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ABSTRACT
The ride-hailing service offered by mobility-on-demand platforms,

such as Uber and Didi Chuxing, has greatly facilitated people’s trav-

eling and commuting, and become increasingly popular in recent

years. Efficiency (e.g., gross merchandise volume) has always been

an important metric for such platforms. However, only focusing

on the efficiency inevitably ignores the fairness of driver incomes,

which could impair the sustainability of the overall ride-hailing

system in the long run. To optimize the aforementioned two es-

sential metrics, order dispatching and driver repositioning play an

important role, as they impact not only the immediate, but also the

future order-serving outcomes of drivers. Thus, in this paper, we

aim to exploit joint order dispatching and driver repositioning to

optimize both the long-term efficiency and fairness for ride-hailing

platforms. To address this problem, we propose a novel multi-agent

reinforcement learning framework, referred to as JDRL, to help dri-

vers make distributed order selection and repositioning decisions.

Specifically, to cope with the variable action space, JDRL segments

the action space into a fixed number of action groups, and fixes

the policy output dimension for order selection as the number of

action groups. In terms of the fairness criterion, JDRL adopts the

max-min fairness, and augments the vanilla policy gradient to an

iterative training algorithm that alternates between a minimization

step and a policy improvement step to maximize both the worst

and the overall performance of agents. In addition, we provide the

theoretical convergence guarantee of our JDRL training algorithm

even under non-convex policy networks and stochastic gradient

updating. Extensive experiments are conducted with three public

real-world ride-hailing order datasets, including over 2 million or-

ders in Haikou, China, over 5 million orders in Chengdu, China, and

over 6 million orders in New York City, USA. Experimental results
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show that JDRL demonstrates a consistent advantage compared to

state-of-the-art baselines in terms of both efficiency and fairness.

To the best of our knowledge, this is the first work that exploits

joint order dispatching and driver repositioning to optimize both

the long-term efficiency and fairness in a ride-hailing system.
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1 INTRODUCTION
Recent years have witnessed a rapid development of on-demand

ride-hailing platforms, such as Uber and Didi Chuxing. Rather than

hailing a taxi by the road, users of the ride-hailing service submit

their trip requests to the platform via mobile applications, and the

platform dispatches the orders to specific drivers that are registered

in the platform. Such ride-hailing service has greatly facilitated peo-

ple’s traveling and commuting, and become increasingly popular.

Reportedly
1,2

, Didi Chuxing and Uber completed 10 billion and 6.9

billion ride-hailing orders in 2019, respectively, and even under the

impact of COVID-19, the number of ride-hailing orders completed

by them still reached 8 billion and 5 billion, respectively, in 2020.

From the perspective of the ride-hailing platform, it is essential

to optimize the efficiency which is often evaluated by the gross

merchandise volume of the platform, and recent works [1–7] have

proposed a series of approaches to achieve such objective. However,

only focusing on the efficiency inevitably ignores the fairness of
driver incomes, and may discriminate against some drivers. Conse-

quently, the discriminated drivers will be deterred from registering

1
https://www.businessofapps.com/

2
https://www.statista.com/

 

3950

https://doi.org/10.1145/3534678.3539060
https://doi.org/10.1145/3534678.3539060


KDD ’22, August 14–18, 2022, Washington, DC, USA Jiahui Sun et al.

in the platform, which could impair the sustainability of the over-

all ride-hailing system in the long run. Therefore, efficiency and

fairness are both important metrics for the ride-hailing platform.

To optimize such two metrics, order dispatching that matches

drivers with orders plays an important role, since it not only di-

rectly determines the immediate order-serving outcome, but also

causes changes to the spatial distribution of drivers due to order

delivery, which in turn impacts the future order-serving outcome.

Driver repositioning, on the other hand, proactively redistributes

drivers to specific regions with potentially high future demands,

which greatly influences drivers’ future potential of serving or-

ders. Clearly, both of the above operations have critical effects on

long-term efficiency and fairness. Therefore, in this paper, we aim

to address the imperative problem of optimizing the platform’s

efficiency and the fairness among drivers in the long run via joint

order dispatching and driver repositioning.

An intuitive approach for such problem is to consider the plat-

form as an agent, whomakes centralized order dispatching and repo-

sitioning decisions for all drivers. However, a centralized decision-

making framework, such as single-agent reinforcement learning,

faces a number of issues. One of them is the risk of “single point of

failure", i.e., the failure of the central agent will fail the whole sys-

tem. Another is the issue of exponential explosion in the decision

space due to the large scale of drivers in a real-world ride-hailing

system. Instead, we propose JDRL, a novel multi-agent reinforce-

ment learning (MARL) framework that views each driver as an

agent, and trains a distributed policy for each agent.

Designing such MARL framework faces the challenge of vari-

able action space, since the set of candidate orders of each agent

constantly changes over time. As a result, a typical policy network

whose output dimension is fixed and equal to the size of the ac-

tion space is thus problematic. JDRL resolves such challenge by

segmenting each agent’s dynamic action space into a fixed number

of action groups, where actions in the same group can be seen as

homogeneous. Then, JDRL fixes the policy output dimension for

order selection as the number of action groups, which is invariable

to the size of the action space, and uses each dimension of the out-

put to represent a possible group. In this way, the policy network

of JDRL not only overcomes the variable action space problem, but

is also efficient, as it only needs one forward pass in one execution.

In terms of the fairness criterion, we adopt the max-min fair-

ness that aims to maximize the worst driver income. Thus, solving

agents’ policies that jointly optimize the efficiency and fairness falls

into the category of max-min optimization, which is intractable for

existing MARL frameworks. JDRL addresses this issue by augment-

ing the vanilla policy gradient to an iterative training algorithm,

which alternates between a minimization step that finds the least-

advantaged agent, and a policy improvement step that updates

agents’ policies towards increasing both the worst and the overall

performance of agents. Theoretically, we prove that the training al-

gorithm of JDRL converges even under non-convex policy networks

and stochastic gradient updating.

In summary, this paper makes the following contributions.

• To the best of our knowledge, this is the first work that

exploits joint order dispatching and driver repositioning

to optimize both the platform’s efficiency and the fairness

among drivers in the long run.

• Technically, we propose JDRL, a novel distributed MARL

framework, which integrates (i) a group-based action rep-

resentation that copes with the variable action space, and

(ii) a training algorithm that alternates between a minimiza-

tion step and a policy improvement step to maximize both

the worst and the overall performance of agents. Further-

more, we provide the theoretical results on the convergence

guarantee of our JDRL training algorithm.

• We conduct extensive experiments to evaluate JDRL with

three public real-world ride-hailing order datasets, including

over 2 million orders in Haikou, China, over 5 million orders

in Chengdu, China, and over 6 million orders in New York

City, USA. Our experimental results show that JDRL demon-

strates a consistent advantage compared to state-of-the-art

baselines on the aforementioned three datasets in terms of

both efficiency and fairness.

In the rest of this paper, we first introduce the preliminaries in

Section 2, and then present our formulation in Section 3, as well as

our solution method in Section 4. After describing the experimental

results in Section 5 and discussing the related works in Section 6,

we conclude our paper in Section 7.

2 PRELIMINARIES
In this paper, we consider a ride-hailing system in a city, which

consists of a set N = {1, 2, · · · , 𝑁 } of drivers to serve ride-hailing

orders submitted by passengers. The status of each driver is either

on-service, if she is serving orders at present, or idle, otherwise.

As an industrial common practice [2, 3], we discretize both the

time horizon and the geographical area. On one hand, the time

horizon is discretized into 𝑇 equal-length time slots, denoted as

T = {1, 2, · · · ,𝑇 }. The ride-hailing platform receives orders at any

time, but only dispatches orders at the end of each time slot. In

addition to order dispatching, the platform also performs reposi-

tioning for idle drivers. On the other hand, to simplify the latitude-

longitude representation of locations in a ride-hailing system, we

discretize the geographical area into equal-size grids, denoted as

G = {1, 2, · · · ,𝐺}.
In this paper, we aim to optimize both the platform’s efficiency

and the fairness among drivers in the long run via joint order

dispatching and driver repositioning. To this end, we first introduce

the driver accumulative income (DAI) in Definition 1 and the gross
merchandise volume (GMV) in Definition 2.

Definition 1 (DAI). Let O𝑖𝑡 be the set of orders that have been
served by driver 𝑖 ∈ N before the end of time slot 𝑡 . The driver
accumulative income 𝑢𝑖𝑡 of driver 𝑖 at the end of time slot 𝑡 is defined
as

∑
𝑗 ∈O𝑖𝑡 𝑝 𝑗 , where 𝑝 𝑗 denotes the price of order 𝑗 ∈ O

𝑖
𝑡 .

