realized by noting that only
the main lobe of the Besselfunction will contribute much to the summationin
(155). Thus a practical implementationcan ignore all but the main lobe. This
drastically reducesthe computational complexity of the algorithm and leads
to a reconstructionschemethat is only slightly more complicatedthan bilinear
interpolation.
6.4.2 Backpropagation Algorithms
It has recently been shown by Devaney [Dev82] and Kaveh et al. [Kav82]
that there is an alternative method for reconstructing images from the
diffracted projection data. This procedure, called the filtered backpropagation method, is similar in spirit to the filtered backprojection techniqueof xray tomography. Unfortunately, whereas the filtered backprojection algorithms possessefficient implementations, the same can’t be said for the
filtered backpropagation algorithms. The latter class of algorithms is
computationally intensive, much more so than the interpolation procedure
discussedabove. With regard to accuracy, they don’t seem to possessany
particular advantage especially if the interpolation is carried out after
increasing the sampling density by the use of appropriate zero-padding as
discussedabove.
We will follow the derivation of the backpropagationalgorithm as first
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presentedby Devaney [Dev82]. First consider the inverse Fourier transform
of the object function,
o(i)=-

1
O(R)ejper di?.
s
s
(27r)2 -m --m

(157)

This integral most commonly representsthe object function in terms of its
Fourier transform in a rectangular coordinate system representing the
frequency domain. As we have already discussed,a diffraction tomography
experiment measuresthe Fourier transform of the object along circular arcs;
thus it will be easierto perform the integration if we modify it slightly to use
the projection data more naturally. We will use two coordinate transformations to do this: the first one will exchangethe rectangular grid for a set of
semicircular arcs and the second will map the arcs into their plane wave
decomposition.
We first exchangethe rectangulargrid for semicircular arcs. To do this we
representB = (k,, k,) in (157) by the vector sum
if= ko(s’-S,)

- and kOs
) used
The kOrO
in the backpropagation algorithm
are shown here. (From [Pan83/.)
Fig. 6.18:

(158)

where f = (cos $o, sin +o) and s’ = (cos x, sin x) are unit vectors
representing the direction of the wave vector for the transmitted and the
received plane waves,, respectively. This coordinate transformation is
illustrated in Fig. 6.18.
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To find the Jacobianof this transformation write
k, = k. (cos x - cos 90)

(159)

ky = ko (sin x - sin 90)

(160)

and
dk,dk, = Ikt sin (X - &)I dx d&

(161)

= koh - cos2 (x-do) dx ddo

(162)

= koJ1 - (3. G)2 dx d&

(163)

and then (157) becomes
1
1
o(F)=-(27r)2 0 2
2*

.

ki

2*

1 -(S
SS”
0 0

. Fo)2O[k,(?-G)]

ejk@WPdX

dtio.

(164)

The factor of l/2 is necessarybecauseas discussedin Section 6.4.1 the (x,
40) coordinate system gives a double coverage of the (k,, ky) space.
This integral gives an expressionfor the scatteredfield as a function of the
(x, +o) coordinate system. The data that are collected will actually be a
function of +o, the projection angle, and K, the one-dimensionalfrequency of
the scattered field along the receiver line. To make the final coordinate
transformation we take the angle x to be relative to the (K, y) coordinate
system. This is a more natural representationsince the data available in a
diffraction tomography experiment lie on a semicircle and therefore the data
are available only for 0 5 x I ?r. We can rewrite the x integral in (164) by
noting
cos x = /r/k0

(165)

sin x=y/ko

(166)

dx=G

(167)

and therefore
dtc.
0

The x integral becomes
'
ko
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j"

dK
-koY

IKIO[ko(~-%)]ejk(s'-~)'PdK,

(168)

Using the Fourier Diffraction Theorem as representedby (104) we can
approximatethe Fourier transform of the object function, 0, by a simple
function of the first-orderBorn field, ug, at the receiverline. Thus the object
function in (168) can be written
O [ko(s’-?,,)I = -

27jUB(K,

y -

ko)e-jY’0.

(169)

In addition, if a rotatedcoordinatesystemis usedfor 7 = (E, 11)where
[=x sin 4-r

cos C#J

(170)

and
7~=xcos 4+sin 4,

(171)

then the dot product ko(s’- &) can be written
(172)

KC; + (Y - koh.

