PURDUE UNIVERSITY
GRADUATE SCHOOL
Thesis Acceptance

This is to certify that the thesis prepared
By Xiaojun Lin

Entitled

Simplification of Network Dynamics in Large Systems

Complies with University regulations and meets the standards of the Graduate School for originality
and quality

Doctor of Philosophy
For the degree of

Final examining committee members

N. B. Shroff

, Chair
E. J. Coyle
R. Mazumdar
S. Fahmy
N. B. Shroff

Approved by Major Professor(s):

Approved by Head of Graduate Program: V. Balakrishnan

Date of Graduate Program Head's Approval: 7713/05




SIMPLIFICATION OF NETWORK DYNAMICS IN LARGE SYSTEMS

A Thesis
Submitted to the Faculty
of
Purdue University
by

Xiaojun Lin

In Partial Fulfillment of the
Requirements for the Degree
of

Doctor of Philosophy

August 2005



To my parents Xianba Lin and Aiju Shao, and my wife Lining Li.

1



111

ACKNOWLEDGMENTS

I would like to first and foremost thank my advisor, Professor Ness B. Shroff, for
his contant guidance, support and encouragement during my entire Ph.D. years. I
am priviledged to have such a wonderful advisor, who is at all times enthusiastic, op-
timistic, patient, helpful and encouraging. He gave me countless advice and insights
during the course of my work, without which completing this thesis would have been
much more difficult. He also patiently taught me how to write good papers and give
impressive presentations, which are skills I will forever indebted to him.

I learned a lot of the theory of stochastic processes from Professor Ravi R.
Mazumdar, who also served on my doctoral committee. His mastery of advanced
mathematical tools is exemplary, and it has always been so nice to have him to con-
sult with when I encountered difficult analytical problems. I am also priviledged to
have Professor Edward J. Coyle and Professor Sonia Fahmy in my doctoral commit-
tee. I benefited from them not only through classes that I took, but also through
many stimulating discussions over the years. Thanks also to Professor Kihong Park
for serving on my doctoral committee during the early stage of my Ph.D. I am
also grateful to Professor Edwin K. P. Chong, who later left Purdue and went to
Colorado State University, and Professor R. Srikant at University of Illinois Urbana-
Champaign for their many help and advice.

I had a wonderful summer internship at IBM T.J. Watson Research Labs in
Summer 2002. I got to know many outstanding researchers and interesting problems
when I was there. I want to extend my deepest gratitude to Dr. Jakka Sairamesh and
Dr. Rakesh Mohan, who have accommodated me and provided me with guidance
and help during and after my internship.

I would like to thank my current and former office-mates and friends that [ met at

Purdue. I am particularly grateful to Do Young FEun for his enthusiastic discussions



v

during the many years when he was here and after he became a faculty at North
Carolina State University. 1 also want to thank Han S. Kim, Xin Liu, Mingbo
Xiao, Dongyu Qiu, Jang-won Lee, Longbi Lin, Sungoh Kwon, Sarah Sellke, Gaurav
Sharma, Qingjian Tian, Yu Ying, Le Cai, Vivek Mhatre, Sunil Kulkarni, Jin Zhang,
Peilu Ding, Krishnakamal Sayana, Junshan Zhang, Brad and Alisha Sickler, Tom
and Lori Summer and family, and many more. I thank you all for supporting me
over the year and for making my life at Purdue the most enjoyable experience.

I want to thank my parents who have always loved me and encouraged me in my
study. Special thanks also go to my parents-in-law for their selfless love and support,
especially during the time when my daughter was born. Finally, I want to thank my

dear wife Lining. This thesis would not be possible without her endless love.



TABLE OF CONTENTS

LIST OF TABLES . . . . . . . e
LIST OF FIGURES . . . . . . . .
ABSTRACT . . . oo
1 INTRODUCTION . . . . . e

1.1 Exploiting the Largeness of the System to Simplify Control . . . . . .
1.1.1 Pricing-Based Network Control . . . . . . .. ... ... ...
1.1.2  Distributed Algorithms and Quality-of-Service Routing . . . .
1.1.3 Capacity-Delay Tradeoff in Large Mobile Wireless Networks

1.2 Designing Appropriate System Architecture to Simplify Control

SIMPLIFICATION OF PRICING-BASED CONTROL IN LARGE NET-
WORKS . . .

2.1 Introduction . . . . . . ...
2.1.1  Summary of Contributions . . . . . .. .. ... .. ... ...

2.1.2 Related Works . . . . . . . .

2.2 Pricing in a General Multi-class Loss Network . . . . . ... ... ..
221 Model . .. ...
222 AnUpper Bound . . . . . ... .. ... ...
2.2.3 Asymptotic Optimality of the Static Scheme . . . . . . ...
2.2.4 Distance Neutral Pricing . . . . . ... ... ... ... ...
2.2.5 Numerical Results . . . .. ... .. ... 0.
2.2.6  Scaling with Topological Changes . . . . . . . . ... ... ..
2.2.7 Remarks on Non-stationary Scenarios . . . .. .. ... ...

2.3 Dynamic Routing . . . . . .. . ...



vi

Page

24 Elastic Flows . . . . . .. . 45

2.4.1 The Optimal Dynamic Scheme . . . . . . . .. ... ... ... 46

242 An Upper Bound . . . . ... ... ... ... ... ... 47

24.3 Static Policy . . . . . . . ... o 48

2.5 Conclusion, Discussion, and Future Work . . . . . .. ... .. ... 51
SIMPLIFICATION OF QUALITY-OF-SERVICE ROUTING IN HIGH-

BANDWIDTH NETWORKS . . ... ... ... ... ... ... 54

3.1 Imtroduction . . . . . . ... 54

3.1.1 Quality-of-Service Routing . . . . . . .. ... ... ...... 55

3.1.2  Summary of Contributions . . . . . . .. ... ... ... ... 56

3.1.3 Related Work . . . . .. ... oo 60

3.2 Simplification of QoS Routing in Large Networks . . . . . . . .. .. 61

3.21 The Model . . . . . .. . ... 61

3.2.2  Asymptotic Optimality of Static Schemes . . . . . . . . . . .. 63

3.3 The Optimization Based Approach to QoS Routing . . . . . . .. .. 65

3.3.1 A Distributed Algorithm . . . . .. ... ... ... 66

3.3.2 Distributed Implementation . . . ... ... ... ... .... 71

3.3.3 How to Generate Alternate Paths . . . . ... .. ... ... 73

3.3.4 Extensions to Multiple QoS Constraints . . . . . . ... ... 74

3.4 Implementational Issues . . . . . . . ... ... ... .. ....... 76

3.4.1 Communicating the Implicit Costs . . . . . .. .. ... ... 76

3.4.2 Gradient Estimates at the Link Algorithms . . . . . . . . . .. 76

3.4.3 Adaptive Stepsizes . . . . . ... 7

3.5 Simulation Results . . . . . . ... ... 78

3.6 Conclusion and Future Work . . . . ... ... ... 0. 91
CONVERGENCE PROPERTIES OF ALGORITHM A FOR SOLVING

THE MULTI-PATH UTILITY MAXIMIZATION PROBLEM . . ... .. 93

4.1 Introduction . . . . . . . .. .. 93

4.1.1 Related Work . . . . . . . . . 97



vii

Page
4.2 The Distributed Algorithm . . . . . .. ... ... ... ... ... . 99
4.2.1 Towards Constructing Online Solutions . . . . .. ... ... 102
4.2.2 The Algorithm A . . . . ... .. ... oo 104
4.3 Convergence without Measurement Noise . . . . . .. .. ... ... 106
4.4 Convergence with Measurement Noise . . . . .. ... .. ... ... 118
4.5 Numerical Results . . . . . . ... . ... o 121
4.6 Concluding Remarks . . . . ... .. ... ... 0. 128
CAPACITY-DELAY TRADEOFF IN LARGE MOBILE WIRELESS NET-
WORKS . . . 130
5.1 Introduction . . . . . . . ..o 130
5.1.1 Capacity and Delay in Mobile Wireless Networks . . . . . . . 131
5.2 Network and Mobility Model . . . . . . . ... .. ... ... .. ... 136
5.3 The Class of Scheduling Policies . . . . . . .. ... ... ... .... 139
5.4 Inherent Tradeoffs Among the Key Scheduling Parameters . . . . . . 142
5.4.1 Notations . . . . .. . ... Lo 142
5.4.2 Tradeoff I : Dy versus Ry and I, . . . . . . .. .. ... .... 143
5.4.3 Tradeoff IT : Multihop . . . . . . ... ... ... ... .... 145
5.4.4 Tradeoff III : Radio Resources . . . . . .. . ... ... .... 145
5.4.5 Tradeoff IV : Half Duplex . . . ... ... ... ... ..... 148
5.5 The Upper Bound on the Capacity-Delay Tradeoff . . . . . . . . . .. 148
5.6 An Achievable Lower Bound on the Capacity-Delay Tradeoff . . . . . 151
5.6.1 Choosing the Optimal Values of the Key Parameters . . . . . 152
5.6.2 Achievable Capacity with ©(n?) Delay . . . .. .. ... ... 154
5.6.3 The Effect of Queueing . . . . . . ... ... 160
5.6.4 Simulation Results . . . . . . ... ... ... ... ... .. 163
5.7 The Limiting Factors in Existing Schemes . . . . . . . ... ... .. 164

5.7.1 The Limiting Factor in the Scheme of Neely and Modiano . . 165
5.7.2  The Limiting Factor in the Scheme of Toumpis and Goldsmith 165



Page
5.8 The Random Way-point Mobility Model . . . . . . . ... ... ... 167
5.8.1 Upper Bound on the Capacity-Delay Tradeoff . . . . . .. .. 169
5.8.2  Optimal Values of the Key Scheduling Parameters . . . . . . . 172
5.8.3 The Capacity-Achieving Scheme . . . . . . . . ... ... ... 174
5.9 The Brownian Motion Mobility Model . . . . . . ... ... ... .. 174
5.9.1 Basic Properties of Brownian Motion on a Sphere . . . . . .. 176
5.9.2  The Degenerate Capacity-Delay Tradeoff . . . . . . .. .. .. 178
5.10 Conclusion and Future Work . . . . . . . .. ... .. ... ... ... 190
6 A LOOSE-COUPLING APPROACH TO CROSS-LAYER DESIGN IN
MULTIHOP WIRELESS NETWORKS . . . . . ... ... .. ... .... 195
6.1 Introduction . . . . . . . . ... 195
6.1.1 Cross-Layer Design in Wireless Networks . . . . . .. ... .. 196
6.2 Problem Formulation . . . . . ... ... ... ... ... ... ... 198
6.3 Cross-Layer Congestion Control with Perfect Scheduling . . . . . .. 202
6.4 The Impact of Imperfect Scheduling on Cross-Layered Congestion
Control: The Static Case . . . . . . . . .. .. .. ... ... .... 206
6.4.1 Dominance . . . . .. . ... 209
6.4.2 A Weak Fairness Property . . . . .. ... ... ... .. ... 211
6.4.3 Convergence . . . . . . . . . ..o 213
6.5 Stability Region of Cross-Layered Congestion Control with Imperfect
Scheduling . . . . . . . ... 217
6.5.1 The Main Idea of the Proof of Proposition 6.5.1 . . . . . . .. 220
6.5.2 The Node Exclusive Interference Model . . . . . . . . . . . .. 223
6.5.3 General Interference Models . . . . . . .. ... ... ... .. 224
6.6 A Fully Distributed Cross-Layered Rate Control and Scheduling Al-
gorithm . . . . . . . .. 226
6.7 Numerical Results. . . . . . . . ... ... 0 229
6.8 Conclusion . . . . . . . ... 233

7 SUMMARY . . . 236



ix

7.1 Summary of Contributions . . . . . . . . ... .. ... .. 236
7.1.1 Exploiting the Largeness of the System to Simplify Control . . 236
7.1.2  Designing Appropriate System Architecture to Simplify Control238

7.2 Suggestions for Future Research . . . . . .. ... . ... ... .... 238
7.2.1  Dynamics of TCP in Large-Capacity Networks . . . . . . . .. 239
7.2.2 Scaling Laws in Wireless Networks . . . . . .. .. ... ... 240
7.2.3 TCP for Wireless Networks . . . . .. ... ... ... .... 240
7.2.4 Combining Scaling Laws with Loose-Coupling . . . . . .. .. 241

LIST OF REFERENCES . . . . . . . .. ... . ... 242
APPENDICES . . . . . . . 252

Appendix A: Supporting Results for Chapter 2 . . . . . . . .. ... ... 252
A.1  Proof of Proposition 2.2.1 . . . . ... ... ... ... .... 252
A2 Proof of Lemma 2.2.1. . ... .. ... ... ... ... .. 256
A.3  Proof of Proposition 2.2.5 . . . . ... ... ... 258

Appendix B: Supporting Results for Chapter 3. . . . . . . . .. ... ... 261
B.1  Proof of Proposition 3.2.1 . . . . .. ... ... ... .. ... 261
B.2  An Efficient Algorithm for Solving the Local Subproblem (3.8) 265
B.3  Properties of the Stationary Point of Algorithm A . . . . .. 268

Appendix C: Supporting Results for Chapter 4. . . . . . . . ... ... .. 272
C.1  Proof of Lemma4.3.2 . .. ... ... ... ... ... ... 272
C.2  Proof of Proposition 4.3.2 for K =ccorl < K <oo ... .. 275
C.3  Proof of Proposition 4.4.1 . . . . .. ... ... .. ...... 282
C.4  The Transfer Function from N(¢) to Z(¢t) . . . . ... .. ... 284

Appendix D: Supporting Results for Chapter 5 . . . . . . . ... ... .. 287
D.1  Proof of Proposition 5.4.1 . . . . .. ... ... ... ..... 287
D.2  Proof of Proposition 5.4.3 . . . . ... ... ... ... ... 290
D.3  Proof of Lemma 5.6.1. . . . . . . ... ... ... .. ... 295

D.4  Proof of Proposition 5.6.1 . . . . . . ... ... ... ..... 296



Page

D.5  Proof of Proposition 5.7.1 . . . . .. ... ... .. ... ... 303
D.6  Proof of Proposition 5.7.2 . . . . ... ... ... 304
Appendix E: Supporting Results for Chapter 6 . . . . . . . . .. ... ... 306
E.1 Proof of Proposition 6.3.1 . . . . .. ... ... ... ..... 306
E.2  Proof of Proposition 6.3.2 . . . . .. ... ... ... ... 311
E.3  Proof of Proposition 6.4.1 . . . . .. ... ... ... ..... 313
E.4  Proof of Proposition 6.4.3 . . . . . . ... ... ... .. ... 314
E.5  Proof of Proposition 6.4.4 . . . . .. ... ... ... ... 318
E.6  Proof of Proposition 6.5.1 . . . . . . ... ... ... .. ... 319
E.7  Proof of Proposition 6.6.1 . . . . .. ... ... ... ..... 327



X1

LIST OF TABLES

Table Page
2.1 Traffic and price parameters of 4 classes . . . . . . . .. ... ... ... 27

2.2 Solution of the upper bound (2.2) when the capacity of Link 3 is 5 band-
width units. The upper bound is J,, = 1275 . . . . . . . . . . .. . ... 28

2.3 Solution of the upper bound when the capacity of Link 3 is 15 bandwidth
units. The upper bound is J,, = 1375 . . . . . . . . ... ... ... .. 29

2.4 Solution of the upper bound in the dynamic routing problem: when the
price-elasticity of class AB is Aap(u) =500(1 —w) . . . ... ... ... 43

5.1 The order of the optimal values of the parameters when the mean delay
is bounded by nd. . . . . ... 153

5.2 Restrictions on the parameters Ry, [, and h, may limit the capacity-delay
tradeoff . . . ..o 191



xii

LIST OF FIGURES

Figure Page
2.1 The network topology . . . . . .. ... 26
2.2 The static pricing policy compared with the upper bound: when the

2.3

24

3.1
3.2
3.3

3.4
3.5

3.6

3.7

3.8

capacity of link 3 is 5 bandwidth units. The dotted line is the upper
bound. . . ... 26

The static pricing policy compared with the upper bound: when the ser-
vice time distribution is Pareto and the capacity of link 3 is 5 bandwidth
UNIES. . . L 30

The dynamic routing problem: There are 3 classes of flows, AB, BC,
C'A. For each class, there are two alternate routes. For example, for class
AB, the direct one-link path is A — B, while the indirect two-link path

iISA—=C—B. . .. e 41
Our optimization based approach . . . . . . .. ... ... ... .. ... 58
Network topologies . . . . . . . . . . ... 79

Evolution of the implicit costs (top) and the routing probabilities of class
CA (bottom) with respect to the number of arrivals simulated. The unit
of x-axis is 1000 arrivals. The solution to the upper bound is the following;:
the implicit costs are 1.25, 1.25, and 2.5, respectively, for link AB, BC
and CA. The routing probability for class CA are 0.33 for the direct path
and 0.067 for the two-hop path. . . . . . . ... .. ... ... .. .. .. 80

Evolution of the implicit costs when the adaptive stepsize scheme is used. 81

Evolution of the average revenue when the adaptive stepsize scheme is
used. ..o 82

Evolution of the implicit costs (top) when the average inter-arrival time
of class CA changes according to a square wave (bottom). . . . . .. .. 83

Evolution of the implicit costs (top) when the average inter-arrival time
of class CA changes according to a triangle wave (bottom). . . . . . . . . 84

The revenue (top) and the blocking probability (bottom) of the dis-
tributed algorithm compared with the upper bound and WSP. . . . . . . 86



Xlil

Figure Page
3.9 The blocking probability as the link state update interval increases. The

unit on the x-axis is the mean inter-arrival time of flows at each node.