Definition 2 (GMV). Given 𝑢𝑖
𝑇
of each driver 𝑖 ∈ N , the gross

merchandise volume of the platform is defined as
∑
𝑖∈N 𝑢

𝑖
𝑇
, which is

the sum of all drivers’ DAIs at the end of the time horizon.

We use GMV to measure the platform’s long-term efficiency. In

terms of the criterion for fairness, we adopt the max-min fairness

[8], which aims to maximize the worst DAI of all drivers at the end

of the time horizon. We present our formulation that takes both

efficiency and fairness into account in the following Section 3.
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3 FORMULATION
In a real-world ride-hailing system, the joint order dispatching

and driver repositioning (JDR
3
) problem is naturally a sequen-

tial decision-making problem. Thus, a typical way to resolve such

problem is to consider the platform as a single agent, who makes

centralized decisions for all drivers. However, such method faces

the exponential explosion problem in the state and action spaces

due to the large scale of drivers that typically exist in a real-world

ride-hailing system, and is thus unscalable. Therefore, we adopt a

decentralized multi-agent decision-making framework. Specifically,

we formulate the JDR problem with efficiency and fairness objec-

tives as a multi-objective Markov game (referred to as JDR-MOMG),

which contains the following elements.

• Agent: We treat each driver in the ride-hailing system as

an agent in our JDR-MOMG, and use N to denote the set of

agents.

• State: At the end of each time slot 𝑡 , the state 𝑠𝑡 consists of

the numbers of idle drivers, on-service drivers, and orders

waiting to be served in each grid, as well as 𝑢𝑖𝑡 of each agent

𝑖 and the current time slot index 𝑡 .

• Observation: At the end of each time slot 𝑡 , each agent 𝑖

receives an observation 𝑜𝑖𝑡 =
[
𝑥𝑖𝑡 , 𝑐

𝑖
𝑡

]
, which contains the

information in agent 𝑖’s neighborhood set G𝑖𝑡 that includes
the 3× 3 grids centered at agent 𝑖’s current grid. Specifically,
𝑥𝑖𝑡 consists of the numbers of idle drivers, on-service drivers,

and orders waiting to be served in each grid within G𝑖𝑡 ; 𝑐𝑖𝑡
consists of agent 𝑖’s DAI at the end of time slot 𝑡 , as well as

the average and minimal DAI of the agents located in the

grids within G𝑖𝑡 .
• Action: At the end of each time slot 𝑡 , the set of idle agents,

denoted as N𝑡 , take actions, and the action 𝑎𝑖𝑡 of each agent

𝑖 ∈ N𝑡 indicates either choosing an order from a setU𝑖𝑡 of
orders within her current grid, or repositioning to a grid

in G𝑖𝑡 . We denote the action space of each agent 𝑖 at time

slot 𝑡 as A𝑖𝑡 = U𝑖𝑡
⋃G𝑖𝑡 , agents’ joint action at time slot 𝑡 as

a𝑡 =
[
𝑎𝑖𝑡

]
𝑖∈N𝑡 , and agents’ joint observation at time slot 𝑡 as

o𝑡 =
[
𝑜𝑖𝑡

]
𝑖∈N𝑡 .

• Policy: Each agent 𝑖’s policy 𝜋𝑖 specifies the probability

𝜋𝑖 (𝑎𝑖𝑡 |𝑜𝑖𝑡 ) that agent 𝑖 takes each action 𝑎𝑖𝑡 given observation

𝑜𝑖𝑡 at time slot 𝑡 . The joint policy of the agents are denoted

as 𝝅 =
[
𝜋𝑖
]
𝑖∈N .

• Transition function: Given the state 𝑠𝑡 and joint action a𝑡 ,
the environment transits to the next state 𝑠𝑡+1 with proba-

bility 𝑃 (𝑠𝑡+1 |𝑠𝑡 , a𝑡 ).
• Reward: After taking actions, each agent 𝑖 ∈ N𝑡 receives an
instantaneous reward 𝑟 𝑖𝑡 , which is the order price if the action

is to choose an order, and zero if the action is to reposition.

In our JDR-MOMG, the expected cumulative reward of each

agent 𝑖 is defined as 𝐽 𝑖 (𝝅) = E𝑃,𝝅
[ ∑𝑇

𝑡=0 𝑟
𝑖
𝑡

]
, which depends on

agents’ joint policy 𝝅 , and is in fact the expected DAI of agent 𝑖

at the end of the time horizon. The JDR-MOMG maximizes two

objectives. The first objective is the platform’s efficiency, defined as∑
𝑗 ∈N 𝐽

𝑗 (𝝅). The second objective is themax-min fairnessmetric in

3
The name JDR comes from the first letters of Joint, Dispatching, and

Repositioning.
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Figure 1: The actor network of JDRL. The star indicates the
location of agent 𝑖, the orange person represents the ride-
hailing order, the yellow car represents the on-service driver,
green car represents the idle driver,

⊕
denotes element-wise

addition, and ||○ denotes the concatenation operation.

terms of agents’ expected DAIs, i.e., min𝑖∈N 𝐽 𝑖 (𝝅). We formulate

the problem of jointly optimizing the long-term efficiency and

fairness of JDR-MOMG as

max

𝝅

min

𝑖∈N
(1 − _) 𝐽 𝑖 (𝝅) + _

∑
𝑗 ∈N

𝐽 𝑗 (𝝅)
 , (1)

where _ ∈ [0, 1] is a coefficient to trade off between the efficiency

and fairness objectives.

As we consider the practical scenario where the transition func-

tion is unknown a priori, we take the approach of learning the

optimal policy of our JDR-MOMG by proposing a novel MARL

framework, which will be elaborated in the following Section 4.

4 SOLUTION METHOD
To solve our JDR-MOMG,we propose anMARL framework, referred

to as JDRL
4
, based on the actor-critic method. In this section, we

first describe the design details of the actor and critic networks in

Section 4.1, propose the training algorithm in Section 4.2, and then

analyze its convergence property in Section 4.3.

4.1 Actor and Critic Network Structures
4.1.1 Actor. In our JDR-MOMG, the action spaceA𝑖𝑡 of each agent

𝑖 varies over time. A typical actor whose output dimension is fixed

and equal to the size of the action space is thus problematic. Ex-

isting works [4, 5] tackle this problem by taking 𝑎𝑖𝑡 as an input of

the actor in addition to 𝑜𝑖𝑡 , and evaluating all available actions for

decision making. However, such method is inefficient, as it needs

|A𝑖𝑡 | forward passes in a single execution.

To deal with the variable action space and improve the execution

efficiency, we propose the following method. As aforementioned,

each agent 𝑖’s action space consists of U𝑖𝑡 and G𝑖𝑡 . We represent

each order inU𝑖𝑡 by its destination grid, and fix the actor’s output

dimension for order selection as 𝐺 with each dimension repre-

senting a possible destination grid. When agent 𝑖 makes an order

selection decision, it chooses a grid 𝑔 ∈ G from the aforementioned

𝐺 dimensions of the actor’s output, and then uniformly selects one

of the orders in U𝑖𝑡 whose destinations locate in the grid 𝑔. Our

rationales for such way of order representation and selection are

as follows. On one hand, the destination of an order is a crucial

4
The name JDRL comes from Joint Order Dispatching and Driver Repositioning

with MARL.
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metric that determines the future location of the agent that serves

it, and thus the agent’s future potential of serving orders. On the

other hand, orders with the same origin and destination grids can

be seen as homogeneous. In addition to the above𝐺 dimensions, we

also introduce 9 dimensions corresponding to the 9 grids in G𝑖𝑡 for
repositioning. Then, the output dimension of each agent 𝑖’s actor

is 𝐺 + 9 in total, which is invariable to the size of A𝑖𝑡 . Such actor

network only needs one forward pass in one execution, which is

described as follows.