In backpropagation
the projection is backprojected
with a depth-dependent filter
function. At each depth, 7, the
filter corresponds to propagating
the field a distance of Aq. (From
[Sla83].)
Fig. 6.19:

The coordinates(4,~) are illustratedin Fig. 6.19. Using the resultsabovewe
can now write the x integral of (164) as
2j ko
k s_, dKj/cj ue(K,
0
0

TOMOGRAPHIC

y-ko)e-jyroeKE+(r-k)~

IMAGING

WITH

DIFFRACTING

SOURCES

(173)

245

and the equation for the object function in (164) becomes

~KIKI
uB(K,
y- ko)e-‘y’oe’KE+‘
(y-kO)‘
(174)
To bring out the filtered backpropagation implementation, we write here
separatelythe inner integration:
jy m r,(w)N(w)-G,(w)

b(Et V)=&

exp (j&)

dw

(175)

where
H(w)= IWI,
=o,

IWI Sk09

(176)

101>ko

(177)

G,(w)=exp [j(v-ko)rl],
=o,

lwl Sk,,

(178)

lwl>k

(179)

and
r&w)

=

UB(K,

y -

ko)e-W

ww

Without the extra filter function G,(w), the rest of (175) would correspondto
the filtering operation of the projection data in x-ray tomography. The
filtering as called for by the transfer function G,(w) is depth dependentdue to
the parameterq, which is equal to x cos $ + y sin d.
In terms of the filtered projections I&,([, r]) in (175), the reconstruction
integral of (174) may be expressedas
fk

sin 4 -y
Y)=& d4Wx

cos 4, xcos 4+ysin

9). (181)