The arrival rate at each node is fixed at A = 6.0 flows per unit time. . . 89
3.10 The blocking probability versus the link state update interval (top) when

3.11

4.1

4.2

4.3

4.4

4.5

5.1

5.2

9.3

5.4

9.5
5.6
5.7

the average inter-arrival time at each node changes according to the tri-
angle wave (bottom). The unit on the x-axis of Figure (a) is the mean
inter-arrival time of flows at each node. The unit on the x-axis of Figure
(b) corresponds to 1000 total arrivals simulated. The average arrival rate
at each node is A = 8.0 flows per unit time. . . . . . . . ... ... ... 90

The blocking probability predicted by the upper bound compared with
that collected from the simulation of the distributed algorithm. The
arrival rate at each node is fixed at A = 6.0 flows per time unit. . . . . . 91

Network topologies . . . . . . . . . . . ... 121

Evolution of the implicit costs and the data rates when there is no mea-
surement noise. o = 0.1, B, =1.0. . . . . ... ... ... ... ... .. 123

Evolution of the implicit costs and the data rates when there is measure-
ment noise. o =0.003, 5; =0.1. . . . . . ... 123

Simulation of Algorithm A with measurement noise. Top: the implicit
costs. Bottom: the data rates. Note that the unit on the x-axis becomes
larger as we move from the first column to the third column. . . . . . . . 124

The frequency response ||H(jw)|l2 -« - - -« o o o o oo 127

Comparison of the achievable capacity-delay tradeoffs (ignoring the log-
arithmic terms). . . . . . . . ..o o o 135

Cells that are [2A + 6] /m apart (i.e., the shaded cells in the figure) can
be active together. . . . . . . ... 155

Transmission schedule in each time slot of the odd super-frame. g;(n) =

n%_d % 2
L(m) J .................................. 157

Transmission schedule in each time slot of the even super-frame. gs(n) =

1
L(n%)ﬂ? ................................. 158

Multi-hop transmissions within a receiving cell. . . . . .. .. .. .. .. 159
Mean queueing delay (in number of time slots) versus the number of nodes. 164

Delay exponent d versus d; and ds for the random way-point mobility



Figure

5.8 Delay exponent d versus d; and dj for the ¢.7.d. mobility model. . . . . .

5.9 The degenerate delay-capacity tradeoff under the Brownian motion model
(the solid line) compared with the “smooth” delay-capacity tradeoff un-
der the random way-point mobility model (the dashed line) reported in
Section 5.8. We have chosen 02 = 1/n and ignored all logarithmic terms
in the figure. . . . . . . ..

5.10 k, nodes at the origin . . . . . . . .. ... ... ...

5.11 There exists a constant fraction of packets that originate from nodes in
A and are destined tonodesin B. . . . . ... 000

5.12 How a typical packet p is delivered. . . . . . . . . .. ... ... .....
513 Therelay node rp . . . . . . . . . L

5.14 The delay-capacity tradeoffs under the Brownian motion model (the solid
line), the random way-point mobility model (the dashed line), and the
i.i.d. mobility model (the dash-dotted line). We have chosen v(n) =
1/y/n and o, = 1/y/n and ignored all logarithmic terms in the figure.

6.1 The optimal solution retains a certain degree of modularity with only a
loose coupling between the congestion control component and the schedul-
ing component via the queue length. . . . . . ... ... ... ...

6.2 The weak fairness property (left) and the set ®. (right). . ... ... ..
6.3 The direction of the update of the implicit costs . . . . . . . . ... ...
6.4 The network topology . . . . . . . ... oo o

6.5 The evolution of the data rates for all users with perfect scheduling (top)
and with imperfect scheduling (bottom, vy =0.5). . . . . ... ... ...

6.6 The average number of users in the system versus load. . . . . . . . . ..

6.7 The average number of users in the system versus load: the node-exclusive
interference model . . . . . .. ..o

X1v

170

. 193



XV

ABSTRACT

Lin, Xiaojun. Ph.D., Purdue University, August, 2005. Simplification of Network
Dynamics in Large Systems. Major Professor: Ness B. Shroff.

Controlling today’s communication networks is a challenging task due to the
tremendous growth both in terms of the network capacity and in the number of
elements (e.g., end-users, routers and hosts) that the network supports. As the
size of the network grows, the network dynamics also become increasingly complex.
Solutions that once work well for small networks may no longer be appropriate for
large-scale and high-bandwidth networks.

In this dissertation, we have taken two orthogonal approaches to simplify the
network dynamics in large communication systems. In the first approach, we seek
simplicity through exploiting the largeness of the network. We first study the pricing-
based control problem and the Quality-of-Service routing problem in large-capacity
wire-line networks. We show that simple static control policies can approach the per-
formance of the optimal (but complex) dynamic control policy when the capacity of
the system is large. We develop simple and distributed control algorithms based on
these static control policies. Our control solution can significantly reduce the com-
putation complexity and communication overhead without sacrificing the network
performance. We then turn to wireless networks and investigate the fundamental
tradeoff between the capacity and the delay in large mobile wireless networks. By
exploiting the largeness in the number of nodes in these networks, we obtain simple
scaling laws that determine the optimal achievable capacity given delay constraints.

In the second approach, we seek simplicity by designing an appropriate control
architecture such that complex interactions within the system can be structured into

layers that are only weakly dependent on each other through a judiciously chosen set
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of control parameters. In particular, we investigate the cross-layer congestion control
and scheduling problem in multi-hop wireless networks. We develop a loose-coupling
approach to this problem, where the cross-layer solution only requires a minimal
amount of interaction between the layers, and is robust to imperfect decisions at each
layer. This result allows us to use imperfect, but simpler and potentially distributed,
algorithms for cross-layer control of large wireless networks. We have successfully
developed such a fully distributed cross-layer control solution for certain interference

model.



1. INTRODUCTION

Today’s communication networks have seen tremendous growth both in terms of the
network capacity and in the number of elements (e.g., end-users, routers and hosts)
that the network supports. Fiber-optic links in the Internet backbone can now
operate at multi-Gigabits-per-second speeds, and can support thousands of users
simultaneously. For the wireless domain, it is expected that multihop wireless net-
works will consist of hundreds of nodes (e.g., sensor networks or mesh networks).
As the size of the networks continues to grow, it is becoming increasingly difficult
to efficiently control the network resources and to satisfy the diverse service require-
ments of the various users. Solutions that once worked well for small networks may
no longer be appropriate for large-scale and high-bandwidth networks. For example,
while the optimal control problem for a small system can be formulated and solved
via Dynamic Programming techniques for Markov Decision Processes (MDP) [1], it
is common wisdom that the complexity of such an approach will grow exponentially
as the size of the problem increases. Due to this “state explosion” problem, MDP
approaches are generally viewed as computationally infeasible for large systems.
Given the sheer size of these communication networks and the infeasibility of
traditional control solutions, there is a pressing need to carefully understand how to
design and control these large-scale systems effectively. In this dissertation, our main
objective is to understand how to model these large networks and to develop simple,
efficient and scalable control solutions. Towards this end, we adopt two orthogonal
approaches to simplify the network dynamics in large systems. In the first approach,
we show that while largeness is a source of complexity, it can also be exploited to
simplify network control. In the second approach, we show that simple and efficient

control solutions can also be obtained by carefully designing the control architecture,



such that complex interactions within the system can be structured into layers that
are only weakly dependent on each other through a judiciously chosen set of control

parameters. Next, we will give an overview of both of these two approaches.

1.1 Exploiting the Largeness of the System to Simplify Control

The idea that largeness can also become a source of simplicity is not new. In
fact, we use this idea frequently in our daily lives. Imagine that one needs to pack
several pieces of luggage into the trunk of a car before driving for a long trip. A
careful choice of the position and direction of each bag is often required to fill the
car trunk with the maximum number of bags. Note that the number of bags that
the car trunk can hold is usually not very large. Now imagine that the size of the
car trunk grows very large, while the size of each piece of luggage remains the same.
Then, compared with the huge car trunk, each piece of luggage looks like a sand
particle compared with a jar. The packing problem suddenly becomes equivalent to
filling a jar with sand. For the latter problem, we could simply pour the sand into
the jar, without worrying about how to optimally adjust the position and direction
of each sand particle. Our intuition tells us that even if an optimal positioning of
each sand particle exists, the additional gain would be minimal. As we have seen,
the largeness of the system has allowed us to use simple methods to easily achieve
acceptable performance.

To a certain extent, results such as the Law of Large Numbers and the Central
Limit Theorem, which all deal with aspects of largeness, have been the corner-stones
of probability theory and engineering science. In the past, largeness has also been
exploited extensively in network analysis. For example, in analyzing the buffer occu-
pancy distribution of a single queue, researchers have used Large Deviation theory
to obtain simple approximations when either the buffer length goes to infinity or
when the capacity of the queue, the demand, and the buffer length are all increased

proportionally to infinity (see [2-5] and the reference therein). A different approach



is to invoke the Central Limit Theorem and to approximate the aggregate traffic
arrivals of a large number of connections as Gaussian. Simple and accurate approx-
imations for the buffer overflow probability have been derived [6-9]. Although these
approximations are obtained under the assumption that the number of connections
is large, in practice they have been shown to be accurate even for moderate sys-
tems. Further, when one attempts to analyze the end-to-end Quality of Service for
a network of queues, it has been shown that the traffic of a particular flow remains
essentially unchanged when it traverses a node in which a large number of traffic
flows are multiplexed [10,11]. Hence, when the capacity of certain nodes is large,
as long as their utilization is less than one, they may be ignored from the analysis
and their “deletion” does not appreciably affect the overall accuracy of the analysis.
Thus a network of queues can be decomposed and analyzed in isolation, a much
simpler task than analyzing the entire network.

In this dissertation, we will focus on the network control problem, and we will
show in Chapters 2-5 how largeness can be exploited to simplify the control mech-
anism in large communication networks. Note that the control problem is different
from the analysis problem we just mentioned due to its closed-loop nature. Along
this line, we will investigate a number of networking problems in both wire-line and
wireless systems, including pricing-based network control, Quality-of-Service (QoS)

routing, and the capacity-delay tradeoff in mobile wireless networks.

1.1.1 Pricing-Based Network Control

We first focus on wire-line networks where the capacity of the network is typically
very large. To illustrate the type of simplicity that arises in large-capacity networks,
we model the network control problem as a pricing problem. The price affects the
users’ interest to join the network (e.g., the arrival rate of the user is a function of
the price). The network’s objective is to maximize some overall revenue or utility by

appropriately choosing the price. Such a framework has received significant interest



in the literature (e.g., see [12-16] and the references therein) wherein price provides a
good control signal because it carries monetary incentives. The network can then use
the current price of a resource as a feedback signal to coerce the users into modifying
their actions (e.g., changing the rate or route).

In order to maximize the performance of the system, a network provider can
choose between a dynamic pricing scheme and a static pricing scheme. A dynamic
pricing scheme is one where the network provider can charge different prices to the
user according to varying levels of congestion in the network. For example, the
network provider can charge a higher price when the network is more congested, and
charge a lower price (to attract new customers) when the network is less congested.
A dynamic pricing scheme can be made more efficient (and complex) by taking into
account the past history and the parameters of the individual user. For example, the
network can use the past history to predict future congestion levels up to a certain
time window, and use the prediction to make pricing decisions. Similarly, if the
network provider has prior information about the parameters of individual users (for
example, the duration that each user is going to stay in the network), it can charge
an appropriate price, favoring one type of user over the other.

Clearly, the more information a dynamic pricing scheme can depend on, the
higher the performance it can potentially achieve. However, this performance im-
provement comes at a cost. The optimal dynamic pricing scheme is usually very
difficult, if not impossible, to obtain. Under Markovian assumption, one may use
Dynamic Programming [1] to find the optimal pricing scheme. The complexity of
Dynamic Programming will grow exponentially as the size of the problem increases
(commonly referred to as the “curse of dimensionality”). Without Markovian as-
sumptions, there are few techniques to solve the optimal pricing scheme for large-size
problems.

A dynamic pricing scheme is also difficult to implement in practice. The dynamic
scheme requires information about each instantaneous state. This not only incurs

significant communication overhead (in order to collect each state information con-



tinuously), but also becomes infeasible due to the presense of network delay. When
the dynamics of the system evolve faster than network delay, the information that
a dynamic scheme could be based on is usually outdated. Hence the optimality of a
dynamic pricing scheme could be compromised.

Interestingly?, it turns out that when the capacity of the network is large, simple
static pricing schemes, where the price is constant or changes relatively slowly over
time, can asymptotically achieve the same revenue as the optimal dynamic pricing
scheme. Further, the near-optimal static price can be determined by solving a simple
non-linear programming problem that only depends on the average statistics of the
network. In Chapter 2, we will establish these types of results under general network
settings, first for a non-Markovian network with fixed topology and routing, then
in the case when the network supports dynamic routing, and also in the case where
the topology of the network becomes increasingly complex as its capacity grows. To
illustrate how well simple static pricing schemes can typically perform, consider the
following special case. Let the capacity of the network and the demand be scaled
proportionally by a factor of ¢, and let J*¢, J§ be the performance of the optimal
dynamic scheme and the appropriate static scheme, respectively, in the c-scaled
system. We will show in Chapter 2 that, as ¢ — oo,

Jee — J¢
lim ———

c—00 J*,C

~0. (1.1)

The above result suggests that we can use simple static schemes to control large
communication networks [18-20]. Note that these static schemes can be much easier
to compute and implement than dynamic schemes. These static schemes compute
prices based on the average levels of congestion in the network (and hence do not
require information about the current instantaneous levels of congestion). They have
lower computation and communication overhead, and are insensitive to network
delay. Hence, the above result indicates that significant simplicity in control can

indeed be achieved in large networks.

IFirst pointed out by Paschalidis and Tsitsiklis [17]



1.1.2 Distributed Algorithms and Quality-of-Service Routing

For large networks, it is also imperative that the control algorithms that are devel-
oped can be implemented on-line and in a distributive fashion. Although the result
we just stated indicates that some form of simple control suffices for large networks,
it still requires solving a global optimization problem in order to obtain the control
parameters (such as the static price). In Chapters 3 and 4, we will investigate how
to develop distributed control algorithms for practical networking problems based
on simple static controls. In particular, we will develop such distributed algorithms
for the Quality-of-Service (QoS) routing problem in high-capacity networks. We will
first show that simple proportional routing schemes (that are similar in spirit to the
static pricing schemes in Chapter 2) are asymptotically optimal when the capac-
ity of the network is large. We will then develop a fully-distributed algorithm for
computing the parameters of the proportional routing scheme, rigorously establish
the convergence of the algorithm to the optimal control parameters, and provide
guidelines on how to choose the parameters of the algorithm to ensure efficient con-
trol. As a result, our proposed algorithm can not only achieve near-optimal routing
performance, but also substantially alleviate the computation and communication
overhead of QoS routing without sacrificing the performance [21]. Finally, this class
of algorithms can not only be used for QoS routing, but can also be applied to a
number of other networking problems, including network pricing and multi-path flow

control [22].

1.1.3 Capacity-Delay Tradeoff in Large Mobile Wireless Networks

In the first two parts of the dissertation (i.e., Chapters 2-4), we have focused on
largeness in terms of the network capacity. This type of largeness is typical in wire-
line networks. In the third part of the dissertation, we turn to simplicity in large
wireless networks. However, the capacity of a wireless network is typically not very

large. Hence, the approaches in Chapters 2 and 3 do not directly apply. Instead, we



can exploit other dimensions of largeness. Note, that in wireless ad hoc and sensor
networks, the number of nodes can be quite large. In Chapter 5, we will study how
this type of largeness can also lead to simple and critical insights in control. In
particular, we will exploit this type of largeness to obtain simple relationships that
characterize the fundamental tradeoff between the capacity and the delay in large
mobile wireless networks. Note that although it is well known that mobility can im-
prove network capacity [23], the questions that we attempt to answer in Chapter 5
are: What is the maximum capacity under a given delay constraint, and how can
we design control solutions to achieve this maximum capacity. Finding the exact
relationship for this tradeoff is difficult due to the complex interactions within the
system. However, much simpler asymptotic relationships can be obtained in the
asymptotic limit when the number of nodes is large. Although these asymptotic re-
lationships are in the form of scaling laws (e.g., ©(1/4/n)) and they are only accurate
up to the order, they still provide critical insights regarding the inherent performance
limits of the system, and how to achieve the optimal performance. In Chapter 5, we
will develop a systematic methodology both for finding the optimal capacity-delay
tradeoff and for designing the capacity-achieving scheme. Our methodology can be
applied to a number of mobility models, such as the i.i..d. mobility model, the ran-
dom way-point mobility model, and the Brownian motion mobility model [24-27].
In each case, we have identified the limitations of existing works, obtained sharper
results under more general settings, and provided new insights on the fundamental
capacity-delay tradeoffs. In particular, under the 7.i.d. mobility model, our study
allows us to develop a scheme that can exploit mobility and achieve a provably larger
per-node capacity than that of the static networks even with delay that does not grow
with the number of nodes. This is the first such result of its kind in the literature.
Our methodology can also be extended to incorporate additional scheduling con-
straints in the system, and be used to find optimal scheduling schemes in a variety

of network settings.



1.2 Designing Appropriate System Architecture to Simplify Control

In Chapters 2-5, we show how one can obtain simple and efficient control solutions
for large networks by exploiting the largeness of the system. The accuracy of such
an approach varies according to the particular problem. For example, for wire-line
networks where the capacity is large, we can obtain simple control solutions that are
asymptotically exact in the sense that the gap between the simple solution and the
optimal solution goes to zero as the scale of the system increases to infinity (see (1.1)).
However, for wireless networks where the number of nodes is large, our approach
that exploits largeness only allows us to obtain results that are order-accurate (e.g.,
O(1/n) versus ©(1/n?), see Chapter 5). Due to the scarcity of network resources in
wireless systems, the constants before the order terms are often important in many
scenarios (e.g., 1/n versus 10/n). Thus, other approaches are required. In the fourth
part of the dissertation, we will demonstrate that simplification of network control
can also be obtained through appropriately designing the control architecture.