As shown in Figure 1, at the end of each time slot 𝑡 , the input

of each agent 𝑖’s actor consists of 𝑥𝑖𝑡 and 𝑐
𝑖
𝑡 . 𝑥

𝑖
𝑡 is a tensor and fed

into a convolution layer, followed by an MLP layer to output the

demand-supply feature 𝑔𝑖𝑡 as

𝑔𝑖𝑡 = 𝑓
(
W1 𝑓 (W𝑐 ∗ 𝑥𝑖𝑡 )

)
,

where 𝑓 is the ReLU activation function, W1 is the weight matrix

of the MLP layer,W𝑐 is the convolution kernel, and ∗ denotes the
convolution operation. 𝑐𝑖𝑡 is a vector and fed into a series of MLP

layers to obtain the DAI feature 𝑧𝑖𝑡 as

𝑧𝑖𝑡 = 𝑓
(
W3 𝑓 (W2 𝑐

𝑖
𝑡 )
)
,

where W2 and W3 are weight matrices of the MLP layers. Then,

𝑔𝑖𝑡 and 𝑧
𝑖
𝑡 are concatenated and further fed into an MLP layer to

obtain an intermediate representation ℎ𝑖𝑡 as

ℎ𝑖𝑡 = 𝑓
(
W4 [𝑔𝑖𝑡 | | 𝑧𝑖𝑡 ]

)
,

where W4 is the weight matrix of the MLP layer, and | | denotes
the concatenation operation. Afterwards, the actor maps ℎ𝑖𝑡 to a

(𝐺 + 9)−dimensional vector, and masks out the invalid elements of

such vector by negative infinity, including the grids that are not the

destination of any order inU𝑖𝑡 , as well as the grids in G𝑖𝑡 that agent
𝑖 cannot reposition to. We use𝑚𝑖𝑡 to denote such mask. Lastly, the

masked vector is fed into a Softmax layer to generate the action

distribution 𝜋𝑖 (𝑎𝑖𝑡 |𝑜𝑖𝑡 ) as

𝜋𝑖 (𝑎𝑖𝑡 |𝑜𝑖𝑡 ) = Softmax
(
[W5 ℎ

𝑖
𝑡 ] ⊕𝑚𝑖𝑡

)
,

where W5 is the weight matrix of the MLP layer, and ⊕ denotes

element-wise addition.

4.1.2 Critic. Each agent owns a critic to estimate its state value

function, which is only utilized in the training stage for variance

reduction. The structures of the actor and critic are the same except

for the last layer and the input. Since we adopt the centralized
training with decentralized execution (CTDE) paradigm, the critic

can access the global state during training, which enables a better

estimation of the state value function. Thus, we use the global state

𝑠𝑡 as the input of each agent 𝑖’s critic, and the last layer of the critic

maps the intermediate representation ℎ𝑖𝑡 to a scalar to represent

the state value function as

𝑉 𝑖 (𝑠𝑡 ) = W6 ℎ
𝑖
𝑡 ,

where W6 is the weight matrix of the MLP layer.

4.2 Training Algorithm
4.2.1 Algorithm Overview. We let

𝐽 (𝝅 , 𝑖) = _𝐽 𝑖 (𝝅) + (1 − _)
∑
𝑗 ∈N

𝐽 𝑗 (𝝅),∀𝑖 ∈ N .

Algorithm 1: JDRL Training Algorithm

// Initialization.

1 Initialize parameters 𝜽 1 =
[
\𝑖
1

]
𝑖∈N of policies, and

parameters 𝝓
1
=
[
𝜙𝑖
1

]
𝑖∈N of critics;

// Iterative training process.

2 foreach epoch 𝑘 = 1, · · · , 𝐾 do
// Experience collection phase.

3 D ← ∅;
4 foreach episode𝑚 = 1, · · · , 𝑀 do
5 foreach time slot 𝑡 = 1, · · · ,𝑇 do
6 Each agent 𝑖 ∈ N𝑡 observes 𝑜𝑖𝑡 , takes an action

𝑎𝑖𝑡 , and receives a reward 𝑟 𝑖𝑡 ;

7 Observe the next state 𝑠𝑡+1 and next joint

observation o𝑡+1;
8 Store experience (𝑠𝑡 , o𝑡 , a𝑡 , r𝑡 , 𝑠𝑡+1, o𝑡+1) in D;

// Parameter updating phase.

9 𝐽 𝑖 (𝝅𝑘 ) ← 1

𝑀

∑𝑀
𝑚=1

∑𝑇
𝑡=1 𝑟

𝑖
𝑡 ,∀𝑖 ∈ N ;

10 b𝑘 ← argmin𝑖∈N 𝐽 𝑖 (𝝅𝑘 ); // Minimization step.

11 Update 𝜽𝑘 to 𝜽𝑘+1 via stochastic gradient ascent using
Equation (2) with b𝑘 as input; // Gradient ascent step.

12 Update 𝝓𝑘 to 𝝓𝑘+1 by minimizing Equation (3);

Then, Equation (1) is equivalent to max𝝅 min𝑖∈N 𝐽 (𝝅 , 𝑖). To solve

this max-min problem, we design an iterative algorithm that alter-

nates between a gradient ascent step on 𝝅 and a minimization step

on 𝑖 . We provide the overall training algorithm in Algorithm 1.

Firstly, Algorithm 1 initializes the parameter \𝑖
1
of each agent 𝑖’s

policy 𝜋𝑖 , and the parameter 𝜙𝑖
1
of each agent 𝑖’s critic 𝑉 𝑖 (line 1).

Then, the algorithm enters the iterative training process (line 2-12).

Each iteration consists of the experience collection phase (line 3-8)

and the parameter updating phase (line 9-12). In the experience col-

lection phase, the replay buffer D that is used to store experiences

is first set as empty (line 3). Then, the algorithm runs the current

policy 𝝅𝑘 for𝑀 episodes (line 4-8). In each episode, agents interact

with the environment, and the experiences of such interactions

are collected into D (line 5-8). In the parameter updating phase,

the algorithm first calculates 𝐽 𝑖 (𝝅𝑘 ) for each agent 𝑖 based on the

collected experiences, which is the average DAI at the end of the

time horizon over𝑀 episodes (line 9). Then, the algorithm finds the

agent b𝑘 with the least average DAI at the end of the time horizon

(line 10). Based on the collected experiences, Algorithm 1 updates

agents’ joint policy 𝝅𝑘 by stochastic gradient ascent (line 11), and

updates agents’ critics by minimizing the TD error (line 12). In what

follows, we present our method of updating the agents’ policies

and critics in detail.

4.2.2 Updating Policies. When updating policies in each epoch 𝑘 ,

we first solve the inner min problem ofmax𝝅 min𝑖∈N 𝐽 (𝝅 , 𝑖) given
𝝅𝑘 by finding the agent b𝑘 with the least average DAI at the end of

the time horizon. Then, given b𝑘 , we update the parameters of 𝝅𝑘
from 𝜽𝑘 to 𝜽𝑘+1 via stochastic gradient ascent. Next, we present the
stochastic approximation of the gradient of 𝐽 (𝝅𝑘 , b𝑘 ) with respect

to each agent’s policy parameters in Theorem 1.
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Theorem 1. In each epoch 𝑘 of Algorithm 1, given 𝝅𝑘 and b𝑘 , the
gradient of 𝐽 (𝝅𝑘 , b𝑘 ) w.r.t. \𝑖𝑘 ,∀𝑖 ∈ N , satisfies

∇\𝑖
𝑘
𝐽 (𝝅𝑘 , b𝑘 ) ≈

1

|D|
∑
𝑏𝑡 ∈D

∇\𝑖
𝑘
log𝜋𝑖 (𝑎𝑖𝑡 |𝑜𝑖𝑡 )�̃�𝑘 (𝑠𝑡 , a𝑡 ), (2)

where 𝑏𝑡 denotes one of the experiences in the replay buffer D, and

�̃�𝑘 (𝑠𝑡 , a𝑡 ) = (1 − _)𝐴
b𝑘
𝑘
(𝑠𝑡 , a𝑡 ) + _

∑
𝑗 ∈N

𝐴
𝑗

𝑘
(𝑠𝑡 , a𝑡 ),

where 𝐴 𝑗
𝑘
(𝑠𝑡 , a𝑡 ) = 𝑟 𝑗𝑡 +𝑉

𝑗

𝑘
(𝑠𝑡+1) −𝑉 𝑗𝑘 (𝑠𝑡 ) is the advantage function

of each agent 𝑗 ∈ N .

Please refer to Appendix A for the detailed proof of Theorem 1.

Such theorem indicates that, in Algorithm 1, each agent’s policy is

updated towards improving the probabilities of the actions that can

increase the worst and the overall long-term rewards of agents.

4.2.3 Updating Critics. In each epoch 𝑘 of Algorithm 1, we update

the parameters of agents’ critics from 𝝓𝑘 to 𝝓𝑘+1 by minimizing

the TD error over the collected experiences, given in the following

Equation (3),

𝐿(𝝓𝑘 ) =
1

𝑁 |D|
∑
𝑏𝑡 ∈D

∑
𝑖∈N

(
𝑟 𝑖𝑡 +𝑉 𝑖𝑘 (𝑠𝑡+1) −𝑉

𝑖
𝑘
(𝑠𝑡 )

)
2

, (3)

where 𝑉 𝑖
𝑘
is agent 𝑖’s state value function with parameter 𝜙𝑖

𝑘
.