The computational procedure for reconstructing an image on the basis of
(175) and (181) may be presentedin the form of the following steps:
Step 1: In accordancewith (173, filter eachprojection with a separatefilter
for each depth in the image frame. For example, if we chose only
nine depths as shown in Fig. 6.19, we would need to apply nine
different filters to the diffracted projection shown there. (In most
casesfor a 128 x 128 reconstruction grid, the number of discrete
depthschosenfor filtering the projection will also be around 128. If
there are much less than 128, spatial resolution will suffer.)
Step 2: To each pixel (x, y) in the image frame, in accordancewith (181),
allocate a value of the filtered projection that corresponds to the ,
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nearestdepth line. Since it is unlikely that a discrete implementation
of (175) will lead to data at the precise location of each pixel, some
form of polynomial interpolation (i.e., bilinear) will lead to better
reconstructions.
Step 3: Repeat the preceding two steps for all projections. As a new
projection is takenup, add its contribution to the current sum at pixel
(x9 Yh
The depth-dependentfiltering in Step 1 makes this algorithm computationally very demanding. For example, if we choose Nq depth values, the
processing of each projection will take (N,, + 1) fast Fourier transforms
(FFTs). If the total number of projections is N+, this translates into
(N,, + l)N, FFTs. For most N x N reconstructions,both NV and N+ will be
approximately equal to N. Therefore, Devaney’s filtered backpropagation
algorithm will require approximately N2 FFTs compared to 4N FFTs for
frequency domain interpolation. (For precise comparisons,we must mention
that the FFTs for the caseof frequencydomain interpolation are longer due to
zero-padding.)
Devaney [Dev82] has also proposed a modified filtered backpropagation
algorithm, in which G,(w) is simply replacedby a single G,,(o) where no =
x0 cos C#J
+ y. sin 4, (x0, yo) being the coordinatesof the point where local
accuracy in reconstruction is desired. (Elimination of depth-dependent
filtering reducesthe number of FFTs to 2N6.)
6.5 Limitations
There are severalfactors that limit the accuracyof diffraction tomography
reconstructions.Theselimitations are causedboth by the approximationsthat
must be made in the derivation of the reconstruction process and the
experimental factors.
The mathematical and experimental effects limit the reconstruction in
different ways. The most severemathematicallimitations are imposedby the
Born and the Rytov approximations. These approximationsare fundamental
to the reconstruction process and limit the range of objects that can be
examined. On the other hand, it is only possibleto collect a finite amount of
data and this gives rise to errors in the reconstructionwhich can be attributed
to experimentallimitations. Up to the limit in resolution causedby evanescent
waves, and given a perfect reconstructionalgorithm, it is possibleto improve
a reconstruction by collecting more data. It is important to understandthe
experimentallimitations so that the experimentaldata can be used efficiently.
6.5.1 Mathematical Limitations
Computer simulationswere performed to study severalquestionsposedby
diffraction tomography. In diffraction tomography there are different
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approximationsinvolved in the forward and inverse directions. In the forward
processit is necessaryto assumethat the object is weakly scattering so that
either the Born or the Rytov approximation can be used. Once an expression
for the scattered field is derived it is necessarynot only to measure the
scatteredfields but then numerically implement the inversion process.
By carefully designing the simulations it is possible to separatethe effects
of the approximations. To study the effects of the Born and the Rytov
approximationsit is necessaryto calculate (or even measure)the exact fields
and then use the best possible (most exact) reconstructionformulas available.
The difference betweenthe reconstruction and the actual object is a measure
of the quality of the approximations.
6.5.2 Evaluation of the Born Approximation
The exact field for the scatteredfield from a cylinder, as shown by Weeks
[Wee641and by Morse and Ingard [Mor68], was calculated for cylinders of
various sizes and refractive indexes. In the simulations that follow a single
plane wave of unit wavelengthwas incident on the cylinder and the scattered
field was measuredalong a line at a distance of 100 wavelengths from the
origin. In addition, all refractive index changeswere modeled as monopole
scatterers.By doing this the directional dependenceof dipole scatterersdidn’t
have to be taken into account.
At the receiver line the receivedwave was measuredat 512 points spacedat
l/2 wavelength intervals. In all cases the rotational symmetry of a single
cylinder at the origin was used to reduce the computation time of the
simulations.
The results shown in Fig. 6.20 are for cylinders of four different refractive
indexes. In addition, Fig. 6.21 showsplots of the reconstructionsalong a line
through the center of eachcylinder. Notice that the y-coordinate of the center
line is plotted in terms of change from unity.
The simulations were performed for refractive indexes that ranged from a
0.1% change(refractive index of 1.OOl)to a 20% change(refractive index of
1.2). For each refractive index, cylinders of size 1, 2,4, and 10 wavelengths
were reconstructed.This gives a range of phasechangesacross the cylinder
(see (50)) from 0.004~ to 167r.
Clearly, all the cylinders of refractive index 1.001 in Fig. 6.20 were
perfectly reconstructed.As (50) predicts, the results get worse as the product
of refractive index and radius gets larger. The largest refractive index that
was successfullyreconstructedwas for the cylinder in Fig. 6.20 of radius 1
wavelengthand a refractive index that differed by 20 % from the surrounding
medium.
While it is hard to evaluatequantitatively the two-dimensional reconstructions, it is certainly reasonableto conclude that only cylinders where the
phasechangeacrossthe object was less than or equal to 0.87r were adequately
reconstructed. In general, the reconstruction for each cylinder where the
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phasechange acrossthe cylinder was greater than T shows severe artifacts
near the center. This limitation in the phase change across the cylinder is
consistentwith the condition expressedin (51).
Finally, it is important to note that the reconstructionsin Fig. 6.20 don’t
show the most severelimitation of the Born approximation, which is that the
real and imaginary parts of a reconstruction can get mixed up. For objects
that don’t satisfy the 0.8r phase changelimitation the Born approximation
causessome of the real energy in the reconstruction to be rotated into the
imaginary plane. This further limits the use of the Born approximation when
it is necessaryto separatelyimage the real and imaginary componentsof the
refractive index.
6.5.3 Evaluation of the Rytov Approximation
Fig. 6.22 shows the simulated results for 16 reconstructions using the
Rytov approximation. To emphasizethe insensitivity of the Rytov approximation to large objects the largest object simulated had a diameter of lOOh.
Note that these reconstructionsare an improvement over those published in
[Sla84] due to decreasederrors in the phase unwrapping algorithm used.’
This was accomplishedby using an adaptivephaseunwrapping algorithm as
described in [Tri77] and by reducing the sampling interval on the receiver
line to 0.125X.
It should be pointed out that the rounded edgesof the 1X reconstructions
aren’t due to any limitation of the Rytov approximation but instead are the
result of a two-dimensional low pass filtering of the reconstructions.Recall
that for a transmission experiment an estimate of the object’s Fourier
transform is only available up to frequencies less than &ko. Thus the
reconstructionsshown in Fig. 6.22 show the limitations of both the Rytov
approximation and the Fourier Diffraction Theorem.
6.5.4 Comparison of the Born and Rytov Approximations
Reconstructionsusing exact scattereddata show the similarity of the Born
and the Rytov approximations. Within the limits of the Fourier Diffraction
Theorem the reconstructionsin Figs. 6.20 and 6.22 of a 1X object with a
small refractive index are similar. In both casesthe reconstructedchange in
refractive index is close to that of the simulated object.
The two approximationsdiffer for objectsthat have a large refractive index
changeor have a large radius. The Born reconstructionsare good at a large
refractive index as long as the phaseshift of the incident field as predicted by
(50) is less than ?r.
On the other hand, the Rytov approximation is very sensitive to the
refractive index but producesexcellent reconstructionsfor objects as large as
’ Many thanks to M. Kaveh of the University of Minnesota for pointing this out to the authors.
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Fig. 6.20:

Reconstructions of 16
different cylinders are shown
indicating the effect of cylinder
radius and refractive index on the
Born approximation. (From
[SIa84/.)

lOOh. Unfortunately, for objects with a refractive index larger than a few
percentthe Rytov approximationquickly deteriorates.
In addition to the qualitativestudiesa quantitativestudy of the error in the
Born and Rytov reconstructionswas also performed. As a measureof error
we used the relative mean squarederror in the reconstructionof the object
function integratedover the entire plane. If the actualobject function is o(i)
and the reconstructedobjectfunction is o ’(i) , then the relative meansquared
error (MSE) is
[0(3--o
IS
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Fig. 6.20:

Continued.

For this study 120 reconstructionswere done of cylindersusing the exact
scattereddata. In eachcasea 512-pointreceiverline was at a distanceof 10X
from the center of the cylinder. Both the receiver line and the object
reconstructionwere sampledat 1/4X intervals.
The plots of Fig. 6.23 presenta summaryof the mean squarederror for
cylindersof 1, 2, and 3X in radiusand for 20 refractiveindexesbetween1.Ol
and 1.20. In eachcasethe error for the Born approximationis shown as a
solid line while the Rytov reconstructionis shown as a broken line.
Many researchers[Kav82], [Ke169], [Sou83] have postulatedthat the
Rytov approximationis superiorto the Born but as the actualreconstructions
in Fig. 6.23(a) show for a 1X cylinder this is not necessarilytrue. While for
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r=l

Ir

Fig. 6.21:
Cross sections of the
cylinders shown in Fig. 6.20 are
shown here.

<,=I ,001

the cylinder of radius 2X there is a region where the Rytov approximation
showsless error than the Born reconstruction,this doesn’toccur until the
relativeerror is above20%. What is clear is that both the Born and the Rytov
approximationsare only valid for small objectsand that they both produce
similar errors.

6.6 Evaluation of Reconstruction Algorithms
T O study the approximationsinvolved in the reconstructionprocessit is
necessaryto calculatescattereddata assumingthe forward approximations
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Continued.
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are valid. This can be done in one of two different ways. We have already
discussedthat the Born and Rytov approximationsare valid for small objects
and small changes in refractive index. Thus, if we calculate the exact
scatteredfield for a small and weakly scatteringobject we can assumethat
either the Born or the Rytov approximation is exact.
A better approachis to recall the Fourier Diffraction Theorem, which says
that the Fourier transform of the scatteredfield is proportional to the Fourier
transform of the object along a semicircular arc. Since this theorem is the
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basis for our inversion algorithm, if we assumeit is correct we can study the
approximationsinvolved in the reconstructionprocess.
If we assume that the Fourier Diffraction Theorem holds, the exact
scatteredfield can be calculatedexactly for objects that can be modeled as
ellipses. The analytic expressionfor the Fourier transform of the object along
an arc is proportionalto the scatteredfields. This procedureis fast and allows
us to calculate scattered fields for testing reconstruction algorithms and
experimentalparameters.
To illustrate the accuracy of the interpolation-basedalgorithms, we will
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Continued.

use the image in Fig. 6.24 as a test “object” for showing some computer
simulation results. Fig. 6.24 is a modification of the Shepp and Logan
“phantom” describedin Chapter 3 to the case of diffraction imaging. The
gray levels shown in Fig. 6.24 representthe refractive index values. This test
image is a superposition of ellipses, with each ellipse being assigned a
refractive index value as shown in Table 6.1.
A major advantageof using an image like that in Fig. 6.24 for computer
simulation is that one can write analytical expressionsfor the transforms of
the diffracted projections. The Fourier transform of an ellipse of semi-major
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Reconstructions of 16 different cylinders are shown indicating the effect of cylinder radius and refractive index on
the Rytov approximation. These reconstructions were calculated by sampling the scattered fields at 16,384 points along a line
IOOAfrom the edge of the object. A sampling interval of 6(R + 100)/16,384 where R is the radius of the cylinder, was used
to make it easier to unwrap the phase of the scattered fields. (Adapted from /Sla84].)