Traditionally, communication networks have been engineered according to the
layered architecture [28]. The functionality of the network is divided into layers.
For example, the OSI reference model has seven layers: the physical layer, the data
link layer, the network layer, the transport layer, the session layer, the presentation
layer, and the application layer. The layering concept essentially treats each layer as
a black boz: the higher layer only needs to know the interface to the lower layer, but
not the details of how the interface is implemented. Clearly, the layered architecture
provides modularity, which contributes to simplicity and scalability of the entire
system. Thus, the layered architecture has been a key contributing factor to the
success of many network systems, including the Internet.

While such a layered approach has been very successful for wire-line networks,
it has turned out to be increasingly inadequate for wireless networks. In wireless
networks, there exists a natural coupling between different layers. For example, the

choice of the transmission scheme at the physical and MAC layer will affect the



capacity of each link, which in turn will affect the congestion control decision at the
transport layer. Due to such coupling, it has become increasingly clear that merely
optimizing within layers is insufficient to obtain the orders-of-magnitude performance
gains necessary to fuel major growth in next-generation wireless services. To achieve
these performance gains, it is imperative that network protocols and designs are
engineered by optimizing across the layers (cross-layer design). The idea is that
by jointly optimizing the control over two or more layers, cross-layer solutions can
yield significantly improved performance by exploiting the tight coupling between
the layers.

However, the Achilles heel of cross-layer design is its potential to destroy mod-
ularity. In cross-layer solutions, although the performance of the system can be
optimized, the tight interaction between the layers could make the overall system
highly sensitive to changes in each layer. Thus, there is a fundamental tradeoff be-
tween efficiency and modularity that needs to be carefully taken into account in any
cross-layer solution.

In Chapter 6, we propose a loose-coupling approach to cross-layer design in wire-
less networks. By loose-coupling, we mean that the cross-layer solution should only
require a minimal amount of interaction across layers and should be robust to im-
perfect information or imperfect actions taken at various layers. In other words, the
complex cross-layer interactions in the system will then be structured into layers that
are only weakly dependent on each other through a judiciously chosen set of control
parameters. Clearly, such a loose-coupling approach allows us to have both efficiency
and modularity. In Chapter 6, we will demonstrate how such a loose-coupling solu-
tion can be obtained for the cross-layer congestion control and scheduling problem
in multihop wireless networks. We will formulate in Chapter 6 a cross-layer con-
trol problem that jointly allocates the end-to-end data rate to each user (i.e., the
congestion-control problem) and computes the schedule and power/rate assignment
for each link (which we will referred to as the scheduling problem). We will show

that, in the optimal solution, the congestion-control component and the scheduling
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component can be decomposed: they both act independently on the queue lengths
of the system. The two components are then coupled by the update of the queue
length at each link. Further, if one replaces the scheduling component by an imper-
fect scheduling policy that only computes suboptimal schedules at each time, we can
still quantify the impact on the overall system performance fairly easily for a large
class of imperfect scheduling policies. Our cross-layer solution results in provably
better performance than a layered approach, even when imperfect scheduling is used.
These results provide us with a framework to design simple and efficient cross-
layer control solutions for multihop wireless networks [29,30]. One may even be able
to develop fully distributed cross-layer solutions that can be implemented in large
networks. In fact, we have successfully developed such a fully distributed cross-layer
congestion control and scheduling algorithm under a particular interference model.
The rest of the dissertation is organized as follows: In Chapter 2, we study the
pricing problems and derive asymptotic optimality of static pricing schemes when
the capacity of the system is large. In Chapter 3, we turn our attention to the
problems of Quality of Service routing, and study how static scheme can reduce the
computation and communication costs inherent in many QoS routing problems. We
will present here a distributed algorithm that can be used to derive the parameters of
the static scheme in an adaptive fashion based on on-line measurements. We study
the convergence properties of this algorithm in Chapter 4. In Chapter 5, we study a
different type of largeness, i.e., when the number of nodes in the system is large, and
we establish the fundamental capacity-delay tradeoff of mobile wireless networks. In
Chapter 6, we turn to simplicity that can be obtained from appropriately designing
the control architecture, and we propose a loose-coupling approach to cross-layer

design in multihop wireless networks. We then conclude in Chapter 7.
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2. SIMPLIFICATION OF PRICING-BASED CONTROL
IN LARGE NETWORKS

2.1 Introduction

In this chapter, we study the simplification of pricing-based control in large-
capacity networks. We use pricing as the network control mechanism for achieving
certain performance objectives, and the performance objectives can be modeled by
some revenue- or utility-functions. Such a framework has received significant interest
in the literature (e.g., see [12-16] and the references therein). Prices are good control
signals because they are simple and effective. Prices carry clear monetary incentives
that users can easily appreciate. The network can use the current price of a resource
as a feedback signal to coerce the users into modifying their actions (e.g., changing
the rate or route). Through utility functions, we can model the cost-sensitivity
of a variety of users, some of which are more cost-conscious than others. Prices
also provide clear incentive for the network (i.e., service provider) to optimize its
efficiency. Finally, in a real system “prices” do not have to represent real money.
A generic control signal where all users agree upon can also take the place of the

7

“price.” Hence, our results in this chapter can be generalized to those scenarios as
well.

In [17], Paschalidis and Tsitsiklis have shown that when the number of users
and the network capacity become very large, the performance (in terms of expected
revenue or welfare) of an appropriately chosen static pricing scheme approaches
the performance of the optimal dynamic pricing scheme. This elegant result is an

example of the type of simplicity that one can obtain when the system becomes large.

Note that a dynamic pricing scheme is one where the network provider can charge
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different prices to the user according to varying levels of congestion in the network,
while a static pricing scheme is one where the price only depends on the average levels
of congestion in the network (and is hence invariant to the instantaneous levels of
congestion). Static schemes are usually much easier to compute and implement than
dynamic schemes. The result in [17] is obtained under the assumption of Poisson
flow arrivals, exponential flow holding times, and a single resource (single link). In
this chapter, we will show that simple static network control can also approach the
optimal dynamic network control under more general assumptions and a variety of

other network problems.

2.1.1 Summary of Contributions

For simplicity of exposition, we structure this chapter as follows. In Section 2.2,
we extend the result of [17] from the single-link case to a general loss network with
arbitrary holding time distributions!. Our technical contributions are three-fold:

1) We generalize the results of [17] and [31] to non-exponential holding time
distributions. Note that while the assumption of Poisson arrivals for flows in the
network is usually considered reasonable, the assumption of exponential holding
time distribution is not. For example, much of the traffic generated on the Internet
is expected to occur from large file transfers which do not conform to exponential
modeling. By weakening the exponential holding time assumption we can extend
our results to more realistic systems. We show that a static pricing scheme is still
asymptotically optimal, and that the correct static price depends on the holding time
distribution only through its mean. A nice observation that stems from this result
is that under certain conditions, the static price depends only on the price-elasticity

of the user, and not on the specific route or distance. This indicates, for example,

ndependently of our work that was first reported in [18], Paschalidis and Liu have also extended
the work in [17] from a single-link case to a network case [31]. However, their result still uses the
exponential holding-time assumption.
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that the flat pricing scheme used in the domestic long distance telephone service in
the U.S. may be an economically good pricing mechanism.

2) We also investigate whether more sophisticated schemes can improve network
performance (e.g., schemes that have prior knowledge of the duration of individual
flows, schemes that predict future congestion levels, etc.). We find that the perfor-
mance gains using such schemes become increasingly marginal as the system size
grows.

3) We study two types of scaling to model large networks. We study the original
scaling in [17] and [31], which requires that the number of users between each source-
destination pair is scaled proportionally with the capacity of the network. We also
study a more general type of scaling that is suitable even when the capacity of the
network is large but when the number of users between each source-destination pair
is small. Our new scaling is more appropriate for modeling certain Internet scenarios
where the topology is complex and the routing is diverse. We show that appropriate
static schemes are asymptotically optimal under both scaling models.

We then weaken the assumption on fixed routing and study a dynamic routing
model in Section 2.3 where flows can choose among several alternative routes based
on the current network congestion level. We show that our invariance type of result
still holds in this more general model, i.e., when the system is large, there still exists
a static pricing scheme whose performance can approach that of the optimal dynamic
scheme. We can also weaken the assumption on fixed bandwidth requirement and
allow flows to change their rate based on the current price. We investigate this
problem in Section 2.4.

In networks of today and in the future, the capacity will be very large, and the
network will be able to support a large number of users. The work reported in this
chapter demonstrates under general assumptions and different network problem set-
tings that, when a network is large, significant simplicity can be exploited for pricing
based network control. Our result also shows the importance of the average network

condition when the system is large, since the parameters of the static schemes are
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determined by average conditions rather than instantaneous conditions. These re-
sults will help us develop more efficient and realistic algorithms for controlling large

networks.

2.1.2 Related Works

Our work is also related to the work in [32,33], and the references therein. How-
ever, in their work, the price is set a priori, and the focus is on how to admit and
route each flow. Our work (as well as [17,31]) explicitly models the users’ price-
elasticity, and considers the problem of how to set the price. The impact of large
systems has also been studied for flow control problems in [34-36], however, these

works focus on the single-link case with a fixed number of flows.

2.1.3 Additional Comments

Before we proceed with the details of our results, we would like to comment
on what “average network conditions” and “static schemes” mean in real networks.
In practice, over a long enough period of time, the network condition is usually
non-stationary, and even the average network statistics could vary. Hence, in real
networks, when we say a “static scheme”, it does not necessarily mean that the
price is fixed over the entire time. Rather, the “static scheme” should be interpreted
as prices being static over the time period for which the network statistics do not
change (which is typically still fairly long in real networks) and the average network
condition should be interpreted as the average over such a time period. Over longer
time scales, the prices should still adapt to the changes in the dominant network

condition, although relatively slowly.
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2.2 Pricing in a General Multi-class Loss Network
2.2.1 Model

The basic model that we consider in this section is that of a multi-class loss
network with Poisson arrivals and arbitrary service time distributions. There are L
links in the network. Each link [ € {1, ..., L} has capacity R'. There are I classes of
users. We assume that flows generated by users from each class have a fixed route
through the network. The routes are characterized by a matrix {Cl,i =1,..., 1,1 =
1,...,L}, where C! = 1 if the route of class i traverses link [, and C! = 0 otherwise.
Let 7 = {nq,na,...,nr} denote the state of the system, where n; is the number of
flows of class ¢ currently in the network. We assume that each flow of class ¢ requires
a fixed amount of bandwidth r;. The fixed routing and fixed bandwidth assumption
will be weakened in Sections 2.3 and 2.4, respectively.

Flows of class ¢ arrive to the network according to a Poisson process with rate
Ai(u;). The rate \;(u;) is a function of the price u; charged to users of class i. Here
u; is defined as the price per unit time of connection. Therefore \;(u;) can be viewed
as the “demand function” and it represents the price-elasticity of class i. We assume
that for each class i, there is a “maximal price” Umax; such that \;(u;) = 0 when
U; > Umax;- Therefore by setting a high enough price u; the network can prevent
users of class ¢ from entering the network. We also assume that \;(u;) is a continuous
and strictly decreasing function for u; € (0, Umax ;). Once admitted, a flow of class i
will hold r; amount of resource in the network and pay a cost of u; per unit time,
until it completes service, where wu; is the price set by the network at the time of

2

the flow arrival. The service times® are i.i.d. with mean 1/u;. The service time

distribution is general?.

2We use the notions of service time and holding time interchangeably.

3By assuming that the demand function \;(u;), the mean holding time 1/y; and the capacity R' are
fixed, we have assumed that the network condition is stationary. We will comment in Section 2.2.7
how the results in this chapter should be interpreted when this assumption does not hold.
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The bandwidth requirement determines the set of feasible states Q = {7 :

I
niriC’Z-l < R' VI}. A flow will be blocked if the system becomes infeasible af-
=1

(2
ter accommodating it. Other than this feasibility constraint, the network provider

can charge a different price to each flow, and by doing so, the network provider
strives to maximize the revenue collected from the users. The way in which price is
determined can range from the simplest static pricing schemes to more complicated
dynamic pricing schemes. In a dynamic pricing scheme, the price at time t can
depend on many factors at the moment ¢, such as the current congestion level of
the network, etc. On the other hand, in a static pricing scheme, the price is fixed
over all time ¢, and does not depend on these factors. Intuitively, the more factors a
pricing scheme can be based on, the more information it can exploit, and hence the
higher the performance (i.e., revenue) it can achieve.

The dynamic pricing scheme that we study n this section is more sophisticated
than the one in [17]. Firstly, we allow the network provider to exploit the knowledge
of the immediate past history of states up to length d. Note that when the exponen-
tial holding time assumption is removed, the system is no longer Markovian. There
will typically be correlations between the past and the future given the current state.
In order to achieve a higher revenue, the network provider can potentially exploit
this correlation, i.e., it can use the past to predict the future, and use such prediction
to determine price.

Secondly, we allow the network provider to exploit prior knowledge of the param-
eters of the incoming flows. In particular, the network provider knows the holding
time of the incoming flows, and can charge a different price accordingly. In order to
achieve a higher revenue, the network provider can thus use pricing to control the
composition of flows entering the network, for example, short flows may be favored
under certain network conditions, while long flows are favored under others. We
assume that the price-elasticity of flows is independent of their holding times.

For convenience of exposition, we restrict ourselves to the case when the range

of the service time can be partitioned into a collection of disjoint segments, and the
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price is the same for flows that are from the same class and whose service times fall
into the same segment. Specifically, let {ax, k = 1,2, ...} be an increasing sequence
of positive numbers that approach +o0o as k — +00. Let ag = 0. The service time
of a flow is a non-negative real number and hence must fall into one of the segments
lag_1,a),k = 1,2,.... We assume that at any time ¢, for all flows of class i whose
service times 7; fall into segment [ax_1, ax), we charge the same price u;(t), i.e., we
do not care about the exact value of T; as long as T; € [ag_1, ax).

The dynamic pricing scheme can thus be written as

wi(t, ;) = u(t) = gi(1i(s),s € [t —d,t]), (2.1)

for T; € [ag_1,ax),

where 7i(s),s € [t — d,t] reflects the immediate past history of length d, T} is the
holding time of the incoming flow of class i, and g¢;;, are functions from Q%% to
the set of real numbers R. By incorporating the past history in the functions g;., we
can study the effect of prediction on the performance of the dynamic pricing scheme
without specifying the details of how to predict. Let § = {gix,i = 1,...., [,k =1,2,...}.

The system under such a dynamic pricing scheme can be shown to be stationary
and ergodic under very general conditions. One such condition is stated in the

following proposition. Readers can refer to Appendix A.1 for the proof.

Proposition 2.2.1 Assume that for all classes i, the arrival rates \;(u) are bounded
from above by some constant \og. Further, for each class i, the holding times are
i.i.d. with finite mean and independent of the holding times of other classes. If the
price is only dependent on the current state of the system, and/or a finite amount
of past history (i.e., prediction based on past history), and/or the holding times
of the incoming flows, then the stochastic process 7i(t) (i.e. the system state) is

asymptotically stationary as t — oo and the stationary version is ergodic.

We are now ready to define the performance objective function. For each class 1,

let ﬂk be the mean service time for flows of class ¢ whose service time T; falls into
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segment [ay_1,ay), i.e., Ty = E{T;|T; € [ar_1,ax)}. The expectation is taken with
respect to the service time distribution of class i. Let p;, = P{T; € [ax_1, ax)} be the
probability that the service time T; of an incoming flow of class ¢ falls into segment
lag_1,ar). We can decompose the original arrivals of each class into a spectrum
of substreams. Substream k of class i has service time in [ax_1,ax). Its arrival is
thus Poisson with rate \;(u)pi, since we assume that the price-elasticity of flows is
independent of T;.

For any dynamic pricing scheme ¢, the expected revenue achieved per unit time

is given by
Iy ~
lim ~E / Z i (Wi (0) ) wi (8) Tirepie dit
(oo =1 0 k=1
I (%) .
- Z Z E [)‘Z(Uzk(t))uzk(t)ﬂkpm] :
i=1 k=1

where the expectation is taken with respect to the steady state distribution. The
limit on the left hand side as the time ( — oo exists and equals to the right hand side
due to stationarity and ergodicity. Note that the right hand side is independent of
t (from stationarity). The performance of the optimal dynamic policy is thus given

by:

= maxz Z E [ i (8) i () T |-

=1 k=1

Finally, we construct the performance objective for static pricing schemes. In a
static pricing scheme, the price for each class is fixed, i.e., it does not depend on the
current state of the network, nor does it depend on the individual holding time of
the flow. Let u; be the static price for class i. Let @ = [uy,...,u;]. Under this static

pricing scheme , the expected revenue per unit time is:

Jo = Z )\z(uz)uzi(l — Piossi[t]),
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where Py, ;[1] is the blocking probability for class i. Therefore the performance of
the optimal static policy is

I
1
J, & mgxz Ai(wi)u;— (1 — Poss s[U]).
M.

i=1 '

When the exponential holding time assumption is removed, we can no longer use
the Dynamic Programming approach as in [17] to find the optimal dynamic pricing
scheme. We will instead study the behavior of the optimal dynamic pricing scheme
by bounding its performance. These bounds will then help us establish the main
result that, when the network is large, an appropriately chosen static pricing scheme
can achieve almost the same performance as that of the optimal dynamic scheme.
By definition, the performance of any static pricing scheme becomes a lower bound
for the performance of the optimal dynamic pricing scheme. An upper bound is

presented next.