4.3 Convergence Analysis
Solving the optimal policy of our JDR-MOMG falls into the category

of max-min optimization. A well-known stationarity concept is

the Nash equilibrium that views the max-min problem as a two-

player zero-sum game. However, such a concept is not applicable

to our problem, since our objective function 𝐽 (𝝅 , 𝑖) is non-convex,
where the minimization and maximization cannot interchange, i.e.,

max𝝅 min𝑖∈N 𝐽 (𝝅 , 𝑖) ≠ min𝑖∈N max𝝅 𝐽 (𝝅 , 𝑖). Therefore, in this

paper, we adopt the optimization stationarity [9] concept defined as

follows. First, we rewrite Equation (1) asmin𝝅 Φ(𝝅), where Φ(𝝅) =
max𝑖∈N −𝐽 (𝝅 , 𝑖). Then, the optimization stationarity defines 𝝅 as

a stationary point of 𝐽 (𝝅 , 𝑖), if it satisfies | |∇𝜽Φ(𝝅) | | = 0.

As 𝐽 (𝝅 , 𝑖) is non-convex, and the exact gradient of 𝐽 (𝝅 , 𝑖) cannot
be obtained during training, we introduce Assumptions 1 and 2

for convergence analysis that are commonly adopted in previous

works [9, 10].

Assumption 1. 𝐽 (𝝅 , 𝑖) is 𝑙−smooth and 𝐿−Lipschitz with re-

spect to the parameter 𝜽 of 𝝅 .
Assumption 2. The variance of the stochastic approximation

of ∇𝜽 𝐽 (𝝅 , 𝑖) given by Theorem 1 is upper bounded by 𝜎2.

Naturally, the order price 𝑟 𝑖𝑡 is non-negative and bounded for

any agent 𝑖 in any time slot 𝑡 , and thus we use 𝑅𝑚𝑎𝑥 to denote the

largest possible DAI of agents at the end of the time horizon. Now,

we present the convergence property of Algorithm 1 in Theorem 2.

Theorem 2. Given 𝛿 ∈ (0, 1), 𝛾 > 0, and the step size [ =
𝛾√
𝐾

for
policy update, Algorithm 1 satisfies

1

𝐾

𝐾∑
𝑘=1

| |∇𝜽𝑘Φ1/2𝑙 (𝝅𝑘 ) | |2 ≤
2(Δ + 𝑙𝛾 2𝐿2)

𝛾
√
𝐾

+ 2𝑙𝛾𝜎2

√
𝐾
+
4𝑙𝑅𝑚𝑎𝑥

√
2 ln

2

𝛿
√
𝑀

,

with probability 1 − 𝛿 , where Δ = Φ
1/2𝑙 (𝝅1) −min𝝅 Φ

1/2𝑙 (𝝅), and
Φ
1/2𝑙 (𝝅) is the Moreau envelope of Φ(𝝅). That is, Algorithm 1 con-

verges to an approximate stationary point with probability 1 − 𝛿 .

Please refer to Appendix B for a detailed proof of Theorem 2.

Theorem 2 provides a desirable theoretical guarantee that Algo-

rithm 1 converges to an approximate stationary point almost surely,

where the gap is composed of three parts. The first part is caused

by the distance between the initial point Φ
1/2𝑙 (𝝅1) and the sta-

tionary point min𝝅 Φ
1/2𝑙 (𝝅), and decreases at a rate of

1√
𝐾
. The

second part is caused by the variance of the stochastic gradient,

and also decreases at a rate of
1√
𝐾
. The last part is due to solving

the inner min problem approximately, which converges to zero

as𝑀 approaches infinity. According to Theorem 2, increasing the

number of epochs and the number of episodes in each epoch help

Algorithm 1 converge to a point closer to the stationary point.

5 EXPERIMENTS
5.1 Practical Implementations
We now introduce practical implementations in the following three

aspects that help boost the performance of JDRL.

(i) Due to the large scale of the agents, learning a separate set

of actor and critic networks for different agents is computationally

expensive, and hard to scale when more agents come. We tackle this

problem by letting agents share the same actor and critic networks.

To distinguish different agents, a binary encoding of the agent ID

is concatenated into each agent’s inputs of the actor and critic.

During the execution, each agent keeps a copy of the learned policy

network. (ii) As in [11, 12], we utilize the experiences of the worst

10% agents in terms of agents’ DAIs at the end of the time horizon to

update agents’ policies rather than the experiences of only the agent

with the worst DAI. This is because the experiences of the least-

advantaged agent often have large variance, leading to an unstable

policy training process. (iii) Different agents in the same grid might

choose the same order. To avoid order selection collisions, we adopt

the worst-off driver first principle as in [13], where the agent with

the lowest DAI will choose first.

5.2 Experimental Setups
5.2.1 Dataset. Our experiments are based on three public real-

world ride-hailing order datasets, two of which are released by

Didi Chuxing GAIA Initiative
5
, and one of which is released by

New York City Taxi and Limousine Commission
6
. The first dataset

contains over 2 million orders in Haikou, China, from September

1st to September 30th, 2017. The second dataset contains over 5

million orders in Chengdu, China, from November 1st to November

30th, 2016. The last dataset contains over 6 million orders in New

York City, USA, from September 1st to September 30th, 2019. Each

piece of data in the datasets consists of a number of features, such

as the order ID, departure time, origin, destination, price and so on,

which help us simulate and reproduce the behaviors of orders and

drivers in the simulator.

5
https://gaia.didichuxing.com

6
https://www1.nyc.gov/site/tlc/about/tlc-trip-record-data.page
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5.2.2 Simulator. To support the training and evaluation of our

JDRL, we design a ride-hailing simulator, which simulates the gen-

eration of orders and state transitions of drivers. We use Open-

StreetMap
7
to access the geographical area of each city, and divide

the city area into square grids whose lengths are approximately 3

kilometers. After cleaning the invalid grids, e.g., the grids located

in the sea or mountains, Haikou is covered by 98 grids, Chengdu is

covered by 196 grids, and New York City is covered by 110 grids.

The length of each time slot is set as 2 minutes. Similar to [2], we

assume orders will get cancelled, if not served for more than 3 time

slots since they are submitted.

In our simulation, there are 500 drivers, whose initial locations

are randomly sampled from a discrete uniform distribution defined

over the grids. During the simulation, orders are generated at the

time and locations that are bootstrapped from the datasets. At the

end of each time slot, each idle driver uses her policy to choose an

order to serve, or choose one of the neighboring grids to reposition

to. After the order dispatching and driver repositioning operations,

drivers who are on service drive towards order destinations through

the shortest routes, and others will remain in the current grid or

reposition to specific grids.

5.2.3 Baselines. Based on the simulator, we compare JDRL with

the following baselines.

• KM: KM algorithm is a myopic order dispatching method

that finds a maximum weight matching of the driver-order

bipartite graph constructed in every time slot. Since we as-

sociate each driver-order pair with the order’s price, KM

maximizes the platform’s efficiency in one time slot.

• REA: REA [14] is a myopic order dispatching method that

optimizes both the platform’s efficiency and the max-min

fairness among drivers in one time slot. It starts from an ex-

isting matching of driver-order pairs, and repeatedly revises

such matching to satisfy a given fairness threshold.

• MFAC: MFAC [4] formulates the order dispatching as a

Markov game, where each agent aims to maximize its own

long-term order-serving revenue. MFAC proposes a mean-

field actor-critic framework to simplify the agent interactions

by taking the average action of neighbors into consideration.

• CVNet: CVNet [3] adopts a learning and planning approach
for order dispatching. In the learning stage, it trains a state

value function represented by a neural network via offline

learning. In the planning stage, CVNet constructs the driver-

order bipartite graph, where each driver-order pair is valued

as the sum of the immediate reward and the future state

value, and uses KM algorithm to find a maximum weight

matching to optimize the long-term efficiency.

• LAF: LAF [15] is similar to CVNet, and the differences are as

follows. In the learning stage, LAF trains a state value func-

tion via online learning. In the planning stage, LAF revises

the KM algorithm by deleting unfair driver-order pairs to

optimize its fairness criterion in a heuristic manner. This is

the state-of-the-art method that optimizes both fairness and

efficiency in ride-hailing.

7
https://www.openstreetmap.org/

To fairly compare JDRL with the baselines, we add the random

repositioning strategy to KM and REA, and adapt RL-based baseline

methods, including MFAC, CVNet, and LAF, to make joint order

dispatching and driver repositioning decisions as JDRL.