Fig. 6.22:
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Fig. 6.22:

Continued.
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Fig. 6.23:
The relative mean
squared errors for reconstructions
with the Born (solid) and the
Rytov (broken) approximations
are shown here. Each plot is a
function of the refractive index of
the cylinder. The mean squared
error is plotted for cylinders of
radius IA, 2A, and 3h. (From
[SIa84].)
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and semi-minoraxesof lengthsA and B, respectively,is given by

where u and u are spatial angular frequenciesin the x and y directions,
respectively,and 5, is a Besselfunction of the first kind and order 1. W h e n
the centerof this ellipse is shifted to the point (xl, yt), and the angle of the
m a jor axis tilted by CY,as shown in F ig. 6.25(b), its Fourier transform

COMPUTERIZED TOMOGRAPHIC IMAGING

For diffraction
tomographic simulations a
slightly modified version of the
Shepp and Logan head phantom
is used. (From [Pan83].)
Fig. 6.24:

becomes

. 27rAJ,{B[((u cos a+u sin CY)A/B)~+(-u sin a+u cos c~y)~]“~}
+ u cos CX)~]
u2
[((u cos CY+ u sin CX)A/B)~+ (- u sin CY
*
(184)
Now considerthe situation in which the ellipse is illuminated by a plane
wave. By the Fourier Diffraction Theoremdiscussedpreviously, the Fourier
transformof the transmittedwave fields measuredon a line like TT' shown
in Fig. 6.2(left), will be given by the values of the above function on a
semicirculararc as shown in Fig. 6.2(right). If we assumeweak scattering
and thereforeno interactionsamongthe ellipses,the Fourier transformof the
Table 6.1:

Summary of parameters for diffraction tomography simulations.

Center
Coordinate

Major
Axis

Minor
Axis

Rotation
Angle

Refractive
Index

(0, 0)
(0, -0.0184)
(0.22, 0)
(-0.22, 0)
(0, 0.35)
a 0.1)
(0, -0.1)
(-0.08, -0.605)
(0, -0.605)
(0.06, -0.605)

0.92
0.874
0.31
0.41
0.25
0.046
0.046
0.046
0.023
0.046

0.69
0.6624
0.11
0.16
0.21
0.046
0.046
0.023
0.023
0.023

90
90
72
108
90
0
0
0
0
90

1.0
-0.5
-0.2
-0.2
0.1
0.15
0.15
0.15
0.15
0.15
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space domain

Fig. 6.25: Assuming the Fourier
Slice Theorem, the field scattered
by an ellipse can be easily
calculated. (From [KakBs/.)
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space domain

total forward scatteredfield measuredon the line TT’ will be a sum of the
values of functions like (184) over the semicircular arc. This procedurewas
used to generatethe diffracted projection data for the test image.
We must mention that by generating the diffractedprojection data for
computer simulation by this procedure, we are only testing the accuracy
of the reconstruction algorithm, without checking whether or not the
“test object” satisfies the underlying assumption of weak scattering. In
order to test this crucial assumption,we must generateexactly on a computer
the forward scattereddataof the object. For multicomponentobjects, such as
the one shownin Fig. 6.24, it is very difficult to do so due to the interactions
betweenthe components.
Pan and Kak [Pan831presentedthe simulationsshown in Fig. 6.26. Using
a combinationof increasingthe sampling density by zero-paddingthe signal
and bilinear interpolation, results were obtainedin 2 minutes of CPU time on
a VAX 1l/780 minicomputer with a floating point accelerator(FPA). The
reconstructionwas done over a 128 X 128 grid using 64 views and 128
receiver positions. The number of operations required to carry out the
interpolation and invert the object function is on the order of NZ log N. The
resulting reconstructionis shown in Fig. 6.26(a).
Fig. 6.26(b) representsthe result of backpropagatingthe datato 128 depths
for each view, while Fig. 6.26(c) is the result of backpropagationto only a
single depthcenterednearthe three small ellipses at the bottom of the picture.
The results were simulatedon a VAX 1l/780 minicomputer and the resulting
reconstructionswere done over a 128 x 128 grid. Like the previous image
the input data consistedof 64 projections of 128 points each.
There was a significant difference in not only the reconstructiontime but
also the resulting quality. While the modified backpropagationonly took 1.25
minutes, the resulting reconstructionis much poorer than that from the full
backpropagationwhich took 30 minutes of CPU time. A comparisonof the
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various algorithms is shown in Table 6.2. Note that the table doesn’t
explicitly show the extra CPU time required if zero-padding is used in the
frequency domain to make space domain interpolation easier. To a very
rough approximation spacedomain interpolation and modified backpropagation algorithms take N* log N stepswhile the full backpropagationalgorithm
takes N3 log N steps.
6.7 Experimental

Limitations

In addition to the limits on the reconstructionsimposedby the Born andthe
Rytov approximations, there are also the following experimental limitations
to consider:
l
l
l
l

Limitations causedby ignoring evanescentwaves
Sampling the data along the receiver line
Finite receiver length
Limited views of the object.