2.2.2 An Upper Bound

The upper bound is of a similar form to that in [17]. Let Apaxi = Ai(0) be
the maximal value of \;. For convenience, we write u; as a function of \;. Let
F,(A\i) = Nui(N), Ai € [0, Amaxs]. Further, let J, be the optimal value of the

following nonlinear programming problem:

1
max ZE(Ai)M— (2.2)

Niyi=1,...,1 i
=1
Y
subject to E —lriC’f < R for all l,
)
i=1

where 1/p;, r; are the mean holding time and the bandwidth requirement, respec-

tively, for flows from class i, C! is the routing matrix and R' is the capacity of

link /.

Proposition 2.2.2 If the function F; is concave in (0, Apaxi) for all i, then J* <
Jub-
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Proof Consider an optimal dynamic pricing policy. Let n;(t) be the number of
flows of substream k of class ¢ in the system at time ¢, hence n;(t) = > nu(t). Let

ik (t) = Ni(u(t)). From Little’s Law, we have

E[ni(t)] = E\a(t)pir] Tir-

The expectation is taken with respect to the steady state distribution.

Now let

kZ E[N\i.(t)pin Tk
A= .

)

Z pikfik
k=1

Note that pinTi = 1/, therefore
k=1

% = Z E\i(O)]piTir = Z E[n ()] = E[ni(1)].

k=1
I
At any time ¢, Y n;(t)r;C! < R' for all . Therefore
i=1

T\
Z “LrCt < R for all [ .

i=1

Since the functions F; are concave, using Jensen’s inequality, we have,

I
1

> ZZF< )szTzk
i=1 k=1

> ZZE[Z )T = T
=1 k=1

The upper bound (2.2) has a simple and intuitive form. Its objective function can
be viewed as an approximation of the average revenue without taking into account

blocking, while the constraints simply keep the load at all links to be no greater than 1
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(where the load at a link [ is defined by % Zé %r,C’f) The maximizer [Ay, ..., Af] of the
upper bound (2.2) also induces a set of optimal prices u¥® = u;(\;). It is interesting
to note that although the dynamic pricing scheme can use prediction and exploit
prior knowledge of the parameters of the incoming flows, the upper bound (2.2) and
its induced optimal prices are indifferent to these additional mechanisms.

Remark: The concavity assumption on Fj is essential in the proof of the upper
bound and the result that follows. A linear \;(u;), as used in many applications,
guarantees that Fj is concave. If F; is not concave, some sort of “convexification”
procedure needs to be invoked. Readers can refer to [17] for discussions on the

implications of non-concave Fj.

2.2.3 Asymptotic Optimality of the Static Scheme

In this chapter, we are interested in studying large systems, i.e., when the capacity
and the number of users in the network are large. We will show that, as the network
grows large, the relative difference between the revenue of the optimal dynamic
scheme, the revenue of the optimal static scheme, and the upper bound, will approach
zero. We first study the following scaling (S1), which is also used in [17], for modeling
large systems. A different scaling will be studied in Section 2.2.6.

(S1) Let ¢ > 1 be a scaling factor. We consider a series of systems scaled by c.
All systems have the same topology. The scaled system has capacity R = cR! at
each link 1, and the arrival rate of each class i is X§(u) = c\j(u). Let J*¢, J¢ and

© be the optimal dynamic revenue, optimal static revenue, and the upper bound,
respectively, for the c-scaled system.

We are interested in the performance difference of the dynamic pricing schemes
and the static pricing schemes when ¢ T oo. We first note that, under the scal-
ing (S1), the normalized upper bound }]{jb/c is a constant independent of ¢, be-

cause JS, is obtained by maximizing » cA;u;(N\;)/pi, subject to the constraints
i=1
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1

ST eAiriCt/p; < cRY for all I Therefore the optimal price induced by the upper
i=1
bound is also independent of c.

c
loss,i

Fix a set of static prices u. Let P [t] denote the blocking probability of class

i in the c-scaled system. The following lemma illustrates the behavior of P§ __.[i]

loss,i

as ¢ — oo under the scaling (S1). Recall that the load at a link [ is defined by

Lemma 2.2.1 Let \; be the arrival rate of flows from class i at a given set of
static prices w. Under the assumptions of Poisson arrivals and general holding time
distributions, if the load at each resource is less than or equal to 1, i.e.,

I )\
> =< R for all l,
lj/A

i=1 "
then under scaling (S1), as ¢ — oo, the blocking probability P§, . .[u] of each class

loss,i
@) = O(%)

Further, when the load at all links that class i traverses is strictly less than 1, the

i goes to 0, and the speed of convergence is at least 1/\/c, i.e., P§

loss,i

speed of convergence is exponential, i.e.,

1
lim sup — log P} . ;[t] < max inf Aj(w) < 0,
c

oo loss,i l:Cﬁ:l w>0
where
I A
A(w) =D (e — 1)C) — wR, (2.3)
j=1 17

The proof of this lemma can be found in Appendix A.2. We now use this lemma

to show the following main result:

Proposition 2.2.3 If the function F; is concave in (0, Amaxi) for all i, then under
the scaling (S1),

1 1 1
lim —J5 = lim —J"° = lim -J, = Ju.

c—o0 C c—0 C c—o0 C

Instead of proving Proposition 2.2.3, we will prove the following stronger result

that the static prices induced by the upper bound are in fact asymptotically optimal.



23

Proposition 2.2.4 Let @* = [u%®, ..., u%] denote the set of static prices induced by
the upper bound, i.e., let u® = u;(\;) for alli, where [N;,i = 1, ..., I] is the mazimizer
of the upper bound (2.2). Let jsc be the revenue for the c-scaled system under this
static price. If the function F; is concave in (0, Amax;) for alli, then under the scaling

(51),
. 1= .1
lim —J§ = lim —J;, = Ju.

c—o0 C c—o0 C

Proof Since jsc < Jg < J < JS = ¢Jw, in order to prove the above two proposi-

tions, we only need to show that lim J¢/c = Jy.

C—00

For every static price 4 = [ug, ...u | falling into the constraint of J,, i.e.,

NOTAT NG
E MSCRZ for all [, (2.4)
; i

1=1

let J§ denote the revenue under this static price. Since (2.4) guarantees that the

Cc

¢ ill] — 0, as ¢ — oo. Therefore

condition of Lemma 2.2.1 is met, we have P

C

J ! 1
lim 0 = lim )\z (uz)uz - (1 - ?oss ’LI:/E[:I)
e Z 7 ’
=1

c—oo C i

1

= Z)\Z(uz)uzi (2.5)

i=1 ‘
If we take the static price u*® induced by the upper bound as our static price,
then inequality (2.4) is satisfied. By definition, .J¢ = J¢, and the right hand side of
(2.5) is exactly the upper bound. Therefore,

: S
lim —= = J,
c—o0 C

and Propositions 2.2.3 and 2.2.4 then follow. [ |

Propositions 2.2.2 and 2.2.3 are parallel to Theorems 6 and 7, respectively, in [17].
In [17], they are shown under the assumption of a single link and exponential holding
time distribution. Propositions 2.2.2 and 2.2.3 tell us that extending the results

of [17] from a single link to a network of links and from exponential holding time
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distributions to arbitrary holding time distributions does not change the invariance
result. In other words, there still exist static pricing schemes whose performance
can approach that of the optimal dynamic pricing scheme when the system is large.
Further, even though the dynamic pricing scheme can use prediction and exploit
prior knowledge of the parameters of the incoming flows, the upper bound (2.2)
turns out to be indifferent to these additional mechanisms. Therefore, these extra
mechanisms only have a minimal effect on the long term revenue when the system
is large.
To see how fast the gap between the performance of the optimal dynamic scheme

and that of the static schemes diminishes to zero as ¢ — oo, note that

T = Jg T = J5(@)

Jee = T
20 Niuf)ug® P[]

y i oy lossyi
= < maxP¢ __ [@"].
i

1 loss,i
1
i:Zl A (ug®)u® -

Therefore, the speed of convergence of Propositions 2.2.3 and 2.2.4 can be determined
by the Py, ;[d"] that has the slowest speed of convergence to zero. If at the price
u® induced by the upper bound, the load of all links is strictly less than 1, then the
convergence of Propositions 2.2.3 and 2.2.4 is exponential:

1 —
lim sup — log = < max inf Aj(w) < 0.
c

00 J*e I w>0

On the other hand, if at the price u*® the load of some links is equal to 1, then the
convergence is 1/4/c, i.e.,
Jre—Jge 1

Toe O(%)-

Our result is different from that of [17] and [31] in the following aspects: Firstly,
we remove the assumption on the exponential holding time distributions. Secondly,
we characterize two different regions for the speed with which the performance of
the optimal static scheme approaches that of the optimal dynamic scheme. When

the load on some links is equal to 1, the convergence is 1/1/c. When the load of all
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links is strictly less than 1, the convergence is exponential. In [17] and [31], only the
latter region is characterized.

Thirdly, and more importantly, we show in Proposition 2.2.4 that the static price
induced by the upper bound is by itself asymptotically optimal. Hence, this result
permits us to use the price induced by the upper bound directly in the static schemes.
In [17] and [31], although the authors show the asymptotic optimality of the optimal
static scheme, it is not clear whether the price induced by the upper bound can serve
as a viable alternative, because with this price the load at some links could be equal

to 1, and the convergence in this region is not characterized in their work.

2.2.4 Distance Neutral Pricing

When prices are congestion-dependent, two classes that traverse different routes
will typically be charged different prices, even if they have the same price-elasticity
function. A class that traverses a longer distance, or one that traverses a more
congested route, will likely be charged a higher price.

However, if the following condition is satisfied, this distance-dependence can be
eliminated when we adopt an asymptotically optimal static pricing scheme: We say
a network has no significant constraint of resources if the unconstrained maximizer
of i F;()\;) satisfies the constraint in (2.2). If there is no significant constraint of
reslo:ulrces, there exists an asymptotically optimal static scheme whose prices depend
only on the price-elasticity of each class, and are independent of their routes. To see
this, we go back to the formulation of the upper bound (2.2). If the unconstrained
maximizer of ZI: F;()\;) satisfies the constraint, then it is also the maximizer of the
constrained p;gll)lem. In this case, if we use the prices induced by the upper bound
as the asymptotically optimal static prices, the static prices will depend only on the
function Fj, which represents the price-elasticity of the users.

This result suggests that the use of flat pricing, as in inter-state long distance

telephone service in the United States, can also be economically near-optimal under



26

Fig. 2.1. The network topology

130

125
120
115

Jo/c
110
105

100

95

1 10 100 1000
c: scaling

Fig. 2.2. The static pricing policy compared with the upper bound:
when the capacity of link 3 is 5 bandwidth units. The dotted line is
the upper bound.

appropriate conditions. Assuming that there is no significant constraint of resources
in the domestic telephone network in the U.S., and all consumers have the same
price-elasticity, then our result indicates that a flat (i.e., independent of both time
and distance) pricing scheme will suffice, given that the capacity of the network is

very large.
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Table 2.1
Traffic and price parameters of 4 classes
Class 1 | Class 2 | Class 3 | Class 4
Amax,i 0.01 0.01 0.02 0.01
Unmax,i 10 10 20 20
Service Rate p; | 0.002 0.001 0.002 0.001
Bandwidth r; 2 1 1 2

2.2.5 Numerical Results

We report a few numerical results here. Consider the network in Fig. 2.1. There
are 4 classes of flows. Their routes are shown in the figure. Their arrivals are Poisson.

The function \;(u) for each class i is of the form

+
)\z(u) = |:)‘max,i (]— - “ ):| 5
umax,i

e, Ai(0) = Amaxi and A;(Umax;) = 0 for some constants Apax; and Umayx;. The

price-elasticity is then

A (u) 1/ Umax.i
-V = : for 0 < u < Umax,-
Ni(w) 1= u/umaxi or U Umax,

The function F; is thus

Ai

>\max,i

F(\) = M(1 -

)umax,iv

which is concave in (0, Apaxi). The holding time is exponential with mean 1/u;.
The parameters Apax i, Umax,i, Service rate p;, and bandwidth requirement r; for each
class are given in Table 2.1.

We first consider a base system where the capacity of the five links are 10, 10,
5, 15, and 15 bandwidth units, respectively. The solution of the upper bound (2.2)
is shown in Table 2.2. The upper bound is J,;, = 127.5. We then use simulations

to verify how tight this upper bound is and how close the performance of the static



Table 2.2
Solution of the upper bound (2.2) when the capacity of Link 3 is 5
bandwidth units. The upper bound is J,;, = 127.5

Class 1 | Class 2 | Class 3 | Class 4
u; 9.00 5.00 12.00 10.00
Ai(u;) | 0.00100 | 0.00500 | 0.00800 | 0.00500
Ni(ug) /s | 0.500 5.00 4.00 5.00
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Table 2.3
Solution of the upper bound when the capacity of Link 3 is 15 band-
width units. The upper bound is J,, = 137.5

Class 1 | Class 2 | Class 3 | Class 4
u; 5.00 5.00 10.00 10.00
Ai(u;) | 0.00500 | 0.00500 | 0.0100 | 0.00500
Ai(wg)/pi | 2.50 5.00 5.00 5.00

pricing policy can approach this upper bound when the system is large. We use
the price induced by the upper bound calculated above as our static price. We first
simulate the case when the holding time distributions are exponential. We simulate
c-scaled versions of the base network where ¢ ranges from 1 to 1000. For each scaled
system, we simulate the static pricing scheme, and report the revenue generated.
In Fig. 2.2 we show the normalized revenue Jy/c as a function of ¢. As we can
see, when the system grows large, the difference in performance between the static
pricing scheme and the upper bound decreases. Although we do not know what
the optimal dynamic scheme is, its normalized revenue J*/c must lie somewhere
between that of the static scheme and the upper bound. Therefore the difference in
performance between the static pricing scheme and the optimal dynamic scheme is
further reduced. For example, when ¢ = 10, which corresponds to the case when the
link capacity can accommodate around 100 flows, the performance gap between the
static policy and the upper bound is less than 7%. The gap decreases as 1/+/c.

We next change the capacity of link 3 from 5 bandwidth units to 15 bandwidth
units. The solution of the upper bound is shown in Table 2.3. The upper bound is
Juw = 137.5. Simulation using the static prices induced by the upper bound shows
similar curves as in Fig. 2.2. This latter example also demonstrates distance-neutral
pricing. For example, classes 1 and 2, and classes 3 and 4 have different routes but

have the same price (and price-elasticity). Readers can verify that, in this example,
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Fig. 2.3. The static pricing policy compared with the upper bound:
when the service time distribution is Pareto and the capacity of link
3 is 5 bandwidth units.

if we lift the constraints in (2.2), and solve the upper bound again, we will get the
same maximizer. Thus there is no significant constraint of resources, and hence the
optimal price will only depend on the price-elasticity of each class and not on the
specific route. Since class 1 has the same price-elasticity as class 2, its price is also
the same as that of class 2, even though it traverses a longer route through the
network.

We also simulate the case when the holding time distribution is deterministic.
The result is the same as that of the exponential holding time distribution. The
simulation result with heavy-tail holding time distribution also shows the same trend
except that the sample path convergence (i.e., convergence in time) becomes very
slow, especially when the system is large. For example, Fig. 2.3 is obtained when
the holding time distribution is Pareto, i.e., the cumulative distribution function is
1 —1/z% with a = 1.5. We use the same set of parameters as in Fig. 2.2, and let
the Pareto distribution have the same mean as that of the exponential distribution.
Note that this distribution has finite mean but infinite variance. This demonstrates

that our result is indeed invariant of the holding time distribution.
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2.2.6 Scaling with Topological Changes

In Section 2.2.3, we have studied a large network under the scaling (S1), where
the network topology is fixed and we increase both the demand function \;(u;) and
the capacity R' proportionally. Hence, when the network is large, the number of
users of each class i (i.e., between each source-destination pair) is also assumed to be
large. This scaling is suitable for a large capacity network with a simple topology,
e.g., network backbones. In this section, we will consider large networks where the
number of users over each source-destination pair is much smaller than the capacity of
the network. Large networks of this type arise naturally when the network topology
becomes increasingly complex, for instance, when we include the access links into
the topology. To illustrate a real world example, note that even though the links
between Purdue University, Indiana and Columbia University, New York could have
large capacities, the number of users communicating between these two institutions
at any time is usually quite low. The high-capacity access link that connects Purdue
University to the Internet is to accommodate the large aggregate traffic between
Purdue University and all destinations on the Internet, while the amount of traffic
to any single destination is much smaller.

The question we attempt to answer in this section is: will similar simplicity results
as in Section 2.2.3 hold in this type of large networks? We will first present a different
scaling model that allows the topology of the network to become more complex as
we scale its capacity. We will then show that, under some reasonable assumptions,
the performance of appropriately chosen static schemes will still approach that of
the optimal dynamic schemes, as long as the capacity of the network is large.

We consider a series of networks indexed by the scaling factor ¢. We use L(c),
I(c), and C(c) to denote the number of links, the number of classes, and the routing
matrix, respectively, in the c-th network. Note that in the scaling (S1) in Sec-
tion 2.2.3, these quantities are assumed to be fixed for all ¢. In this section, in order

to accommodate topological changes, we allow them to vary with ¢. We still use
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X¢(u) and R to denote the demand function for class ¢ and the capacity of link /,
respectively, in the c-th system. However, unlike the case for the scaling (S1), A(u)
and R"¢ do not need to follow the linear scaling rule.

The scale of the c-th network is defined as

Rl,c
S(c) = min -
I=1,..,L(c) Max T¢

i:Cf:l

We will consider the scaling (S2) that satisfies the following set of assumptions:
(A) S(c) — o0, as ¢ — oo.