5.2.4 Metrics. We adopt three metrics to evaluate all the methods,

namely GMV, Worst, and Entropy. GMV is defined in Definition 1

to evaluate the platform’s efficiency. Worst is a fairness metric that

equals to the average of the worst 10% of all drivers’ DAIs at the end

of the time horizon. Entropy refers to the temporal earning fairness
criterion defined in [15], which reflects the variance among drivers’

DAIs, and a larger Entropy indicates a higher earning unfairness.

To evaluate our JDRL under different spatio-temporal order dis-

tributions, we conduct experiments in three time periods, i.e., the

morning period from 7 a.m. to 11 a.m., the noon period from 11

a.m. to 3 p.m., and the evening period from 5 p.m. to 9 p.m.. All

experiments are conducted on an Ubuntu 18.04 server with four

GeForce RTX 3090 GPUs and one AMD EPYC 7302 16-Core CPU.

We evaluate each method with 5 different seeds, and report the

average and standard deviation of the aforementioned metrics in

the following Section 5.3.

5.2.5 Detailed Parameter Settings. The hyper-parameters are shared

in all experiments. Specifically, we run 𝐾 = 150 epochs for each

dataset, and sample 𝑀 = 2 episodes in each epoch to strike a bal-

ance between the training complexity and the estimation accuracy.

We use the Adam optimizer with the learning rate 0.0003, and clip

the critic loss and the policy loss with the ratio 0.2 that is commonly

used in PPO [16]. The dimensions of𝑔𝑖𝑡 , 𝑧
𝑖
𝑡 , andℎ

𝑖
𝑡 are set as 128, 128,

and 256, respectively.

5.3 Experimental Results
5.3.1 Metrics Comparison. The results of three metrics on three

datasets are presented in Tables 1-3. Overall, JDRL demonstrates a

consistent advantage compared to baselines in all three datasets.

First, we analyze the results from the efficiency perspective. In

Tables 1 and 3, RL-based methods, including MFAC, CVNet, LAF

and JDRL, consistently outperform greedy methods, including KM

and REA. However, in Table 2, KM and REA achieve higher GMV

than those of MFAC and CVNet, but less than those of LAF and

JDRL. This is because, in Haikou and New York City, orders are

distributed unevenly over the geographical area. KM and REA only

optimize the order dispatching revenue in each time slot, instead

of the whole time horizon, which may harm GMV in the long run.

The Chengdu dataset has significantly larger number of orders than

the other datasets, and the orders are relatively evenly distributed.

Thus, the advantage of RL-based methods is not as obvious as in

Haikou and New York City.

Among all RL-basedmethods evaluated in our experiments, JDRL

achieves the best performance on GMV in all settings. Specifically,

our reasoning of JDRL’s superior performance compared to MFAC

is that agents in MFAC aim to maximize their own long-term re-

wards, which incurs unnecessary competition among agents that

decreases the platform’s efficiency. Compared with JDRL, CVNet

and LAF formulate the order dispatching and driver repositioning

problem with the single-agent setting, and assume all drivers are in-

dependent, which inevitably ignores the interactions among agents.
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Table 1: Metric comparison for the Haikou dataset. Each value denotes the mean and standard deviation over 5 runs with
different seeds. Bold number is the best in each column.

Method

Morning Noon Evening

GMV Worst Entropy GMV Worst Entropy GMV Worst Entropy

KM 222399 ± 1502 50.2 ± 9.6 712 ± 69 205475 ± 2114 38.4 ± 7.9 793 ± 56 271557 ± 3828 56.8 ± 17.1 726 ± 81
REA 222516 ± 1376 97.6 ± 16.8 526 ± 40 206135 ± 3210 77.4 ± 13.1 606 ± 69 271226 ± 2654 110.9 ± 16.2 560 ± 53
MFAC 222923 ± 1665 81.6 ± 9.5 523 ± 41 223960 ± 1072 71.6 ± 7.0 583 ± 43 299264 ± 915 192.3 ± 12.3 322 ± 30
CVNet 227635 ± 7769 47.8 ± 6.3 561 ± 43 236313 ± 2620 52.3 ± 10.8 594 ± 32 306196 ± 7817 194.1 ± 33.2 306 ± 39
LAF 234175 ± 4297 75.7 ± 16.2 404 ± 50 239771 ± 4228 95.1 ± 14.3 511 ± 53 316801 ± 1307 260.2 ± 8.1 253 ± 17
JDRL (_ = 1) 243525 ± 354 101.8 ± 7.7 396 ± 30 258023 ± 379 123.0 ± 9.6 379 ± 18 325092 ± 698 272.6 ± 11.3 275 ± 30
JDRL (_ = 0.7) 241559 ± 303 106.6 ± 4.0 365 ± 14 256801 ± 306 112.9 ± 5.2 428 ± 61 324791 ± 660 287.3 ± 11.2 252 ± 21
JDRL (_ = 0.3) 242183 ± 453 124.2 ± 2.3 342 ± 6 253976 ± 459 134.2 ± 5.6 390 ± 32 319890 ± 564 284.7 ± 7.3 251 ± 16
JDRL (_ = 0) 241542 ± 372 130.7 ± 5.6 360 ± 19 251528 ± 851 155.6 ± 4.8 374 ± 23 321846 ± 678 316.9 ± 10.7 254 ± 21

Table 2: Metric comparison for the Chengdu dataset. Each value denotes the mean and standard deviation over 5 runs with
different seeds. Bold number is the best in each column.

Method

Morning Noon Evening

GMV Worst Entropy GMV Worst Entropy GMV Worst Entropy

KM 62826 ± 431 30.6 ± 4.7 547 ± 73 63571 ± 739 23.4 ± 5.6 587 ± 86 59384 ± 535 12.0 ± 1.9 793 ± 53
REA 61689 ± 729 35.6 ± 5.1 471 ± 69 63827 ± 744 35.6 ± 5.5 458 ± 70 59324 ± 546 16.9 ± 3.5 691 ± 59
MFAC 55149 ± 464 41.6 ± 4.8 444 ± 54 55232 ± 502 38.7 ± 4.9 479 ± 44 53563 ± 724 18.2 ± 5.5 660 ± 75
CVNet 60785 ± 1760 74.2 ± 4.5 233 ± 43 62482 ± 2670 75.8 ± 22.0 299 ± 123 60697 ± 2764 78.2 ± 14.1 260 ± 50
LAF 63554 ± 177 98.3 ± 2.9 212 ± 44 65457 ± 1641 93.2 ± 3.6 249 ± 16 61216 ± 882 90.4 ± 1.5 190 ± 9
JDRL (_ = 1) 66915 ± 132 100.5 ± 0.5 237 ± 15 67766 ± 150 103.4 ± 1.0 212 ± 21 64983 ± 133 98.6 ± 0.5 238 ± 21
JDRL (_ = 0.7) 66215 ± 87 102.0 ± 0.6 254 ± 33 67609 ± 156 106.9 ± 0.8 192 ± 25 65206 ± 115 100.2 ± 0.6 232 ± 32
JDRL (_ = 0.3) 66208 ± 114 102.7 ± 0.5 264 ± 57 66708 ± 115 100.4 ± 0.9 226 ± 22 65745 ± 110 102.1 ± 0.6 213 ± 12
JDRL (_ = 0) 67110 ± 138 104.9 ± 0.7 236 ± 12 67634 ± 142 104.2 ± 1.0 199 ± 11 65366 ± 114 102.3 ± 0.8 216 ± 21

Table 3: Metric comparison for the New York City dataset. Each value denotes the mean and standard deviation over 5 runs
with different seeds. Bold number is the best in each column.