Each of the first three factors can be modeledas a simple constantlow pass
filtering of the scatteredfield. Becausethe reconstructionprocessis linear the
net effect can be modeledby a single low passfilter with a cutoff at the lowest
of the three cutoff frequencies.The experimentcan be optimized by adjusting
the parametersso that each low pass filter cuts off at the same frequency.
The effect of a limited number of views also can be modeled as a low pass
filter. In this case, though, the cutoff frequency varies with the radial
direction.
6.7.1 Evanescent Waves
Since evanescentwaves have a complex wavenumber they are severely
attenuatedover a distanceof only a few wavelengths.This limits the highest
received wavenumberto
k,,=;.

(185)

This is a fundamental limit of the propagation process and can only be
improved by moving the experiment to a higher frequency (or shorter
wavelength).
6.7.2 Sampling the Received Wave
After the wave has been scatteredby the object and propagated to the
receiver line, it must be measured.This is usually done with a point receiver.
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The images show the
results of using the (a)
interpolation, (b)
backpropagation, and (c)
modified backpropagation
algorithms on reconstruction
quality. The solid lines of the
graphs represent the reconstructed
value along a line through the
three ellipses at the bottom of the
phantom. (From [Pan83].)
Fig. 6.26:
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Unfortunately, it is not possible to sample at every point, so a nonzero
sampling interval must be chosen. This introducesa measurementerror into
the process. By the Nyquist theorem this can be modeled as a low pass
filtering operation, where the highest measuredfrequency is given by
k meas
= -a
T
where T is the sampling interval.
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Fig. 6.26:

Continued.

6.7.3 The Effects of a Finite ReceiverLength
Not only are there physicallimitations on the finest samplinginterval but
usually there is a limitation on the amountof datathat can be collected.This
generallymeansthat samplesof the receivedwaveform will be collected at
only a finite numberof points along the receiverline. This is usuallyjustified
by taking data along a line long enoughso that the unmeasureddata can be
safely ignored. Becauseof the wave propagationprocessthis also introduces
a low passfiltering of the receiveddata.
Considerfor a moment a single scattererat some distance,&, from the
receiverline. The wave propagatingfrom this single scattereris a cylindrical
wave in two dimensionsor a sphericalwave in three dimensions.This effect
is diagrammedin Fig. 6.27. It is easyto seethat the spatialfrequenciesvary
with the position along the receiverline. This effect can be analyzedusing
two different approaches.
It is easierto analyzethe effect by consideringthe expandingwave to be
Table6.2: Comparison
of algorithms.
CPU Time
(minutes)

Complexity

Algorithm
Frequency
Domain
Interpolation
Backpropagation
Modified
Backpropagation

TOMOGRAPHIC
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N,,N+Nlog N
N,N log N
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Incident
Field

Fig. 6.21:
An object scatters a
field which is measured with a
finite receiver line. (From
[Sla83].)

locally planar at any point distant from the scatterer. At the point on the
receiverline closestto the scattererthere is no spatial variation [Goo68]. This
correspondsto receiving a planewave or a receivedspatial frequencyof zero.
Higher spatialfrequenciesare receivedat points along the receiver line that
are farther from the origin. The receivedfrequencyis a function of the sine of
the angle betweenthe direction of propagationand a perpendicularto the
receiver line. This function is given by
k(y) = kmaxsin 8

(187)

where19is the angleand k,,,,, is the wavenumberof the incident wave. Thus at
the origin, the angle, 8, is zero and the received frequency is zero. Only at
infinity doesthe anglebecomeequalto 90” and the receivedspatial frequency
approachthe theoretical maximum.
This reasoningcan be justified on a more theoretical basis by considering
the phasefunction of the propagatingwave. The received wave at a point (x
= 10,v) due to a scattererat the origin is given by

&ko
w
u(x=Io,
y)=og

(188)

The instantaneousspatial frequencyalong the receiver line (JJvaries) of this
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wave can be found by taking the partial derivative of the phasewith respectto