(B) For all networks, the maximum number of links on any route is bounded from

above by a number M.

The first assumption simply states that, with large ¢, the capacity of each link in
the network will be large compared to the bandwidth requirement of each flow that
goes through the link. The second assumption limits the maximum number of hops
each flow can traverse. This is a reasonable assumption: for example, in TCP/IP, the
TTL (time-to-live) field in the IP header occupies only 8 bits. This effectively put an
upper bound of 255 on the number of hops a flow can traverse within a network. Real
Internet topology exhibits the small world phenomenon [37,38|, where the average
number of hops of a source-destination pair is typically small. Any series of networks
under scaling (S1) trivially satisfy scaling (S2).

Finally, let A, ; be the maximal value of A§(u). Let u$(\;) be the inverse function

max,?t

of X¢(u;). We assume that:

(C) The function Ff(\;) = Auf();) is concave in (0, A6, ;) for all ¢ and 7.

max, i

Let J*¢, J¢, and JS, be the optimal dynamic revenue, the optimal static revenue,
and the upper bound, respectively, for the c-th network. By Proposition 2.2.2,
under Assumption C, the optimal dynamic revenue J*¢ is no greater than J¢, for
all ¢. In general, J¢ does not follow the simple linear rule as in scaling (S1).

Hence, Proposition 2.2.3 will not hold under scaling (S2). Instead, we can show the

following:
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Proposition 2.2.5 Under Scaling (S2) and Assumption C, as ¢ — 0o, the relative

difference among the optimal dynamic revenue J*¢, the optimal static revenue J¢,

and the upper bound J_, will converges to zero. That s,
w— Je w— I

lim 5 = lim
k—oo gy k—oo Joy

0.

The proof is provided in Appendix A.3. Proposition 2.2.5 tells us that no matter
how complex the topology of the network is, as long as the capacity of the network
is large, the performance of the optimal static scheme will be close to that of the
optimal dynamic scheme. We defer relevant numerical results until Section 2.3. The
definition of S(c) allows us to apply this result to certain networks with heterogeneous
capacity. The network could have both large-capacity links and small-capacity links,
and both large-bandwidth flows and small-bandwidth flows. As long as the capacity
of each link is large compared to the bandwidth requirement of the flows that traverse
the link, static schemes will suffice. On the other hand, there may exist network
scenarios where S(c) is not large, which means that the capacity of some links can
only accommodate a small number of flows that go through them. Proposition 2.2.5
will not hold in such scenarios.

It is easy to check that Proposition 2.2.3 and Proposition 2.2.5 are equivalent
under scaling (S1). There is yet a difference between the results we can obtain
under the two different types of scaling. Under scaling (S1), we can show that the
price @’ induced by the upper bound suffices to be the near-optimal static price
(see Proposition 2.2.4). Such conclusion cannot be drawn under scaling (S2). The
difficulty is that, under scaling (S2), we cannot show that the blocking probability
Pe

Toss z[11’“”] at the static price Wb goes to zero as ¢ — oo when the constraints in the

upper bound (2.2) are satisfied with equality. In spite of this technical difficulty, we
expect that in most cases the price induced by the upper bound would still suffice
under scaling (S2). We can argue as follows using the familiar independent blocking
assumption underlying the Erlang Fixed Point approximation [39], i.e., we assume
that blocking occurs independently at each link. Under the independent blocking
assumption, the blocking probability B! at each link [ can be calculated as if the
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traffic offered to the link | comprises independent Poisson streams with arrival rates
that are “thinned” by other links in the network. At the price induced by the upper
bound, the offered load at any link [ after “thinning” will be no greater than the
offered load before “thinning”, i.e., >, %ri, which is no greater than the capacity R'
of the link [. Applying the techniques in the proof of Lemma 2.2.1 to a single link, we
can show that, if the independent blocking assumption holds, the blocking probability
at each link will go to zero as S(c¢) — oo, and the convergence is uniform over all
links. Since the number of hops each route can traverse is upper bounded by M, we
can then infer that the blocking probability of all classes will go to zero uniformly
as S(c) — oo. Therefore, using an argument similar to that of Proposition 2.2.3,
we can infer that the price induced by the upper bound will suffice. The validity
of the above argument relies on the independent blocking assumptions. A rigorous

characterization of this convergence is an interesting problem for future work.

2.2.7 Remarks on Non-stationary Scenarios

We have shown under two different types of scaling that the performance of an
appropriately chosen static pricing scheme will approach that of the optimal dynamic
pricing scheme when the capacity of the network is large. We conclude this section
with some discussion on the assumption we have made. In our model, we assume
that the demand function \;(u;), the mean service time 1/u; and the capacity R! are
fixed. Hence, we have assumed that the network condition is stationary. However,
in practice the network condition is usually non-stationary and even the average
network statistics can change over time. If we assume that the changes of these
average network conditions are at a much slower time scale than that of the flow
arrivals and departures, we can still use the result in this section with the following
interpretation: the static scheme should be interpreted as prices being fixed over
a time period for which the network statistics do not change (which is typically

a fairly long time in real networks) and the average network condition should be
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interpreted as the average of the dominant network condition over such a time period.
Similarly, the invariance result regarding prediction should also be interpreted under
this context: if the dynamic pricing scheme uses a prediction window (i.e., d in
Equation (2.1)) that is smaller than the time scale of the changes of the average
network condition, then the dynamic scheme will not significantly outperform the
static pricing scheme. Over the longer time scale, the prices should still adapt to
the changes in the dominant network condition and prediction on the changes of the

average network statistics will help.

2.3 Dynamic Routing

Our analyses in Section 2.2 have focused on systems where routing is fixed. We
next consider systems with dynamic routing. Many results in the Quality-of-Service
(QoS) routing literature focus on finding the “best” route for each individual flow
based on the instantaneous network conditions. When these QoS routing algorithms
are used for dynamic routing, the network is typically required to first collect link
states (such as available bandwidth, delay, etc.) on a regular basis. Then, when
a request for a new flow arrives, the QoS routing algorithms are invoked to find
a route that can accommodate the flow. When there are multiple routes that can
satisfy the request, certain heuristics are used to pick one of the routes. However,
such “greedy” routing policies may be sub-optimal system wide, because a greedy
selection may result in an unfavorable configuration such that more future flows
are blocked. Further, an obstacle to the implementation of this type of routing
policies is that it consumes a significant amount of resources to propagate link states
throughout the network. Propagation delay and stale information will also degrade
the quality of the routing decision.

In this section, we will formulate a dynamic routing problem that directly opti-
mizes the total system revenue. Although our model is simplified, it reveals impor-

tant insight on the performance tradeoff among different types of routing policies.



36

We will first establish an upper bound on the performance of all dynamic schemes,
which are schemes that can compute both the prices and the routing decisions based
on the instantaneous congestion level of the network. We will then show that the
performance of an appropriate chosen static scheme, which uses static prices and
selects routes based on some pre-determined probabilities, can approach the perfor-
mance of the optimal dynamic scheme when the system is large. The static scheme
only requires some average parameters. It consumes less communication and com-
putation resources, and is insensitive to network delay. Thus the static scheme is an
attractive alternative for control of routing in large networks.

The network model is similar to that of Section 2.2, except that now a user of
class i has (i) alternative routes that are represented by the matrix {H};} such
that Hfj = 1, if route j of class 7 uses resource [ and Hfj = 0, otherwise. The
dynamic schemes we consider have the following idealized properties: The routes of
existing flows can be changed during their connection; and the traffic of a given flow
can be transmitted on multiple routes at the same time. Thus our model captures
the packet-level dynamic routing capability in the current Internet. These idealized
capabilities allow dynamic schemes to “pack” more flows into the system. Yet, we will
show that an appropriately chosen static scheme will have comparable performance
to the optimal dynamic scheme.

Let n; be the number of flows of class ¢ currently in the network. Consider the
k-th flow of class 7, k = 1,...,n;. Let PZ’; denote the proportion of traffic of flow k
assigned to route j, j = 1,...0(i). Then, state @7 = {nq,...,n;} is feasible if and only
if

0(i)
There exists PZ; such that z_: Pg =1,Vi,k,

7=1
I 6(i) n; (2.6)
and Y > rH; Y P <R foralll
i=1j=1 k=1

The set of feasible states is €2 = {7 such that (2.6) is satisfied}.
A dynamic scheme can charge prices based on the current state of the network, or

a finite amount of past history, i.e., prediction based on past history. (For simplicity
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we consider pricing schemes that are insensitive to the individual holding times.)
An incoming flow will be admitted if the resulting state is in €2. Once the flow is

admitted, its route (i.e., Pf

) is assigned based on (2.6), involving (in an idealized
dynamic scheme) possible rearrangement of routes of all existing flows. We assume
that such rearrangement can be carried out instantaneously. Thus a dynamic scheme
can be modeled by u;(t) = g;(7i(s), s € [t — d, t]), where g; is a function from Q=%
to R. Let §={¢g1,..., 91}

The performance objective is again the expected revenue per unit time generated
by the incoming flows admitted into the system. The performance of the optimal

dynamic scheme is given by:

J A max E{Z /\,-(ui(t))uz-(t)lui} (2.7)

%

subject to (2.6).

The expectation is taken with respect to the steady state distribution. Note that
(2.7) is independent of ¢ because of stationarity and ergodicity.

The set of dynamic schemes we have described may require complex capabilities
(e.g., rearrangements of routes and transmitting traffic of a single flow over mul-
tiple routes) and hence may not be suitable for actual implementation. We make
clear here that we do not advocate implementing such schemes but instead advocate
implementing static schemes. In fact, we will show that, as the system scales, our
static scheme will approach the performance of the optimal (and idealized) dynamic
scheme. The static schemes do not require the afore-mentioned complex capabilities
and could be an attractive alternative for network routing.

Let u; = w;(N\;) and F;(\;) = u;(A\;)A\;. Analogous to Proposition 2.2.2, we can
derive the following upper bound on the optimal revenue in (2.7). The proof is a

natural extension of that of Proposition 2.2.2.
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Proposition 2.3.1 If the function F; is concave in (0, Apaxi) for all i, then J* <

Jup, where Jy is defined as the solution for the following optimization problem:

1 0(4)

1
Aig i=1 j:l Hi
subject to Z Z i Hfj r <R VI
=1 j=1 Hi

Proof Assuming that we have already obtained an optimal dynamic policy g(.),
let uf(t) and Pj*(t) be the price and routing proportions under such an optimal
policy, let A\;(t) = A;(ul(t)) be the corresponding arrival rates, and let nf(¢) be the
evolution of the number of calls in the system. Let P;(t) = Zk 1 Pk*( )/ni(t). We

v

can treat these as random variables. Let n}, P, and A\ represent random variables

150

with their corresponding stationary distribution, and let A\i; = E{n;FP};}p;. Since

I 6G)
> Z F(t)P(t)Hr; < R, for all [, we have

i=1j=
I 0(d)
ZZ Z]Hln<Rl for all [.
=1 j=1 i

Therefore \;; satisfies (2.9).

From Little’s Law, we have

B{\}/s = B{n]) Z B{nP;} = Z Ao/ i

Now if the functions F; are concave, we have

I
J= BY_RO) <) RO
i=1 ¢ i=1 v
I 0(i) ]
= D B Ay) <
i=1 j=1 ¢
by Jensen’s Inequality. [ |

We next construct our static scheme using probablistic routing as follows: The
network charges a static price to all incoming flows, and the incoming flows are di-

rected to alternative routes based on pre-determined probabilities. Note that the
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static scheme does not have the idealized capabilities prescribed for the dynamic
schemes, 1i.e., all traffic of a flow has to follow the same path, and rearrangement
of routes of existing flows is not allowed. Let {ug, Pf} denote such a static scheme,
where u; is the price for class ¢, and P} is the bifurcation probability that an incom-
ing flow from class 7 is directed to route j. The performance of the optimal static

scheme is then given by:

0(1)
sPs Z Psfl =1

J, & max ZZA u;)u fPf} [ — Prossij) (2.9)
Jj=1 Hi

where P, is the blocking probability experienced by users of class ¢ routed to j.
We consider a special static scheme derived from the solution of the upper bound

in Proposition 2.3.1. If )\;-‘-b is the maximal solution to the upper bound, we let
0(¢) b
uf = ul(z M), and P = . The revenue with this static scheme differs from

the upper bound only by the term (1 =P Lss,i7), and this revenue will be less than J;.
However, under scaling (S1), we can show that, as ¢ — 00, Pjyss:; — 0. Therefore,

we have our invariance result (stated next).

Proposition 2.3.2 In the dynamic routing model, if the function F; is concave in

(0, Amax,i) for all i, then under the scaling (S1),
lim JS/c = lim J*/c = lim JS,/c = Ju.

Proof First we notice again that the normalized upper bound J¢,/c is fixed over

all ¢. Therefore the optimal price induced by the upper bound is also independent
of c. Since J§ < J*¢ < JS = c¢Jyup, we only need to show that lim. . J? > Jub-

Now consider JS. When we use the static price and routing probabilities induced

by the upper bound, i.e., uf = (%:) )\“b) and P = X

j=1 z Agj

exactly the arrival rate to path j from flows of class z Hence, the constraint of J,

, then )\?jb = \i(ui) Py is

will be satisfied, i.e.,

ZZ Ay Hlr; <R V. (2.10)

i=1 j=1 Hi
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Let J§ denote the revenue under this static price. Since (2.10) guarantees that the

condition of Lemma 2.2.1 is met, we have Pj,,; — 0, as ¢ — oo. Therefore

C

I
J
lim =% = lim ZZ i (us )us —Ps(l — Ploss.ij)

c—o0 C
i=1 j=1

1
= Ai(uHui— = Jup. 2.11
> M)t = .11

Therefore,

and the result follows. [ ]

A similar result under scaling (S2) can be stated analogous to Proposition 2.2.5.

When the routing is fixed, by replacing A;; with A;, and H;; L owith C!, we recover
Propositions 2.2.2 and 2.2.3 from the results in this section. When there are multiple
alternate routes, the upper bound in Proposition 2.3.1 is typically larger than that of
Proposition 2.2.2. Therefore one can indeed improve revenue by employing dynamic
routing. However, Proposition 2.3.2 shows that, when the system is large, most of
the performance gain can also be obtained by simpler static schemes that routes
incoming flows based on pre-determined probabilities. Further, what we learn is
that for large systems the capability to rearrange routes and to transmit traffic of a
single flow on multiple routes does not lead to significant performance gains.

Not only can the static schemes be asymptotically optimal, they also have a very
simple structure. Their parameters are determined by average conditions rather than
instantaneous conditions. Collecting average information introduces less communi-
cation and processing overhead, and it is also insensitive to network delay. Hence
the static schemes are much easier to implement in practice.

The asymptotically optimal static scheme also reveals the macroscopic structure
of the optimal dynamic scheme. For example, the static price u; shows the preference
of some classes than the others, and the static bifurcation probability P} reveals the

preference on certain routes than the other. While a “greedy” routing scheme tries
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xsoji@: C\ \

Fig. 2.4. The dynamic routing problem: There are 3 classes of flows,
AB, BC, C'A. For each class, there are two alternate routes. For
example, for class AB, the direct one-link path is A — B, while the
indirect two-link path is A — C — B.

CA

to accommodate each individual flow, the optimal static scheme may reveal that one
should indeed prevent some flows from entering the network, or prevent some routes
from being used.

We use the following examples to illustrate the results in this section. We
first consider a triangular network (Fig. 2.4). There are three classes of flows,
AB, BC,CA. There are two possible routes for each class of calls, i.e., a direct one-
link path (route 1), and an indirect two-link path (route 2). Each call consumes one
bandwidth unit along the link(s) and holds the link(s) for a mean time of 1 unit.
Let the capacity of all links be R.

Let X = {Map1, Aapa, ABci, ABca, A\oan, Aoas}. By Proposition 2.3.1, we can
formulate the upper bound as (based on (2.8)):

Juw = m/?x Z it () (2.12)

i=AB,BC,C A
Ai = A1+ A, i=AB BC,CA,

subject to the following resource constraints:

AaB1+ A2+ Aca2 < R

ABc1 +Aap2 + Acaz < R
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Acag + a2+ Apc2 < R

A\i; >0, i=AB,BC,CAj=1,2.

Once the upper bound is solved, we can find the near-optimal static scheme using the
one induced by the upper bound, i.e., the price charged to class i, i = AB, BC,CA,
is

u; = ui( Mg+ Ni2),

and the bifurcation probabilities are

i
P = — 0
ol Ai1l+ Aig
Ai2
P, = —
2 Ai1+ Aig

Let R = 100. We consider the following examples:

1) When the price-elasticity function of all classes are Aap(u) = Agc(u) =
Aca(u) = 100(1 — u), the solution of (2.12) gives Aap = Apc = Aca = 50, and
the prices for each class are u%p = upo = ugy, = 0.5. It also coincides with the
solution of the unconstrained version of (2.12). This corresponds to the case of
light traffic load. The price is only determined by the price-elasticity of each class.
There are multiple solutions for the bifurcation. One example is A;; = 50, and
Xi2 =0,1=AB,BC,CA, i.e., all calls use the direct link.

2) When we change the price-elasticity of class AB to Aap(u) = 500(1 — u), the
solution of (2.12) is shown in Table 2.4. This corresponds to the case of heavy traffic
load. The price are raised from that of the unconstrained problem in order to limit
incoming traffic. All constraints are binding. Note that here in order to maximize
the revenue, class AB has a higher arrival rate A; than that of class BC and C'A, and
the network should allow flows from class AB to use indirect two-link path, while
flows from classes BC' and C'A should not be allowed to use the indirect routes.