Method

Morning Noon Evening

GMV Worst Entropy GMV Worst Entropy GMV Worst Entropy

KM 104179 ± 1090 5.8 ± 2.2 1205 ± 89 150468 ± 2035 40.1 ± 4.1 623 ± 23 170527 ± 1378 77.9 ± 7.0 460 ± 40
REA 103894 ± 952 33.2 ± 9.2 737 ± 94 147593 ± 1768 67.6 ± 7.7 491 ± 27 170229 ± 1624 108.7 ± 6.5 389 ± 29
MFAC 112455 ± 1271 16.2 ± 5.6 913 ± 79 187561 ± 1084 185.6 ± 7.1 372 ± 31 200677 ± 926 219.4 ± 4.7 374 ± 31
CVNet 134303 ± 5056 30.3 ± 16.8 788 ± 189 197948 ± 5132 200.0 ± 11.9 366 ± 63 218542 ± 3078 277.7 ± 11.5 436 ± 171
LAF 149952 ± 7179 92.4 ± 3.6 540 ± 70 203632 ± 7279 241.2 ± 20.1 385 ± 80 218567 ± 1523 296.1 ± 2.7 402 ± 137
JDRL (_ = 1) 165328 ± 248 103.4 ± 3.1 423 ± 29 219502 ± 237 276.8 ± 5.7 301 ± 41 226866 ± 230 305.9 ± 4.7 291 ± 28
JDRL (_ = 0.7) 164297 ± 245 106.0 ± 3.3 430 ± 31 220254 ± 396 272.3 ± 4.9 312 ± 29 225898 ± 326 312.3 ± 4.8 274 ± 31
JDRL (_ = 0.3) 163581 ± 370 120.1 ± 6.8 406 ± 54 220760 ± 409 279.2 ± 4.2 286 ± 30 230438 ± 256 312.7 ± 3.8 395 ± 30
JDRL (_ = 0) 163339 ± 448 130.1 ± 2.9 417 ± 9 214968 ± 326 279.6 ± 3.8 319 ± 31 228105 ± 369 320.0 ± 3.2 310 ± 29

JDRL method considers the interaction between agents by incor-

porating the global state and sharing agents’ state value functions

during centralized training.

Then, we analyze the results from the fairness perspective. In

addition to efficiency, REA, LAF, and JDRL also optimize the fairness

among drivers. Compared with KM, REA achieves higher Worst

than KM, and is notmuch different with KMonGMV.However, REA

only considers fairness in one time slot, which makes it perform

less satisfactorily than LAF and JDRL. Such results validate the

importance of optimizing fairness in the long run. Compared with

JDRL, LAF optimizes fairness by deleting unfair driver-order pairs,

which is a heuristic method and has no convergence guarantee.

Among all the baselines, JDRL achieves the highest performance on

Worst, which indicates JDRL ensures fairness better than baselines.
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(f) JDRL (_ = 0).

Figure 2: The distribution of drivers’ DAIs at the end of the
time horizon in the Morning period of the New York City
dataset.

Furthermore, we notice that the standard deviations of RL-based

baselines are much larger than that of JDRL. Our reasoning for such

observation is that the implementation of our algorithm is based

on PPO, which updates the policy more safely than A2C used by

MFAC and the value-based methods used by CVNet and LAF.

5.3.2 Driver Income Visualization. We take a deeper look at the

distribution of drivers’ DAIs at the end of the time horizon under

different methods. We use the Morning period of the New York

City dataset as an example, and show the distributions of drivers’

DAIs in Figure 2. From this figure, we observe that, among all the

evaluated methods, KM generates the most unfair DAI distribution.

Specifically, Figure 2a shows that, in the DAI distribution generated

by KM, although the highest DAI of drivers is over 700, 70% of

the drivers have DAIs lower than 300. As shown by Figure 2b, the

DAI distribution of REA that also belongs to greedy methods as

KM, is obviously better than that of KM, since it considers the

max-min fairness in terms of DAI in every time slot. But due to the

myopic nature of REA, the number of drivers with DAIs larger than

300 in REA is much smaller than those of the RL-based methods

shown in Figures 2c-2f. From Figures 2c-2f, we observe that the

worst DAIs of MFAC and CVNet are smaller than those of LAF

and JDRL, and, compared to LAF, JDRL has more drivers whose

DAIs are concentrated around the median. Furthermore, we could

also observe that the worst DAI of JDRL is larger than those of the

other methods, and the DAI distribution of JDRL is approximately

a normal distribution with a small variance. Based on the above

observations on Figure 2, we can conclude that JDRL achieves the

best performance on fairness among all the evaluated methods.

6 RELATEDWORK
With the rapid development of online ride-hailing systems, solving

their unique problems has attracted growing attentions nowadays.

For example, [17–20] designed ride-sharing mechanisms to improve

the utilization of vehicles among multiple demands. [21–24] pro-

posed route planning and recommendation algorithms for drivers.

[25–28] integrated spatial-temporal information and designed deep

models to predict the time of arrivals of vehicles or passenger trip

orders. Apart from serving passengers, [29–31] also proposed al-

gorithms to enable vehicles for other urban spatial crowdsourcing

tasks, such as urban sensing and food delivery. In contrast, our work

focuses on making joint order dispatching and driver reposition-

ing decisions for ride-hailing platforms. Table 4 summarizes recent

works [1–7, 13–15, 32–38] related to optimizing the aforementioned

two decision-making tasks.

Table 4: Recent works related to order dispatching (OD) and
driver repositioning (DR).

Decisions Efficiency Efficiency & Fairness

OD [2–5, 32, 33] [13–15, 34–36]

DR [1, 37] [38]

OD & DR [6, 7] JDRL

Specifically, authors in [2, 3, 33] formulated the order dispatching

problem as a constrained optimization problem and solved it with

specific greedy algorithms (i.e., KM algorithm). [4, 5, 32] designed

MARL algorithms to dispatch orders in a decentralized way, where

[4, 32] aim to achieve Nash equilibrium among agents, and [5]

focuses on aligning the distributions of drivers and orders. For the

driver repositioning task, [1] proposed an MARL framework, and

[37] introduced the driver interaction design with a modularized

algorithm, to reposition drivers coordinately to appropriate regions

with the goal of mitigating the demand-supply gap. Furthermore,

[6] proposes a hierarchical MARL framework to make joint order

dispatching and driver repositioning decisions, aiming to maximize

the platform’s long-term efficiency. [7] achieves such objective by

extending the method in [3], and learns a unified value function

for both order dispatching and driver repositioning tasks. However,

all works mentioned above [1–7, 32, 33, 37] focused on improving

the efficiency only, and ignored the fairness of driver incomes.

Therefore, different from [1–7, 32, 33, 37], we consider to optimize

both the efficiency and fairness.

Similar to our work, a line of recent works [13–15, 34–36, 38]

also take both the efficiency and fairness as objectives. Our work

differs from them in various ways. Specifically, [14, 34–36] aim to

guarantee myopic fairness when dispatching orders at each time

slot. However, our work focuses on optimizing long-term fairness,

which is essential to the sustainability of the ride-hailing system
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in the long run. Although long-term fairness has been considered

by [13, 15, 38], these works designed centralized decision-making

frameworks which are less scalable than our distributed framework,

and suffer from the “single point of failure" issue. Furthermore, as

indicated by Table 4, our work is the first one that exploits joint

order dispatching and driver repositioning to optimize both the

long-term efficiency and fairness in a ride-hailing system.

7 CONCLUSIONS
In this paper, we deal with the problem of optimizing the plat-

form’s efficiency and the fairness among drivers in the long run

via joint order dispatching and driver repositioning. To this end,

we formulate such a problem as a multi-objective Markov game

that explicitly incorporates the overall efficiency and the max-min

fairness, and propose a novel MARL framework, referred to as

JDRL, to help drivers make distributed order selection and repo-

sitioning decisions. Specifically, JDRL contains the following two

key designs. First, JDRL segments the dynamic action space that

exits in the order dispatching process into a fixed number of action

groups, where actions in the same group can be seen as homo-

geneous. Then, JDRL fixes the policy output dimension for order

selection as the number of groups to overcome the variable action

space problem in an efficient manner. Second, JDRL proposes an

iterative training algorithm to solve agents’ policies that jointly

optimize the efficiency and fairness. Such an algorithm alternates

between a minimization step that finds the least-advantaged agent,

and a policy improvement step that updates agents’ policies toward

increasing both the worst and the overall performance of agents.

We provide the theoretical convergence guarantee of our JDRL

training algorithm even under non-convex policy networks and

stochastic gradient updating. Extensive experiments across three

public real-world ride-hailing order datasets demonstrate that JDRL

consistently outperforms state-of-the-art baselines in terms of three

efficiency and fairness metrics.
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A PROOF OF THEOREM 1
Given 𝝅𝑘 , b𝑘 , we rewrite our objective as

𝐽 (𝝅𝑘 , b𝑘 ) = (1 − _) 𝐽 b𝑘 (𝝅𝑘 ) + _
𝑁∑
𝑗=1

𝐽 𝑗 (𝝅𝑘 ) .

Let 𝜏 denote a trajectory (𝑠0, a0, · · · , 𝑠𝑇 ), the probability of 𝜏 is

𝑃 (𝜏) = 𝜌 (𝑠0)
𝑇−1∏
𝑡=0

𝑃 (𝑠𝑡+1 |𝑠𝑡 , a𝑡 )𝝅𝑘 (a𝑡 |𝑠𝑡 ) .