YKWW.

phase= kom

(189)

key
-krecv - &q-T

(190)

where k,,, is the spatial frequency received at the point (x = lo, y). From
Fig. 6.27 it is easy to see that
sin t9=J-.&+

(191)

and therefore (187) and (190) are equivalent.
This relation, (190), can be inverted to give the length of the receiver line
for a given maximum received frequency, k,,,,. This becomes
(192)
Sincethe highestreceivedfrequencyis a monotonically increasingfunction
of the length of the receiver line, it is easyto seethat by limiting the sampling
of the received wave to a finite portion of the entire line a low passedversion
of the entire scattered wave will be measured. The highest measured
frequency is a simple function of the distance of the receiver line from the
scatterer and the length of measured data. This limitation can be better
understoodif the maximum received frequency is written as a function of the
angle of view of the receiver line. Thus substituting
tan l3=Y-

(193)

X

we find
k

_
recv -

ko(y/x)

J(y/x)2+

(194)

12

and
k. tan 8
krecv=Jtan28+1 *

(195)

Thuskc, is a monotonically increasingfunction of the angle of view, 8. It is
easy to see that the maximum received spatial frequency can be increased
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either by moving the receiver line closer to the object or by increasingthe
length of the receiverline.
6.7.4 Evaluation of the Experimental Effects

Fig. 6.28:
These four
reconstructions show the effect of
a finite receiver line.
Reconstructions of an object
using 64 detectors spaced at (a)
0.5X, (b) 1.0X, (c) ISA, and(d)
2.0h are shown here. (From
[Sla83/.)

The effect of a finite receiverlengthwas simulatedand resultsare shownin
Fig. 6.28. The spatialfrequencycontentof a wave, found by taking the FFT
of the sampledpoints alongthe receiverline, was comparedto the theoretical
result as predictedby the Fourier transformof the object. The theory predicts
that more of the high frequencycomponentswill be presentas the length of
the receiverline increasesand this is confirmed by simulation.
While the above derivation only considereda single scattererit is also
approximatelytrue for many scattererscollected at the origin. This is so
becausethe inverse reconstructionprocessis linear and each point in the
object scattersan independentcylindrical wave.
6.7.5 Optimization
Sinceeachof the abovethree factorsis independentof the other two, their
effect in the frequencydomain can be found by simply multiplying their
frequencyresponsestogether. As has been describedabove, each of these
effects can be modeledas a simple low passfilter so the combinedeffect is
also a low passfilter but at the lowest frequencyof the cutoff of the three
effects.
First consider the effect of ignoring the evanescentwaves. Since the
maximum frequencyof the receivedwave is limited by the propagationfilter
to

it is easy to combine this expressionwith the expressionfor the Nyquist
sampling
frequencyinto a single expressionfor the smallest “
interval. This is given by
km, = km,,

(197)

or
2lr lr
-=-.
X T

(198)

T=;.

(199)

Therefore,
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If the received waveform is sampledwith a sampling interval of more than
l/2 wavelength, the measured data might not be a good estimate of the
received waveform becauseof aliasing. On the other hand, it is not necessary
to sample the received waveform any finer than l/2 wavelength since this
provides no additional information. Therefore, we concludethat the sampling
interval should be close to l/2 wavelength.
In general, the experiment will also be constrainedby the number of data
points (M) that can be measuredalong the receiver line. The distance from
the object to the receiver line will be considereda constantin the derivation
that follows. If the received waveform is sampleduniformly, the range of the
receiver line is given uniquely by
MT
Ymax
= +-.
2
This is also shown in Fig. 6.27.
For a receiver line at a fixed distancefrom the object and a fixed number of
receiver points, the choice of T is determinedby the following two competing
considerations: As the sampling interval is increased the length of the
receiver line increasesand more of the received wave’s high frequenciesare
measured. On the other hand, increasing the sampling interval lowers the
maximum frequency that can be measuredbefore aliasing occurs.
The optimum value of T can be found by setting the cutoff frequenciesfor
the Nyquist frequencyequalto the highestreceivedfrequencydue to the finite
receiver length and then solving for the sampling interval. If this constraint
isn’t met, then some of the information that is passedby one processwill be
attenuatedby the others. This results in
7r
-=- key
TdpT2

(201)

evaluatedat

and

y=MTT.