We next use a larger network example to demonstrate the optimality of static
schemes with probablistic routing. We use the BRITE topology generation tool [40]
and the Barabasi-Albert model [38] to generate a random network with 100 nodes



Solution of the upper bound in the dynamic routing problem: when

Table 2.4

the price-elasticity of class AB is Aap(u) = 500(1 — u)

Class AB | Class BC' | Class C'A
Ain 100 40.91 40.91
Ai2 59.09 0 0
i 159.09 40.91 40.91
Price u; 0.682 0.591 0.591
Py 62.86% 100% 100%
Py 37.14% 0 0

43
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and 197 links. The Barabasi-Albert topology model is able to capture the power-law
of node-connectivity in real Internet topologies. There are a total of 9900 source-
destination (s-d) pairs. For each s-d pair, we use the set of minimum-hop paths as
the alternate paths. The demand function for each source-destination pair is the
same. We formulate the upper bound for the randomly-generated network, and use
standard convex optimization methods to solve the static prices and the bifurcation
probabilities. We then use simulation to obtain the static revenue under the prices
and the bifurcation probabilities induced by the upper bound.

We present the following result from a typical simulation. The bandwidth for each
link is 1000 units. The bandwidth requirement of each flow is 1 unit and the mean
holding time is 1 unit. The demand function for each s-d pair is A(u) = 10(1 — u).
At this level of demand, around 22% of the links experience congestion, i.e., their
respective constraints in (2.8) are binding. The upper bound is found to be 2.45x 10,
while the static revenue obtained from the simulation is 2.40 x 10*. The relative
difference is just 2%. This validates our result that the performance of static schemes
is close to that of the optimal dynamic scheme and the upper bound. Among the
9900 s-d pairs, around 49% have multiple alternate routes. However, among those
with multiple routes, only 30% actually use multiple routes. Hence, a large number
of s-d pairs does not benefit from multiple alternative paths. The average number
of routes between a s-d pair is 2.15. Finally, note that in this example, the end-
to-end demand of each source-destination pair is at most 10(1 — 0)/1 = 10, which
is much smaller than the capacity of the links (1000 units). Hence, this simulation
serves to validate our result under scaling (S2) where the number of users of each
source-destination pair is much smaller than the capacity of the network. In all of
our simulations, the prices induced by the upper bound turn out to be near-optimal,
even although we have not been able to establish this optimality rigorously under
scaling (S2). We have also run simulations using other topology models and find

similar results.
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2.4 Elastic Flows

In previous sections we have restricted ourselves to the case when the bandwidth
requirements of flows are fixed. In this section we will study an alternate model where
users can change their bandwidth requirements according to the current congestion
level of the network. For ease of exposition we assume that there is only one route for
each class i. The routes are again represented by the matrix {C!} as in Section 2.2.
Flows of class ¢ enter the network according to a Poisson process with rate \;.
The service times of flows of class i are i.i.d. with mean 1/p;. The service time
distribution is general. Let U;(z;) be the utility function for each class i, where z;
is the amount of resource assigned to a class i flow along its route. We assume that
U; is a continuous differentiable and strictly concave function of z;, and U;(0) = 0.
This model is appropriate for real-time streaming applications that can change the
transmission rate according to the network congestion level. For example, the utility
function U;(x;) can be taken as the index of reception quality when the real-time
stream is transmitting at rate x;.

The network tries to allocate resources to the flows so that the total utility
of all flows supported by the network is maximized. For each flow, the resource
allocation may vary over time. In this section, we will first establish the optimal
dynamic scheme. We will then show, as before, that there exists a static scheme
whose performance will approach that of the optimal dynamic scheme when the
system is large. Surprisingly, this near-optimal solution is in a “fixed-bandwidth”

and “loss-network” form as in Section 2.2.
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2.4.1 The Optimal Dynamic Scheme

Let n;(t) be the number of flows from class i that are in the network at time t.
Let 7i(t) = {n1(t),na(t),...,nr(t)}. The optimal resource assignment is then given

by the solution to the following problem:

Ty T

J(7(t)) £ max Z ni()Ui(z;) (2.13)

I
subject to an(t)xqu <R,

i=1
where J*(7i(t)) can be interpreted as the maximal total utility achieved by the system
at time ¢. For each ¢ we can solve (2.13) and obtain the optimal assignment x;(t).
Over time, this policy will optimize the total utility.

Remark: In the optimal assignment (2.13), each flow of class ¢ will consume the
same amount of resource x;. This is a consequence of the concavity of Us.

In the past (e.g., [14-16,41]) this model has been used to study the behavior of
TCP congestion control when the number of flows in the system is fized. It has been
shown that there exist distributed algorithms that can drive the flows to the optimal
resource assignment. The notion of “price” arises naturally as Lagrange multipliers
for the constraints. Some examples of such distributed algorithms resemble the
control of TCP in the Internet. Therefore, TCP congestion control can be seen to
maximize the total utility of a group of users with concave utility functions. Our
model is different from theirs because we consider the dynamics caused by the arrivals
and departures of flows. We are interested in finding alternative forms of resource
assignment schemes that can also achieve near optimal total utility when the system

is large. These schemes can then be used in cases when TCP does not work as well.
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2.4.2 An Upper Bound

Let E[n;] be the stationary mean of n;(t), i.e., E[n;] = A\;/pu;. We formulate

another optimization problem:
I
Juw % max Y E[n]Ui(x;) (2.14)

Tl X] <
=1

I
subject to ZE[nl}szf <R
i=1
Proposition 2.4.1 The expected total utility of the optimal dynamic scheme is up-

per bounded by Jy, i.e. E[J*] < Ju, where the expectation is taken with respect to

the steady state distribution of n;(t).

Proof Note that J* is a function of 7i(t) = {n;(t),i = 1,...I}. Then J,, = J*(E[7]).
To show that E[J*(7)] < J*(E[7i]) = Juw, it is sufficient to show that J*(77) i
a concave function of fii.e., for any il = [nl,nd ... nl], @? = [n3,n3,...,n?] and

0<a<l,let n;=an] + (1 —a)n? @ = [n;], we need
J*(71) > aJ* (7)) + (1 — a)J*(7?).

In order to show this, let 2}, 2? be the optimal assignment leading to J*(ii') and

J*(1i%) respectively. Let

_anjz + (1 —a)nia?
' an} + (1 —a)n? ’
then
I
Z (an} + (1 —a)n?) z;C! < R!
i=1

Since U; is concave, we have

an;Ui(xi) + (1 — a)nUs(a7)
Ui(xi) > I ——
an; + (1 —a)n;
Hence,
I
(i) = ) (an} + (1 — a)nd)Uy(x;)
=1

1

> Z cm U +(1-— a)nfUz(xf))

— W)+ (- )
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and the result follows. [ ]

2.4.3 Static Policy

Let 2% = {29, 29, ..., 2%} be the maximizer of (2.14). Now consider the following
control algorithm with a static rate assignment: when a new flow from class ¢ arrives
to the network, it will be assigned a rate x? if there is enough capacity available
along its route, otherwise it will either be blocked, or, equivalently, be assigned a
rate 0. Therefore, the flow is still elastic except that the rate is chosen according
to the average condition as in (2.14) rather than the instantaneous condition as in
(2.13). The flow will hold the same amount of resource z? until it leaves the system.

In such a system, the expected total utility will be

I
Js é Z _Uz(x?>(1 - Ploss,i>7

S

where P, is the blocking probability of class i. Under scaling (S), we have the

following proposition.

Proposition 2.4.2 In the elastic flow model,

1 1 1
lim —J5 = lim —E[J*] = lim -J, = Ju.

c—o0 C c—o0 C c—o0 C

: I I
Proof Since Y ;_, 229C! =i E[n;]2%C! < R!, as ¢ — oo, we have Py, — 0.

=1 p;
Therefore
Y
JE/C = Z _ZU1<ZU?)(1 - PZOSS,i)
i=1
I
— Y EnUi(x)) = J5/e.
i=1
Now J¢/c < E[J*]/c < JE, /c, then the result follows. [

An application of this result is on the rate control of real-time flows (e.g. audio

and video streaming) on the Internet. A central question in congestion control of
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streaming traffic is its fairness with respect to TCP. When real-time flows and TCP
flows coexist in the same network, they should consume comparable bandwidth, and
neither flows should be starved by the other. Among the existing congestion control
schemes for real-time flows, some use the same AIMD (Additive Increase Multiplica-
tive Decrease) idea as TCP [42]. They are usually fair with TCP if timeouts occur
infrequently. However, these schemes typically produce a TCP-like saw-tooth type
of trajectory, which leads to rapid changes in reception quality. Such rapid changes
in quality are disconcerting for the viewer of multimedia flows [43]. Equation-based
congestion control does not use AIMD and produces smoother rates at small time-
scales. However, simulation results show that at time-scales around 10 seconds, the
fluctuation is still quite significant [44]. There are yet other schemes, such as some
binomial algorithms [45], which change the rate slower than TCP. However they are
also slower in adapting to changing network conditions.

Note that fairness objectives are very closely related to the utility maximization
objectives. For example, proportional fairness is equivalent to maximizing the total
utility of a group of users with log-utility functions. If we adopt utility maximization
as a substitute for the fairness requirement, we can use the result in this section to
obtain a new class of congestion-control algorithms for real-time traffic. For example,
consider the special case when « portion of the flows are real-time flows, and the
rest are TCP flows. To be precise, let nit(¢) and n}°F(t) denote the number of
real-time flows and TCP flows, respectively, at time ¢. Then their stationary means
are E[nf'] = aE[n,] and E[n]°F] = (1 — a)E[n,]. Let us assign to real-time flows of
class 7 the fixed bandwidth z¥ that is the maximizer of (2.14), and allow the real-time
flows to use the same amount of bandwidth throughout the connection. Such fixed
bandwidth allocation is beneficial to streaming applications because it ensures a
stable reception quality for the viewer. Therefore the expected total utility achieved

by real-time flows is given by

JY = EnfU; (2 (1 - PRL ) = adw(1 — PRL ),

loss,i loss,i
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where P}I  is the blocking probability experienced by the real-time flows. The
total utility achieved by TCP flows at time ¢ is given by the following optimization
problem:

1
JYP & max Y nlP)U (), (2.15)
i=1

T1,..0T]
I I
subject to Zn;mp(t)xiC’f <R — anRT(t):vin.
i=1 =1
The expected total utility achieved by both the real-time flows and the TCP flows,
JRT L E[JTCP] is bounded from above by J,;, and bounded from below by J,. There-

fore, by Proposition 2.4.2,

' JRT,C + E[JTCP,C] ) J'Lctb
lim = lim = Juw,
c—00 C c—o0  C

where JRT¢ JTCP¢ and J¢, are the respective utility when the system is scaled by

c. Now by Lemma 2.2.1,

lim Py, =0.
Therefore
JRT,C
lim = OéJub,
c—00 C
and we conclude that
E JTCP,c
lim [ ] =(1—a)Ju.
c—00 C

Note that by Proposition 2.4.2, (1—a)Jy is also the limit of the normalized expected
total utility achieved by the TCP flows as ¢ — oo, when the remaining portion «
of the flows are also TCP flows. This shows that when the same utility functions
are used for both the real-time flows and TCP flows, assigning the fixed bandwidth
2¥ to real-time flows does not degrade the performance of the TCP flows when the
system is large.

It is interesting to compare existing congestion-control schemes with our scheme
above. In existing schemes, flows start from an arbitrary initial condition, and con-

gestion control is exercised during the connection. In our scheme, congestion control
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is exercised at the beginning of the connection. The congestion controller reacts to
changing network condition by choosing the correct initial bandwidth assignment for
incoming flows. Although our scheme does not modify the bandwidth assignment
for on-going flows, the difference between the total utility of our scheme and the
optimal utility is minimal (when the system is large). Therefore, in the long run,
the real-time flows and TCP flows will receive fair share of the bandwidth. In future
work we plan to investigate the problem of efficiently distributing our congestion

controller over the network.

2.5 Conclusion, Discussion, and Future Work

In this chapter, we have studied the simplification of pricing-based network con-
trol in large-capacity communication networks. We have shown under general set-
tings that the performance of an appropriately chosen static scheme can approach
that of the optimal dynamic scheme when the capacity of the network is large. These
results have important implications for the design and control of large-capacity net-
works. Compared with the optimal dynamic scheme, the static scheme has several
desirable features. The static schemes are much easier to obtain because of their
simple structures. They are also much easier to execute since they do not require
the collection of instantaneous load information. Instead, they only depend on some
average parameters, such as the average load. Hence, they introduce less compu-
tation and communication overhead, and they are less sensitive to feedback delay.
These advantages make the static scheme an attractive alternative for controlling
large networks.

However, one should keep in mind that static schemes also have their disad-
vantage, namely, their lack of adaptivity. Static schemes could be more sensitive
to modeling errors than dynamic schemes [46,47]. If the parameters of the model
are estimated incorrectly, the resulting static scheme may lead to bad performance.

Further, as we discussed at the end of Section 2.2, the network condition may be
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non-stationary and even the average network parameters may change over time.
The static prices that are good for one time may not be good for the next moment.
Therefore, we are not advocating that in practice purely static schemes (i.e., prices
being fixed for all time) be used.

Nonetheless, we believe that the results in this chapter can be exploited to de-
velop practical network control algorithms that are both simple and adaptive. One
direction is to develop efficient algorithms that can compute the static prices based
on the current dominant network condition and allow the prices to adaptively track
the changes in the average network parameters. Here we briefly discuss one possible
approach. Note that although the static prices are calculated by solving a global
optimization problem, i.e., the upper bound (2.2) or (2.8), it is possible to develop
a distributed solution. Indeed, we can associate a non-negative Lagrange multiplier
p' for the constraint at each resource {. The Lagrange multiplier p’ can be viewed as
the implicit cost that summarizes the congestion information at link {. Given p', in
order to determine the price for class i, one only needs to know the price-elasticity
of class 7 (i.e., the function F;) and the sum of the implicit costs along the path that
flows of class ¢ traverse. Therefore we can decompose the global optimization problem
into several subproblems for each class. We can have the core routers update these
implicit costs based on the congestion level at each link and have the ingress router
serve as “brokers” to probe these implicit costs and determine the price offered to
users of each class i. The idea of this decomposition has been used in [15] and [16] to
develop distributed algorithms for optimization flow control, and it is also mentioned
in [17] for computing the static prices in the single-link case.

The distributed algorithm described above can achieve adaptivity in several ways.
Firstly, the edge router can use the online measurement of flow arrivals at different
price levels to update its estimate of the demand function. Secondly, the core router
can use the online measurement of the congestion level at each link to update the

implicit costs.
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It is instructive to compare such a quasi-static distributed algorithm with typical
dynamic and static schemes. Note that since the distributed algorithm updates the
implicit costs based on online measurements of the congestion level at the link, it can
also be viewed as a dynamic scheme. However, the distributed algorithm is based on
the asymptotic optimality of the static schemes. It attempts to solve for the static
prices according to the current dominant network condition. Hence, we refer to the
distributed algorithm as being quasi-static. On one hand, the distributed algorithm
exploits the simplicity of the static scheme, thus has a simple form and is easier
to implement than the optimal dynamic scheme. When the network condition is
stationary, the prices computed by the distributed algorithm will converge to that
of the near-optimal static scheme. On the other hand, the distributed algorithm is
by definition also dynamic in that, when the network condition is non-stationary,
the prices computed by the distributed algorithm will ¢rack the long term changes.
Hence, the distributed algorithm is more robust than purely static schemes.

In Chapter 3, we will turn to the simplification of Quality-of-Service routing in
high-bandwidth networks. Although there is no notion of “price” in the QoS routing
problem in Chapter 3, simplicity results similar to those in this chapter still hold.
Further, we will develop in Chapter 3 a quasi-static adaptive scheme similar to the
one we just described. We will show that such a scheme can significantly reduce the
computation and communication overhead of QoS routing without sacrificing the
routing performance.

As a final remark of this chapter, we note that there are also possibilities of
extremal changes in network conditions, such as failures of network components.
When such situations occur, an appropriate immediate response is usually more
important than an optimal but slower one. For such situations, other levels of
network control, such as failure detection and fault recovery, are more appropriate

than the pricing-based control studied in this chapter.
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3. SIMPLIFICATION OF QUALITY-OF-SERVICE
ROUTING IN HIGH-BANDWIDTH NETWORKS

3.1 Introduction

In Chapter 2, we have modeled the network control problem as a pricing problem,
and we have shown that significant simplicity can arise in pricing-based network con-
trol when the capacity of the system is large. In particular, we have shown that simple
static pricing schemes can approach the performance of the optimal dynamic scheme
in large-capacity networks. Static schemes have a number of attractive features.
The near-optimal static prices can easily be derived from the solution of a simple
non-linear programming problem. The static schemes are also easy to implement
because they do not require the collection of each instantaneous state information
of the network. Rather, they only depend on some average statistics such as the
average offered load. Therefore, static schemes introduce less communication and
computation overhead and they are insensitive to feedback delays. These features
make static schemes attractive alternatives for the control of large networks.

Having said that, we note that there are still two factors that may prevent us
from using static schemes as practical control mechanisms for real networks. Firstly,
to obtain the parameters of the static scheme, one typically needs to solve a global
optimization problem. A centralized approach for solving this optimization problem
is usually impractical in real systems due to scalability and reliability concerns.
Secondly, in real systems the average network condition may also change over time.
Purely static schemes lack the adaptivity that is required to track the non-stationary

behavior in real networks. Therefore, in order to exploit the simplicity results in
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Chapter 2, it is imperative that we are able to develop distributed and adaptive
solutions based on simple static control schemes.