Then, the log-probability of 𝜏 and its derivative w.r.t. \𝑖
𝑘
, 𝑖 ∈ N is

log 𝑃 (𝜏) = log 𝜌 (𝑠0) +
𝑇−1∑
𝑡=0

(
log 𝑃 (𝑠𝑡+1 |𝑠𝑡 , a𝑡 ) + log𝝅𝑘 (a𝑡 |𝑠𝑡 )

)
∇\𝑖

𝑘
log 𝑃 (𝜏) =

𝑇−1∑
𝑡=0

∇\𝑖
𝑘
log𝝅𝑘 (a𝑡 |𝑠𝑡 )

=

𝑇−1∑
𝑡=0

∇\𝑖
𝑘
log

𝑁∏
𝑗=1

𝜋
𝑗

𝑘
(𝑎 𝑗𝑡 |𝑜

𝑗
𝑡 )

=

𝑇−1∑
𝑡=0

∇\𝑖
𝑘
log𝜋𝑖

𝑘
(𝑎𝑖𝑡 |𝑜𝑖𝑡 ) .

We denote 𝑅
𝑗

𝑘
(𝜏) as the cumulative reward of agent 𝑗 ’s trajectory 𝜏

under policy 𝝅𝑘 . Then, we obtain the analytical policy gradient of

each agent 𝑗 ’s 𝐽 𝑗 (𝝅𝑘 ) with respect to \𝑖
𝑘
, 𝑖 ∈ N as

𝐽 𝑗 (𝝅𝑘 ) = E𝜏 [𝑅
𝑗

𝑘
(𝜏)] =

∫
𝜏

𝑃 (𝜏)𝑅 𝑗
𝑘
(𝜏)𝑑𝜏

∇\𝑖
𝑘
𝐽 𝑗 (𝝅𝑘 ) =

∫
𝜏

∇\𝑖
𝑘
𝑃 (𝜏)𝑅 𝑗

𝑘
(𝜏)𝑑𝜏

=

∫
𝜏

𝑃 (𝜏)∇\𝑖
𝑘
log 𝑃 (𝜏)𝑅 𝑗

𝑘
(𝜏)𝑑𝜏

= E𝜏 [∇\𝑖
𝑘
log 𝑃 (𝜏)𝑅 𝑗

𝑘
(𝜏)]

= E𝜏 [
𝑇−1∑
𝑡=0

∇\𝑖
𝑘
log𝜋𝑖

𝑘
(𝑎𝑖𝑡 |𝑜𝑖𝑡 )𝑅

𝑗

𝑘
(𝜏)] .

To reduce variance, we use the advantage function 𝐴
𝑗

𝑘
(𝑠𝑡 , a𝑡 ) to

replace 𝑅
𝑗

𝑘
(𝜏), and obtain

∇\𝑖
𝑘
𝐽 𝑗 (𝝅𝑘 ) = E𝜏 [

𝑇−1∑
𝑡=0

∇\𝑖
𝑘
log𝜋𝑖

𝑘
(𝑎𝑖𝑡 |𝑜𝑖𝑡 )𝐴

𝑗

𝑘
(𝑠𝑡 , a𝑡 )] .

Now, we can derive the gradient of 𝐽 (𝝅𝑘 , b𝑘 ) w.r.t. \𝑖𝑘 , 𝑖 ∈ N as

∇\𝑖
𝑘
𝐽 (𝝅𝑘 , b𝑘 )

=(1 − _)∇\𝑖
𝑘
𝐽 b𝑘 (𝝅𝑘 ) + _

𝑁∑
𝑖=1

∇\𝑖
𝑘
𝐽 𝑗 (𝝅𝑘 )

=E𝜏

[𝑇−1∑
𝑡=0

∇\𝑖
𝑘
log𝜋𝑖

𝑘
(𝑎𝑖𝑡 |𝑜𝑖𝑡 )

[
(1 − _)𝐴b𝑘

𝑘
(𝑠𝑡 , a𝑡 ) + _

𝑁∑
𝑗=1

𝐴
𝑗

𝑘
(𝑠𝑡 , a𝑡 )

] ]
=E𝜏 [

𝑇−1∑
𝑡=0

∇\𝑖
𝑘
log𝜋𝑖

𝑘
(𝑎𝑖𝑡 |𝑜𝑖𝑡 )𝐴𝑘 (𝑠𝑡 , a𝑡 )],

where𝐴𝑘 (𝑠𝑡 , a𝑡 ) = (1−_)𝐴
b𝑘
𝑘
(𝑠𝑡 , a𝑡 ) +_

∑𝑁
𝑗=1𝐴

𝑗

𝑘
(𝑠𝑡 , a𝑡 ). This is an

expectation, which means that we can estimate it with a sample

mean as

∇\𝑖
𝑘
𝐽 (𝝅𝑘 , b𝑘 ) =

1

|D|
∑
𝑏𝑡 ∈D

∇\𝑖
𝑘
log𝜋𝑖

𝑘
(𝑎𝑖𝑡 |𝑜𝑖𝑡 )𝐴𝑘 (𝑠𝑡 , a𝑡 ),

which ends the proof of Theorem 1.

B PROOF OF THEOREM 2
We start our analysis on the convergence of Algorithm 1 by first

introducing Lemma 1, which states that the inner minimization

problem of Problem (1) is solved with bounded error.

Lemma 1. Given 𝝅𝑘 and a fixed 𝛿 ∈ (0, 1), b𝑘 solved in each epoch
of Algorithm 1 achieves

𝐽 (𝝅𝑘 , b𝑘 ) ≤ min

𝑖∈N
𝐽 (𝝅𝑘 , 𝑖) + 𝜖,

with probability 1 − 𝛿 , where 𝜖 is bounded as

𝜖 ≤
𝑅𝑚𝑎𝑥

√
2 ln 2/𝛿
√
𝑀

.

Proof. The expected total reward 𝐽 𝑖 (𝝅𝑘 ) of agent 𝑖 is estimated

by 𝐽 𝑖 (𝝅𝑘 ) = 1

𝑀

∑𝑀
𝑚=1

∑𝑇
𝑡=1 𝑟

𝑖
𝑡 . Then, according to Hoeffding’s in-

equality,

𝑃
(
|𝐽 𝑖 (𝝅𝑘 ) − 𝐽 𝑖 (𝝅𝑘 ) | ≥

𝜖

2

)
≤ 2 exp ( −2𝐿(𝜖/2)

2

𝑅2𝑚𝑎𝑥
).

Let the probability be 𝛿 ∈ (0, 1), then we have

𝜖 ≤
𝑅𝑚𝑎𝑥

√
2 ln 2/𝛿
√
𝑀

.

Thus, |𝐽 𝑖 (𝝅𝑘 ) − 𝐽 𝑖 (𝝅𝑘 ) | ≤ 𝜖
2
holds with probability 1 − 𝛿 .

We now bound the difference between 𝐽 (𝝅𝑘 , b𝑘 ) and the real ob-
jective min𝑖∈N 𝐽 (𝝅𝑘 , 𝑖). Suppose 𝑗 = argmin𝑖∈N 𝐽 (𝝅 , 𝑖), we have
𝐽 b𝑘 (𝝅𝑘 ) < 𝐽 𝑗 (𝝅𝑘 ). Now, we calculate the gap between the real

minimal 𝐽 (𝝅𝑘 , 𝑗) with the estimated minimal value 𝐽 (𝝅𝑘 , b𝑘 ) as

𝐽 (𝝅𝑘 , b𝑘 ) − 𝐽 (𝝅𝑘 , 𝑗) = 𝐽 b𝑘 (𝝅𝑘 ) − 𝐽 𝑗 (𝝅𝑘 )

= 𝐽 b𝑘 (𝝅𝑘 ) − 𝐽 𝑗 (𝝅𝑘 ) + 𝐽 𝑗 (𝝅𝑘 ) − 𝐽 𝑗 (𝝅𝑘 )

≤ 𝐽 b𝑘 (𝝅𝑘 ) − 𝐽 b𝑘 (𝝅𝑘 ) + 𝐽 𝑗 (𝝅𝑘 ) − 𝐽 𝑗 (𝝅𝑘 )

≤ |𝐽 b𝑘 (𝝅𝑘 ) − 𝐽 b𝑘 (𝝅𝑘 ) | + |𝐽 𝑗 (𝝅𝑘 ) − 𝐽 𝑗 (𝝅𝑘 ) |

≤ 𝜖
2

+ 𝜖
2

= 𝜖,

which thus proves that 𝐽 (𝝅𝑘 , b𝑘 ) ≤ min𝑖∈N 𝐽 (𝝅𝑘 , 𝑖) + 𝜖 with prob-

ability 1 − 𝛿 , and ends the proof. □

Lemma 1 states that, by estimating 𝐽 (𝝅𝑘 , 𝑖),∀𝑖 ∈ N with samples,

the inner min problem can be solved approximately, and the error 𝜖

decreases at a rate of
1√
𝑀
. Next, based on Assumption 1, we prove

that Φ(𝝅) is 𝑙−weakly convex in Lemma 2.