(203)

Solving for T2 we find that the optimum value for T is given by
~~~(x/X)~+M~+M
8M
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If we make the substitution

a=X

(205)

AM

we find that the optimum sampling interval is given by

0

T 2 M+l
h=

8

*

(206)

This formula is to be used with the constraint that the smallest positive
value for the sampling interval is l/2 wavelength.
The optimum sampling interval is confirmed by simulations. Again using
the method described above for calculating the exact scattered fields, four
simulationswere made of an object of radius 10 wavelengthsusing a receiver
line that was 100 wavelengthsfrom the object. In each case the number of
receiver positions was fixed at 64. The resulting reconstructionsfor sampling
intervals of 0.05, 1, 1.5, and 2 wavelengthsare shown in Fig. 6.28. Equation
(206) predicts an optimum sampling interval of 1.3 wavelengthsand this is
confirmed by the simulations. The best reconstructionoccurs with a sampling
interval between 1 and 1.5 wavelengths.
6.7.6 Limited Views
In many applications it is not possible to generateor receive plane waves
from all directions. The effect of this is to leave holes where there is no
estimate of the Fourier transform of the object.
Since the ideal reconstruction algorithm produces an estimate of the
Fourier transform of the object for all frequencies within a disk, a limited
number of views introduces a selective filter for areas where there are no
data. As shown by Devaney [Dev84] for the VSP case, a limited number of
views degradesthe reconstruction by low pass filtering the image in certain
directions. Devaney’s results are reproducedin Figs. 6.29 and 6.30.
6.8 Bibliographic

Notes

The paper by Mueller et al. [Mue79] was responsible for focusing the
interest of many researcherson the area of diffraction tomography, although
from a purely scientific standpoint the technique can be traced back to the
now classic paper by Wolf [Wo169] and a subsequentarticle by Iwata and
Nagata [Iwa75].
The small perturbation approximations that are used for developing the
diffraction tomography algorithms have been discussedby Ishimaru [Ish78]
and Morse and Ingard [Mor68]. A discussionof the theory of the Born and
the Rytov approximations was presented by Chernov in [Che60]. A
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Fig. 6.29:
These figures show
the coverage in the frequency
domain for six different angular
receiver limitations. (From
fDev84J.)

comparisonof Born and Rytov approximationsis presentedin [Ke169],
[Sla84], [Sou83]. The effect of multiple scatteringon first-order diffraction
tomographyis describedin [Azi83], [Azi85]. Another review of diffraction
tomographyis presentedin [Kav86].
Diffraction tomographyfalls under the generalsubjectof inverse scattering. The issuesrelating to the uniquenessand stability of inverse scattering
solutionsare addressedin [Bal78], [Dev78], [Nasgl], [Sargl]. The mathematics of solving integral equations for inverse scattering problems is
describedin [Co183].
The filtered backpropagationalgorithm for diffraction tomography was
first advancedby Devaney [Dev82]. More recently, Pan and Kak [Pan831
showed that by using frequency domain interpolation followed by direct
Fourier inversion, reconstructionsof quality comparableto that producedby
the filtered backpropagationalgorithm can be obtained.Interpolation-based
algorithmswere first studiedby Carter [Car701and Mueller et al. [MuegO],
[Sou84b]. An interpolation techniquebased on the known support of the
object in the space domain is known as the unified frequency domain
reconstruction(UFR) and is describedin [Kav84]. Since the problems are
related,the readeris referredto an excellentpaperby Starket al. [Stag11that
describesoptimum interpolation techniquesas applied to direct Fourier
inversionof straightray projections.The readeris also referredto [Fer79] to
learn how in somecasesit may be possibleto avoid the interpolation,and still
be able to reconstructan object with direct 2-D Fourier inversion.
A diffraction tomography approach that requires only two rotational
positions of the object has been advancedby Nahamooet al. [Nah84] and
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Fig. 6.30:

Images due to the
limited field of views as shown in
Fig. 6.29. (From [Dev84J.)

Devaney [Dev83], and its computer implementation has
been studiedDistortion
by Pan
”
and Kak [Pan83]. Diffraction tomography based on Multiple
the reflected data has
been studied in great detail by Norton and Linzer [Norgl].
The first experimental diffraction tomography work was done by Carter
and Ho using optical energy and is describedin [Car70], [Car74], [HoP76].
An
More recently, Kaveh and Soumekh have reported experimental results in
The
[Kav80], [Kav8 11, [Kav82], [Sou83].
”
Finally, more accuratetechniquesfor imaging objects that don fall within
the domain of the Born and Rytov approximations have been reported in
[Joh83], [Tra83], [Sla85], [Bey84], [Bey85a], [Bey85b].
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