In this chapter, we will study how to develop such distributed and adaptive solu-
tions. In order to highlight the practical significance of these types of solutions, we
will derive our result in the context of the Quality-of-Service (QoS) routing problem
in high-bandwidth networks. Nonetheless, the algorithms that we developed will
also apply to other control problems, including the pricing problem in Chapter 2. In
this chapter, we will focus on demonstrating the benefits of the proposed solution,
and we will show how the largeness of the system can be exploited to develop an
optimization-based approach to QoS routing, which significantly reduces the compu-
tation and communication overhead of QoS routing without sacrificing the routing
performance. We will defer to Chapter 4 the rigorous study of the convergence

properties of the proposed distributed algorithms.

3.1.1 Quality-of-Service Routing

Future telecommunication networks are expected to support applications with
diverse Quality-of-Service requirements. Quality-of-Service (QoS) routing is an im-
portant component of such networks and has received considerable attention over
the past decade (for a good survey, see [48] and the reference therein). The objective
of QoS routing is two-fold: to find a feasible path for each incoming connection; and
to optimize the usage of the network by balancing the load.

In this chapter, as in the majority of studies on QoS routing, we assume a source
routing model where routing decisions are made at the point where connection re-
quests originate. In most of these studies, researchers take the following view of the
QoS routing problem: The links are “dumb” and they advertise their status. The
intelligence lies in the end-systems (sources or edge routers) to compute paths based

on the current knowledge of the link states.
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The above paradigm would have worked well if the link states were stable. How-
ever, not all link state metrics are stable. In particular, the available bandwidth
metric of a link is inherently dynamic and changes frequently as connections enter
and leave the network. Therefore, the link state advertisement and the QoS routing
algorithm have to be executed frequently in order to keep up with the changes in the
link states. This leads to a significant amount of computation and communication
overhead. To reduce the computation and communication burden, the frequency
of the computation and the link state updates then need to be contained. This
could, however, result in staleness of the link state information and inaccuracy in
the routing decisions. Hence, there is a fundamental tradeoff between the amount of
computation and communication resources consumed and the quality of the routing
decisions. This tradeoff is usually difficult to analyze and researchers have had to
resort to simulation studies [49-52]. These studies reveal that the performance of
existing QoS routing schemes degrades when computation and link state updates
become infrequent. However, the extent to which the performance degrades depends
not only on how infrequently the computation and link state updates are made, but
also on a large number of other factors that include: the specifics of the path com-
putation algorithm, the topology and the demand pattern of the network, the cost
metrics assigned for each link, the link state update strategy, and the strategy to
handle routing failures, etc. In general, the exact level of performance degradation

is hard to predict.

3.1.2 Summary of Contributions

In this chapter, we take a different view of the QoS routing problem. We view
the network (including the end-systems and the links) that employs QoS routing
as an integral entity that jointly optimizes some global utility function. Once the
solution to this optimization problem is found, the network will be driven to an

efficient operating point, and the routing performance will be close to optimal. No
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further computation and communication are needed as long as the prevailing network
condition remains essentially unchanged.!

We refer to our proposed scheme as the optimization based approach for QoS
routing. In high-bandwidth networks, such an optimization based approach is advan-
tageous due to a known simplicity result, which is similar in spirit to the results that
we have developed in Chapter 2 for simplification of network pricing in large-capacity
networks. In particular, one can show that simple proportional routing schemes can
approach the performance of the optimal dynamic routing schemes when the capac-
ity of the network is large [20,32,33]. In a proportional routing scheme, calls are
routed to alternate paths based on pre-determined probabilities. The right routing
probabilities can be derived from the solution of a simple optimization problem that
depends only on the average demand and capacity of the network.

We will develop an online, distributed algorithm that can efficiently solve the
optimization problem and compute the right routing probabilities. Fig. 3.1 provides
a high-level view of the optimization based approach. Each link in the network
is associated with an implicit cost. The implicit cost summarizes the congestion
level at the link and can be updated by the observed demand and capacity at the
link. Thus, we equip the link with only a minimal amount of intelligence (i.e., to
update the implicit cost). It turns out that the implicit cost is the only information
that the end-system needs to solve the optimization problem. The end-system has
three components: a path-finding component that maintains a set of alternate paths;
an optimization component that solves for the optimal routing probabilities; and a
randomized routing component that routes each incoming connection based on the
precomputed routing probabilities.

Compared with existing QoS routing schemes, our optimization based approach

has the following advantages:

'In practice, some computation and communication will still be required to track changes in the
network condition. However, a nice feature of our work is that computation and communication
intensive operations can be done at very long time-scales, with a negligible impact on performance.
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(1) The computation and communication overhead can be greatly reduced with-
out sacrificing performance. Once the optimal operating point is found, the same
routing parameters can be used by a large number of future arrivals, as long as
the average network condition remains unchanged. Infrequent computation and link
state updates will only affect the speed of convergence of the distributed algorithm,
but not the end-result that the algorithm converges to.

In practical networks, the average network condition can also change gradually
over time (non-stationary behavior), e.g., during the course of a day. Our distributed
algorithm will track the changes in the average network condition and adjust the
operating point accordingly. Note that in a control system, there has always been
the issue of the right time-scale of control. A nice feature of our proposed solution
is that, the control that needs to be done at a fast time scale, i.e., the randomized
routing, is very simple; while the control that requires a large amount of computation,
i.e., the optimization of routing probabilities and the search for new alternate paths,
can be carried out over a much slower time scale. Using the right separation of control
time scales, our optimization based approach ensures near optimal performance even
when the computation and communication become infrequent.

(2) The operating characteristics of the network can be analytically studied.
Given the network model, we can easily predict the operating point by solving the
optimization problem. In contrast, due to the complexity of the system, the analysis
of existing QoS routing schemes appears to be intractable, especially under inaccu-
rate link state information and infrequent computation.

(3) The desired operating point can be tuned by appropriately choosing the
utility functions. The optimization based approach allow us not only to predict
the operating point of the network, but also to control it. By choosing different
utility functions for different classes and source-destination pairs, we can achieve the
desired balance among the service levels offered to different groups of users. For
example, when the network becomes congested, connections with a larger number

of hops could suffer significantly more blocking than shorter connections. In our
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optimization based approach, this can be avoided by assigning longer connections a

utility function that has a higher marginal utility.

3.1.3 Related Work

The optimal control of loss networks has been studied extensively in the past.
Both off-line [53-55] and simulation based schemes [46] have been proposed. Our
contribution is to propose an online solution for QoS routing. Our online scheme
exploits the fact that simplicities arise in high-bandwidth networks, which we have
seen in Chapter 2 and we will discuss in more detail in Section 3.2. These results
lead to a much simpler and easily decomposable optimization problem.

Our proposed solution employs a proportional routing scheme. The asymptotic
optimality of the proportional routing scheme in large systems has been known for
some time [32,33]. However, a major criticism of proportional routing schemes has
been the following: if the demand is incorrectly estimated, the computed routing
probabilities could lead to poor performance [46,47]. We solve this problem by using
an adaptive algorithm that does not rely on any prior knowledge of the demand.
The Adaptive Proportional Routing scheme proposed in [56,57] is also related to
our work. In their scheme, each class measures the amount of blocking along each
alternate paths, and uses the inverse Erlang formula to estimate a “virtual capacity”
grabbed by the class along each path. Then each class locally optimizes the routing
probabilities based on the demand and these virtual capacities. Compared with the
Adaptive Proportional Routing scheme, the advantage of our optimization based ap-
proach is that the optimality of the resulting operating point and the convergence of
the algorithm can be rigorously shown. Further, the implicit costs provide additional
information for discovering new alternate paths.

The mathematical structure of the optimization problem studied in this chapter is
closely related to those found in multi-path flow control problems [14,58-60]. In [14],

two classes of solutions to flow control problems are categorized, i.e., primal solutions
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and dual solutions. For the single-path flow control problem, both the primal and
the dual solutions have been studied extensively (see [61] for a good survey). On
the other hand, the multi-path flow control problem has received less attention.
Our implicit cost based solution can be viewed as a dual solution to this problem.
A similar algorithm was proposed in [58]. In [58], the authors claim that their
algorithm is one of the Arrow-Hurwicz algorithms [62]. However, the convergence
of the Arrow-Hurwicz algorithm was established in [62] only for the case when the
objective function is strictly concave, which is not true for the problem at hand.
In this chapter, we report a new result that characterizes the convergence correctly.
Primal solutions to the multi-path flow control problem were developed in [59,60].
The rest of the chapter is organized as follows: In Section 3.2, we present the
asymptotic optimality of the proportional routing scheme. In Section 3.3, we derive
the distributed algorithm for computing the optimal routing probabilities and ob-
tain the proposed QoS algorithm. We discuss implementation issues in Section 3.4,

present simulation results in Section 3.5, and then conclude.

3.2 Simplification of QoS Routing in Large Networks
3.2.1 The Model

We adopt a multi-class loss network model. There are L links in the network.
Each link [ € {1,..., L} has capacity R'. There are I classes of users. Each class
is associated with one source-destination pair, and some given QoS requirements.
Flows of class i arrive to the network according to a Poisson process with rate \;.
Once admitted, a flow of class ¢ will hold r; amount of bandwidth. (For the moment
we assume that bandwidth is the only QoS metric. The extension to multiple QoS
metrics will be addressed in Section 3.3.4.) The service times within a class are i.i.d.
and independent of the arrival process. The service time distribution is general

with mean 1/p;. Each admitted flow of class ¢ generates v; amount of revenue per
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unit time. The objective of the network is to maximize the revenue from all flows
admitted into the network.

Such a network model could represent the backbone of an ISP serving applications
with different QoS requirements. The revenue v; could either be actual money, or
simply an assigned weight that represents the network’s preference for each class.
The bandwidth requirement r; could be some form of effective bandurdth for flows
of class 7. There could be multiple classes associated with each source-destination
pair, differing in their bandwidth requirement r; and revenue v;.

In this section, we assume that each class ¢ has set up 0(i) alternate paths using,
for example, MPLS [63] (we will address how these alternate paths can be found
in Section 3.3.3). The alternate paths are represented by a matrix [H};] such that
H}; = 1 if path j of class ¢ uses link I, and H; = 0 otherwise. We denote the
state of the system by a vector 7 = [n;;,1 = 1,...1,7 = 1,...,0(i)], where n;; is
the number of flows of class ¢ currently using path j. The bandwidth requirements
and the capacity constraints then determine the set of feasible states Q, = {7 :
zI: QZ(:Z) niriHL < R for all [}.

) —
i=1j=1
We denote the routing decision (which can be time varying) for class i by a vector

pi = [pi17pi27--'7pi,0(i)]>

where

pi; = Pr{an incoming flow of class ¢ is routed to path j}.

Thus
6(i)
RV {pij > O,Zpij <1, for all j}.

Jj=1

0(i)
An incoming flow of class ¢ will be admitted with probability ) p;;, and, if admitted,
j=1

it will be routed to path j with probability p;;/ Zz(i)l pix. Let p'=[p1, ..., PIl-
A dynamic routing scheme is one where routing decisions can adapt to the chang-

ing utilization level of the network. For example, p(t) can be a function of the current
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state of the network, i.e., p(t) = ¢(7i(t)). Note that this model can characterize vir-
tually any QoS routing proposals that select paths based on the current snapshot of
the network. Alternatively, p(t) can be a function of some past history of network
states 7i(s), s € [t — d,t], where d is the length of the history information. The net-
work can use the past history to predict the future, and use prediction to improve
the routing decision. p(t) can also depend on the service time 7" of the incoming
connection, if this information is available. The routing policy can then be written,

in a most general form, as
p(t) = g(ils),s €[t —dt);T). (3.1)
As in Proposition 2.2.1 of Chapter 2, it can be shown that the system under any
policy g will always converge to a stationary version, and the stationary version is
ergodic.
Each admitted flow of class ¢ will generate v; amount of revenue per unit time.
The dynamic routing scheme that maximizes the long term average revenue is then

I 6()
J & m;mx Z Z E, [ni;(t)] vi,

i=1 j=1

where E, denotes the expectation taken with respect to the stationary distribution
under policy g.

Finally, in a static scheme, the routing policy is represented by a time-invariant
vector p. This corresponds to a proportional routing scheme. The performance of

the static scheme is:

I 0() A\
Jo = Z Z jpijvi[l — P ross.ijl

i=1 j=1 """
where P, is the blocking probability experienced by flows of class ¢ routed to

path j.
3.2.2 Asymptotic Optimality of Static Schemes

The drawback of dynamic schemes is that the optimal schemes are difficult to

find, and the implementation of these dynamic schemes will consume a large amount
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of computation and communication resources. It turns out that when the capacity
of the system is large, simple static schemes can approach the performance of the
optimal dynamic scheme. This has been the central theme of our results in Chapter 2.
Here, we rephrase the main result under the context of QoS routing. We scale the
capacity and the demand proportionally by ¢ > 1, i.e., in the c-scaled network, the
capacity at each link [ is R' = cR!, and the arrival rate of each class i is A = c\;.
The following result shows that when c is large?, a simple static scheme will suffice.
The static scheme is constructed as follows:

Step 1: Solve the following optimization problem:

I Y 0(7)
» = Iax ; i ;p Jv (3.2)

1 00)
Ai
subject to Z Z ;ripinilj < R' for alll,

i=1 j=1 """

where Q = ®1_, Q.

Step 2: Use the optimal point 7 in (3.2) as the static policy. Let Jg be its
performance.

The following proposition shows that the normalized revenue of the static scheme

constructed above will approach that of the optimal dynamic scheme when ¢ — oc.

Proposition 3.2.1 Let J*¢ and J be the revenue of the optimal dynamic scheme
and the revenue of the static scheme constructed above, respectively, in the c-scaled
system, then

lim J/c = lim J*/c = Jyu.

C—00

Proposition 3.2.1 can be shown as in Proposition 2.2.3 of Chapter 2. Precisely,
we can first show that cJ, is an upper bound of J*¢ under any dynamic routing
policy g [32,33]. Note that the static revenue J¢ differs from the upper bound cJy,
only by the term (1—P ;). Now since p'satisfies the constraint of (3.2), the traffic

load at each link is no greater than 1. Lemma 2.2.1 in Chapter 2 then ensures that

2Note that here largeness does not imply over-provisioning,.
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the blocking probability goes to zero as ¢ — oo. Finally, because J¢ < J*¢ < cJy,

Proposition 3.2.1 then follows.

3.3 The Optimization Based Approach to QoS Routing

There is a continuing trend to deploy routers with larger and larger link capacities
in the Internet. Therefore, the results in the last section offer important insights on
the QoS routing problem in the high-bandwidth networks of today and the future.
Firstly, by solving a simple upper bound, we can obtain a simple time-invariant
scheme that is close to optimal. Once we precompute the routing probabilities ac-
cording to (3.2), the result can be used for a large number of future arrivals. Thus,
the computation overhead can be greatly reduced. Secondly, the upper bound (3.2)
replaces the instantaneous capacity constraint Z]:lgnijriflfj < R! by an average

i=1j=

I 00

load constraint > > %ripin !

RS R'. Hence, the precomputation only needs to

react to the ave;i]]e:éongestion level in the network rather than the instantaneous
congestion level. The staleness of the link state information is no longer a major
issuel!

Therefore, if we are able to solve the upper bound (3.2) efficiently, we can obtain
a QoS routing algorithm that is close to optimal in large networks and that can

tolerate infrequent computation and infrequent link state updates. However, we still

need to consider the following issues.

e The upper bound is a global optimization problem. A distributed solution is

desired.

e Some parameters, such as \; and pu;, could be unknown a priori and changing
gradually over time. A solution is needed that can automatically adapt to

these changes.

We next present an adaptive, distributed algorithm for solving the upper bound.

Before we proceed, we note that in many scenarios, it is also desirable to modify
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the upper bound to improve fairness. We can view the upper bound (3.2) as a
constrained optimization problem that maximizes some aggregate utility functions:

1

6(i)
Ai
max g _UZ(E pz’j)vz‘ (3-3)
j=1

e i=1 1
I 6(@) Y
subject to Z Z —Z'rl-pinfj < R' for all [,
. — [
=1 j5=1

where the utility function U; is linear: U;(p) = p. A linear utility function, however,
does not possess good fairness properties: for example, connections with a larger
number of hops could be completely blocked to give way to connections with fewer
hops. To improve fairness, we can use a strictly concave utility function U;, as in
flow control problems [14-16,41]. The derivative U/ (9(22) pij) represents the amount of
marginal utility lost if the overall admission probabiljiz}lf for class i is further reduced.
The desired balance among different classes can be achieved by tuning the revenue
v; and the utility function U;. Proposition 3.2.1 can be generalized to the case with
concave utility functions as in Chapter 2 (see Appendix B.1). In this chapter, we
will use utility functions that satisfy U/(1) = 1. This choice of the utility function
ensures that the revenue v; is correctly reef(le;cted by the mal(;%nal utility when all

flows of class ¢ can be admitted, i.e., v;U/(D_ pi;) = v; when > p;; = 1. As long as
1

Jj= 7=1

the utility function follows this rule, our simulation results indicate that the revenue

is usually not affected much by changing the utility functions.

3.3.1 A Distributed Algorithm

Let p* be the maximizer of the modified upper bound (3.3). Because the objective
function is concave and the constraint set is convex and compact, a maximizer always
exists. However, it is generally not unique, since the objective function is not strictly
concave. (Note that even if U; is strictly concave, the overall problem is not, because

0(4)

of the linear operation ) p;;.)
j=1
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The form of the upper bound motivates us to study its dual. However, when the
objective function of the primal problem is not strictly concave, the dual problem
may not be differentiable. To circumvent this difficulty, we use ideas from Proximal
Optimization Algorithms [64, Chapter 3.4.3]. The idea is to add a quadratic term
to the objective function. We introduce an auxiliary variable y;; for each p;;. Let

Ui = [yij,7 = 1,...,0(i)] and ¥ = [¢1, .., y1]. The optimization becomes:

I Y 0(7)
22U, i
e ;H (ij)u
(1)

—ZZQ” Py — ui3)v; (3.4)

i=1 j=1""
subject to Z Z nple < R!' for all I,
i=1 j=1 Hi

where v; is some positive number chosen for each class i. For a fixed ¥, the objective
function in (3.4) is strictly concave. It is easy to show that the optimal value of
(3.4) coincides with that of (3.3). In fact, if p = p* is the maximizer of (3.3), then
P =p*,§ = p* is the maximizer of (3.4).