Lemma 2. Φ(𝝅) is 𝑙−weakly convex. That is, for any 𝝅1, 𝝅2,

Φ(𝝅1) ≥ Φ(𝝅2)+ < ∇𝝅2
Φ(𝝅2), 𝝅1 − 𝝅2 > − 𝑙

2

| |𝝅1 − 𝝅2 | |2 .
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Proof. For any 𝝅1, 𝝅2, suppose 𝑖2 = argmax𝑖 −𝐽 (𝝅2, 𝑖), then
we have

Φ(𝝅1) = max

𝑖
−𝐽 (𝝅1, 𝑖)

≥ −𝐽 (𝝅1, 𝑖2)

≥ −𝐽 (𝝅2, 𝑖2)+ < −∇𝝅2
𝐽 (𝝅2, 𝑖2), 𝝅1 − 𝝅2 > − 𝑙

2

| |𝝅1 − 𝝅2 | |2

≥ Φ(𝝅2)+ < ∇𝝅2
Φ(𝝅2), 𝝅1 − 𝝅2 > − 𝑙

2

| |𝝅1 − 𝝅2 | |2,

which proves that Φ(𝝅) is 𝑙−weakly convex. □

Moreau envelope [9] is widely used to analyze the stationarity

for the weakly convex function. The definition of Moreau envelope

and its property are presented in Definition 3.

Definition 3 (Moreau Envelope). We say Φ
1/2𝑙 (𝝅) is Moreau

envelope of function Φ(𝝅) with parameter 1/2𝑙 if

Φ
1/2𝑙 (𝝅) = min

𝑧
Φ(𝑧) + 𝑙 | |𝝅 − 𝑧 | |2 .

Let 𝝅 = argmin𝑧 Φ(𝑧) + 𝑙 | |𝝅 − 𝑧 | |2, then the following statements
holds, (1) ∇𝝅Φ1/2𝑙 (𝝅) = 2𝑙 (𝝅 − 𝝅), (2) ∇𝝅Φ1/2𝑙 (𝝅) = 0.

Based on Lemma 1 and Definition 3, we can obtain the following

two lemmas that are needed for the convergence proof of Theorem

2.

Lemma 3. Given 𝝅 , 𝝅 , suppose 𝑖 = argmax𝑖 −𝐽 (𝝅 , 𝑖), we have

Φ(𝝅) = argmax

𝑖
−𝐽 (𝝅 , 𝑖) ≥ −𝐽 (𝝅 , 𝑖)

≥ −𝐽 (𝝅 , 𝑖)+ < −∇𝝅 𝐽 (𝝅 , 𝑖), 𝝅 − 𝝅 > − 𝑙
2

| |𝝅 − 𝝅 | |2

≥ Φ(𝝅) − 𝜖+ < −∇𝝅 𝐽 (𝝅 , 𝑖), 𝝅 − 𝝅 > − 𝑙
2

| |𝝅 − 𝝅 | |2 .

Lemma 4. Given 𝝅 , 𝝅 , we have

Φ(𝝅) − Φ(𝝅) − 𝑙
2

| |𝝅 − 𝝅 | |2

=Φ(𝝅) + 𝑙 | |𝝅 − 𝝅 | |2 − Φ(𝝅) − ||𝝅 − 𝝅 | |2 + 𝑙
2

| |𝝅 − 𝝅 | |2

≥ 𝑙
2

| |𝝅 − 𝝅 | |2 + 𝑙
2

| |𝝅 − 𝝅 | |2

=𝑙 | |𝝅 − 𝝅 | |2

=
1

4𝑙
| |∇𝝅Φ1/2𝑙 (𝝅) | |2 .

Based on Lemma 1, 2, 3 and 4, we are now in position to prove

Theorem 2.

E
[
Φ
1/2𝑙 (𝝅𝑘+1)

]
= E

[
min

𝑧
Φ(𝑧) + 𝑙 | |𝝅𝑘+1 − 𝑧 | |2

]
≤ E

[
Φ(𝝅𝑘 ) + 𝑙 | |𝝅𝑘+1 − 𝝅𝑘 | |2

]
= E

[
Φ(𝝅𝑘 ) + 𝑙 | |𝝅𝑘 − [∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 ) − 𝝅𝑘 | |2

]
= E

[
Φ(𝝅𝑘 ) + 𝑙 | |𝝅𝑘 − 𝝅𝑘 | |2 + 𝑙[2 | |∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 ) | |2

+ 2𝑙[ < ∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 ), 𝝅𝑘 − 𝝅𝑘 >
]

= E
[
Φ
1/2𝑙 (𝝅𝑘 )

]
+ 𝑙[2E

[
| |∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 ) | |2

]
+ 2𝑙[ < ∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 ), 𝝅𝑘 − 𝝅𝑘 >

= E
[
Φ
1/2𝑙 (𝝅𝑘 )

]
+ 2𝑙[ < ∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 ), 𝝅𝑘 − 𝝅𝑘 >

+ 𝑙[2E
[����∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 ) − 𝐸 [∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 )]

+ 𝐸
[
∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 )

] ����2]
≤ E

[
Φ
1/2𝑙 (𝝅𝑘 )

]
+ 2𝑙[ < ∇𝝅𝑘 𝐽 (𝝅𝑘 , 𝑖𝑘 ), 𝝅𝑘 − 𝝅𝑘 >

+ 𝑙[2 (𝜎2 + 𝐿2)
≤ E

[
Φ
1/2𝑙 (𝝅𝑘 )

]
+ 𝑙[2 (𝜎2 + 𝐿2)

+ 2𝑙[
[
Φ(𝝅𝑘 ) − Φ(𝝅𝑘 ) +

𝑙

2

| |𝝅𝑘 − 𝝅𝑘 | |2 + 𝜖
]
.

Taking a telescopic sum over 𝑘 , we obtain

E
[
Φ
1/2𝑙 (𝝅𝐾+1)

]
≤ E

[
Φ
1/2𝑙 (𝝅1)

]
+ 𝐾𝑙[2 (𝜎2 + 𝐿2)

+ 2𝑙[
𝐾∑
𝑘=1

[
Φ(𝝅𝑘 ) − Φ(𝝅𝑘 ) +

𝑙

2

| |𝝅𝑘 − 𝝅𝑘 | |2 + 𝜖
]
.

Rearranging this, we obtain

1

𝐾

𝐾∑
𝑘=1

[
Φ(𝝅𝑘 ) − Φ(𝝅𝑘 ) −

𝑙

2

| |𝝅𝑘 − 𝝅𝑘 | |2
]

≤
E
[
Φ
1/2𝑙 (𝝅1)

]
− E

[
Φ
1/2𝑙 (𝝅𝐾+1)

]
2𝑙[𝐾

+ 𝜖 + [ (𝜎
2 + 𝐿2)
2

≤
Φ
1/2𝑙 (𝝅1) −min𝝅 Φ

1/2𝑙 (𝝅)
2𝑙[𝐾

+ 𝜖 + [ (𝜎
2 + 𝐿2)
2

.

Plugging Lemma 4 into left side, we obtain

1

𝐾

𝐾∑
𝑘=1

| |∇𝝅𝑘Φ1/2𝑙 (𝝅𝑘 ) | |2

≤2 ·
Φ
1/2𝑙 (𝝅1) −min𝝅 Φ

1/2𝑙 (𝝅)
[𝐾

+ 4𝑙𝜖 + 2𝑙[ (𝜎2 + 𝐿2) .

Let Δ = Φ
1/2𝑙 (𝝅1) −min𝝅 Φ

1/2𝑙 (𝝅), [ =
𝛾√
𝐾
, we obtain the desired

result

1

𝐾

𝐾∑
𝑘=1

| |∇𝝅𝑘Φ1/2𝑙 (𝝅𝑘 ) | |2

≤ 2Δ + 2𝑙𝛾
2𝐿2

𝛾
√
𝐾

+ 2𝑙𝛾𝜎2

√
𝐾
+
4𝑙𝑅𝑚𝑎𝑥

√
2 ln 2/𝛿

√
𝑀

.

This ends the proof of Theorem 2.
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