The standard Proximal Optimization Algorithm then proceeds as follows:

Algorithm P:

At the t-th iteration,

P1) Fix ¢ = ¢(t) and maximize the augmented objective function with respect

to p. To be precise, this step solves:

I 0(7)
rgeag Z Zplﬂ
I 0(1') N
-2 — < (P — yiy)"vi (3.5)
i=1 j=1 Hi

subject to Z Z rlpUHl < R' forall .

=1 j5=1 Hi
Since the objective function in (3.5) is now strictly concave, the maximizer

exists and is unique. Let p(t) be the solution to this optimization.
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P2) Set y(t + 1) = pl(t).

Step P1) can now be solved through its dual. Let ¢',1 = 1,..., L be the Lagrange
Multiplier for the constraints in (3.5). Let ¢ = [¢', ..., ¢"]. Define the Lagrangian as:

I
L(p,q,9) = Z Zpu
=1

Vi
- Z E(pij — ij) vi o + Z ¢R. (3.6)

Let ¢;; = llejq ¢ = lgij,7 = 1,...,0(7)]. The objective function of the dual
problem is then:

I L
o Lo Y
D( 7y) = maXL( ) 4, ) = ZBZ<QZ7:{/1)_ + quRla (37)

i=1 -

where

P €8

0(i) 0(i)
Bi(q;, y;) = max Uz’(zpij)vi—ﬁZPiﬂz‘j
= =1

-> %(Pz’j — i) i ¢ - (3.8)

Note that in the definition of the dual objective function D(q, %) in (3.7), we have
decomposed the original problem into I separate subproblems. Given ¢, each class
can solve the routing probabilities p; via its local subproblem (3.8) independently.
If we interpret ¢! as the implicit cost per unit bandwidth at link [, then qi;j is the
total cost per unit bandwidth for all links in the path j of class ¢. Thus the g;;
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captures all the information each subproblem needs about the path class i traverses.
We note that an important feature of this decomposition is that the subproblem
(3.8) is independent of the parameters A; and p;. This makes online implementation
particularly easy.

The dual problem of (3.5), given ¥, is:

D—»—»
rggl (4, 9).

Since the objective function of the primal problem (3.5) is strictly concave, the dual

is always differentiable. The gradient of D is

I 6®)

30N Mttt (3.9)

i=1 j=1 i
where pf; solves the local subproblem (3.8). Then step P1) can be solved by using

the gradient descent iteration on the dual variable, i.e.,

¢dt+1)= |d(t) - ZZ SplrH : (3.10)

i=1 j=1 Hi
where [.|T denotes the projection to [0, 400).
The class of distributed algorithms we will use in this chapter can be summarized
as follows:
Algorithm A:
At the t-th iteration:

A1) Fix ¢(t) and use the gradient descent iteration (3.10) on the dual variable
¢. Depending on the number of times the descent iteration is executed, we will
obtain a dual variable ¢(t + 1) that either exactly or approximately minimizes
D(q,y(t)) (and, equivalently, solves (3.5)). Let K be the number of times the

dual descent iteration is executed.

A2) Let p(t) be the primal variable that maximizes, over all p’ € €2, the La-
grangian L(p, q(t + 1),4(t)) corresponding to the new dual variable ¢(t + 1).

Set g/(t + 1) = (t).
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From now on, we will refer to (3.10) as the dual update, and step A2) as the primal
update.

A stationary point of algorithm A can be defined as a primal-dual pair (y*, ¢*)
such that

y* = argmax L(7, ¢*, *
pEN

),

¢"* > 0 and Z Z y”nH;j < R for all [, and

lel

I
ZZ —yiriH —Rl =0 for all [.

11]11

By standard duality theory, any stationary point (y*,¢*) of the algorithm A solves
the augmented problem (3.4). Hence § = y* solves the upper bound (3.3).

An important question is how large K (in step Al) needs to be for algorithm A
to converge to a stationary point. The standard proximal optimization theory [64,
Chapter 3.4.3] requires K = o0, i.e., at each iteration the optimization (3.5) has to be
solved exactly. This requirement essentially corresponds to a time-scale separation
between the time-scale of the primal updates and that of the dual updates. When
K < o0, at best an approximate solution to (3.5) is obtained at each iteration. If
the accuracy of the approximate solution can be controlled appropriately (see [65]),
one can still show the convergence of algorithm A. However, in this case the number
of dual updates K has to depend on the required accuracy and usually needs to be
large.

For online implementation, one cannot carry out the dual update infinitely many
times for one iteration of algorithm A. It is also difficult to distributively control the
accuracy of the approximate solution to (3.5). Hence, in this work we use a different
approach. The following result is new and shows that, by appropriately choosing
the stepsize of, the algorithm A converges for any choice of K > 1. No time-scale

separation is needed! The proof is highly technical, and since this convergence result
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has independent interest even for problems other than QoS routing, we will dedicate

a separate chapter (Chapter 4) to the study of the convergence of Algorithm A.

l

Proposition 3.3.1 Fiz1l < K < oco. As long as the stepsize o' is small enough, the

algorithm A will converge to a stationary point (y*,q*) of the algorithm, and p* = y*

solves the upper bound (8.3). The sufficient condition for convergence is:

S[: min; ";\”13’ if K =00

l iViUi y
maxa < 2Sﬁmml“)\ 2 fK=1 ,

HilViU4 y
5K(K+1)S£ min; geea if K > 1

where L = max{z 1,.,1,j =1,..0(i)} is the mazimum number of hops

7,]7 -

1 60)
for any path, and S = max{}_ Z

i=17j=

U,l =1,..., L} is the mazimum number of paths

going through any link.

Remark: The sufficient condition for K = 1 differs from that of X' = oo only by
a constant factor. For K > 1, our result requires that the stepsizes decrease on the
order of O(1/k?). This is probably not the tightest possible result, and we conjecture
that stepsizes of order O(1) would work for any K. However, we leave this for future
work. Note also that v; appears on the right hand side of the condition. Hence, by
making the objective function more concave, we also relax the requirement on the
!

stepsize o'.

be of full rank.

Finally, Proposition 3.3.1 does not require the routing matrix [H};] to

3.3.2 Distributed Implementation

Algorithm A lends naturally to online distributed implementation. The ingress
router for each class is responsible for determining the routing probabilities for this
class. To do so, the ingress router only needs to solve the local subproblem (3.8) using
the implicit costs ¢’ at all core routers that class ¢ traverses. An efficient algorithm

can solve (3.8) in at most O[0(i) log 6(7)] steps (see Appendix B.2). The core routers
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bear the responsibility to update the implicit costs ¢! according to the simple dual
update rule (3.10). After every K dual updates, the ingress router executes the
primal update.

We have mentioned earlier that the solution of each local subproblem (3.8) does
not require knowledge of the demand parameters \; and p;. Next, we show that the
dual update can also be carried out using online measurement at each link, again
without prior knowledge of the demand parameters of each class. We then obtain
an adaptive algorithm that can track changes in the network conditions.

Note that in the dual gradient (3.9), i G(Z cripijHjj is the average load per unit
time at link /. This motivates us to estlin;%e the gradlent as follows: over a certain
time window W, each link [ collects the information of flow connection requests from
all classes that arrive at the link. Let w be the total number of flow arrivals during
W. Let ri, T,k = 1,...w denote the bandwidth requirement and the service time,
respectively, of the k-th arrival. (This information can be carried along with the
connection requests.) Then we can use

@:H—Z%Q@ (3.11)

to estimate the gradient. The interpretation is immediate: >, 7T} is the total
amount of load brought to link /. One can verify that this estimate is unbiased, i.e.,
E[G;] = 0D/dq'. We can then update the implicit costs by

dt+1) = [ql(t) +af (% — Rl)] +. (3.12)

When W is not large, the stepsize a! has to be small to “average out” the noise in
the estimate. This algorithm has the flavor of stochastic approrimation algorithms
[66] that have been used in many engineering problems. Our simulations with this
algorithm demonstrate good convergence properties when a small fixed stepsize is
used. That is, according to the simulations, the stochastic approximation algorithm
converges to a small neighborhood of the solution to the upper bound. Further, when

l

the stepsize o' is away from zero, our algorithm can track the nonstationary behavior
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of the network. As the demand (i.e., A;, ;) changes, it is reflected in the gradient

estimate G¢. The network will then move towards the new optimal operating point.

3.3.3 How to Generate Alternate Paths

The set of alternate paths, denoted by the matrix [H fj], could potentially be the
enumeration of all possible paths for each class. In practice, however, a much smaller
set of alternate paths suffices. Maintaining this set of alternate paths is the role of
the path-finding component in Fig. 3.1. There are several options to generate the
candidate paths.

Option 1: Use paths that appear to be “heuristically good.” For example, given
a source-destination pair, we can use the set of minimum-hop paths, or, paths whose
number of hops is no greater than A plus that of the minimum-hop path. Obviously,
h should be small to avoid an explosion in the number of candidate paths.

Option 2: A better approach is to discover new paths online. The implicit costs
¢', which arise naturally as the Lagrangian Multipliers of the dual problem, give us
guidelines on discovering potentially better alternate paths. Given a configuration
of the alternate paths, we can easily verify the following properties that characterize
any stationary point (p*, ¢*) of algorithm A (see Appendix B.3).

Properties of the Stationary Points:

o(i)
1. When the utility functions are strictly concave, the admission probability > Dy
j=1

for each class ¢ can be uniquely determined;

2. Only paths that have the minimum cost see positive routing probabilities. The
cost of a path is the sum of the implicit costs for all links along the path.
Hence, if we let g;o denote the minimum cost among all alternate paths for

L

.. A . .

class i, i.e., g;o = min; » Hqul’*, then for all j,
=1

pi; > 0= q;; = qio-
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The above properties are consistent with the concept of the minimum first deriva-
tive path discussed in [64, p417]. Therefore, adding paths whose costs are larger than
the minimum cost will not yield any gain. We can thus use the above properties
to iteratively generate the candidate paths online. Starting from any initial set of
candidate paths, we execute the distributed algorithm A to solve the upper bound.
Then based on the implicit costs at the (possibly approximate) stationary point,
we can run any minimal cost routing algorithm using the implicit costs as the cost
metric for each link. If the minimal cost is smaller than the minimal cost among the
current set of candidate paths by a certain threshold, we add this new path into the
set, and continue. Otherwise, we can conclude that no further alternate paths need
to be added.

Option 3: Use historical data. This can be viewed as a traffic engineering step.
We first take measurements of typical traffic demands at different times of the day.
For each demand pattern, we can use the above procedure in Option 2 offline to
find the optimal alternate paths. The union of the alternate paths under all demand
patterns can then be used as the set of candidate paths. The role of the distributed
algorithm A is to shift the traffic load among these candidate paths automatically

as the network condition changes.

3.3.4 Extensions to Multiple QoS Constraints

So far we have assumed that the bandwidth constraint is the only QoS constraint.
We now address the extension to multiple QoS metrics and constraints. We can argue
that link-state metrics other than the available bandwidth (e.g., delay and overflow
probabilities, etc.) could be more stable in future high-bandwidth networks. When
the link capacity of the network is large, the network can support a large number
of connections at the same time. Due to the complexity in maintaining per-flow
information, Quality of Service is likely to be provisioned on an aggregate basis.

Each node in the network will provide a QoS guarantee on delay and/or packet loss
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probabilities for all flows belonging to the same class, rather than for each individual
flow. Such guarantees will stay unchanged as new flows arrive at or old flows depart
from the network.

Let each class be given some QoS requirements on both the bandwidth constraint
and some other constraints such as delay or packet loss probabilities. We now assume
that each link will provision certain QoS guarantees on these other QoS metrics. Such
guarantees are constant over time and can be advertised to the entire network. The
alternate paths for each class must now be constrained to those that satisfy these
other QoS requirements. Given a set of alternate paths, the distributed algorithm
in Section 3.3.1 can be used unchanged to find the optimal routing probabilities. In
order to generate the alternate paths, we can use the options in Section 3.3.3, except
that now we have to consider other constraints too. For example, in Option 2, we can
still use the implicit cost as the cost metric for each link and execute any constrained
minimal cost QoS routing algorithm to search for new alternate paths.

It is important to note that the path-finding step does not deal with the available
bandwidth constraint directly. Instead, it is based on the implicit cost, which is a
more stable parameter that depends on the average congestion level of the network.
Hence, the path-finding step can be carried out infrequently. Note that the com-
putation of optimal paths under multiple QoS constraints is usually a NP-complete
problem. Hence, for any practical implementation of QoS routing solutions, the
computation overhead has always been a key issue. Our optimization based ap-
proach does not directly reduce the computational complexity. Rather, it reduces
the frequency of the computation. We emphasize that the optimal performance is
still preserved even though computation becomes infrequent. This, as mentioned in
the Introduction, is again due to the separation of control time-scales: the set of
candidate paths needs to change only when the average demand and capacity of the
network changes significantly. Hence, the intensive computations only need to be

carried out infrequently.
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3.4 Implementational Issues

In this section we address some implementational issues.

3.4.1 Communicating the Implicit Costs

The distributed algorithm requires communicating the implicit costs back to the
ingress routers. There are two alternatives. One is to use the connection request
packets sent by the ingress router. Each link can insert its own implicit costs when
processing the connection request packets. When the response is sent back to the
ingress router, the implicit costs are piggy-backed for free. The other approach is to
periodically advertise the implicit costs throughout the network. In the latter case,
even when the implicit costs are updated infrequently, while the speed of convergence
of the distributed algorithm will be affected, the optimal routing probabilities that

the algorithm converges to will remain the same.

3.4.2 Gradient Estimates at the Link Algorithms

For the link algorithm, the gradient estimate in (3.11) requires the information
from all flow arrivals, including those that could have been rejected by the upstream
links. In some network systems, once an intermediate link along the path rejects a
connection request, the request will not be passed on to downstream links. Let Pfj’-l
be the probability that a connection request of class i routed to path j is rejected by
links that are upstream to link /. The true connection arrival rate of class i at a link
[ will be \;p;;(1 — Pf]?l). In this case, the gradient estimate constructed in (3.11), by
counting only actual arrivals, will be biased. However, when the system is large, this
error will be small. This is due to two factors: Firstly, as long as the load at each link

is less than or equal to 1, Pf]?l will be close to zero (see Lemma 2.2.1 in Chapter 2);

Secondly, if some links have load greater than 1, the implicit costs at these links will
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be increased until the loads become less than or equal to 1. Therefore, in the end
Pf]?l will be close to zero and will have a minimal impact on the gradient estimate.

The gradient estimate in (3.11) needs knowledge of the service time T} of an
incoming flow. When this information is not known at the time of connection arrival,
it can also be replaced by the time average of the service time of past flows. This
time average can be calculated at the ingress router by measuring the service time

of the flows that have completed service. The unbiasness of (3.11) is not affected by

such changes.

3.4.3 Adaptive Stepsizes

The transient behavior of the distributed algorithm is sensitive to the choice of
the stepsize a!. A smaller stepsize will result in a smaller misadjustment (overshoot
or undershoot) around the optimal solution, but takes a longer time to converge. A
larger stepsize expedites the convergence at the cost of larger misadjustment. This
tradeoff between misadjustment and speed of convergence is a fundamental one for
stochastic approximation algorithms with constant stepsizes. A better approach is to
use an adaptive stepsize scheme: a larger stepsize is used initially (or when sudden
changes occur) to expedite convergence, followed by a smaller stepsize to reduce
the misadjustment. This idea of stepsize adaptation has been used in many other
applications, especially in adaptive filtering. Here we illustrate one such approach,
borrowed from the idea in [67]:

Fix a link [. Let G; be the estimate of the gradient at the t-th iteration. Let E;

be a weighted average of the past samples of Gy, i.e., upon a new sample G, let
EtJrl = €th + (1 - El)Et,

where € is a small positive constant. Let ol denote the stepsizes at the t-th iteration.

We can update the stepsize based on the correlation between E; and Gy, i.e.,

Oéff—i—l = mln{[allf + ﬁlEth]+7 Oémax}a (313)
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where 3 is a small positive constant, and oy is a maximum allowable stepsize
chosen to ensure the stability of the system. We will demonstrate in the simulation
results in Section 3.5 that the distributed algorithm with such an adaptive step-
size scheme can swiftly track the changes in the network condition, and it can also

effectively reduce the misadjustment when the network condition is stable.

3.5 Simulation Results

In this section, we present simulation results that illustrate our optimization
based approach for QoS routing. We implement the distributed algorithm follow-
ing the online measurement based scheme in Section 3.3.2. The topologies we use
are shown in Fig. 3.2. We first demonstrate the convergence of the distributed al-
gorithm using the “triangle” network in Fig. 3.2. There are three classes of flows
(AB, BC,CA). For each class of flows, there are two alternate paths, i.e., a direct
one-link path, and an indirect two-link path. The arrival rates for classes AB, BC,
CA are 1, 1 and 3 flows per time unit, respectively. Each flow consumes one band-
width unit along the path(s) and holds the resources for a time that is exponentially
distributed with mean of 100 units. Let the capacity of all links be 100 bandwidth
units. For all classes the revenue v; is 1 and the utility function is U;(p) = Inp. Both
the revenue and the implicit cost are chosen to be unitless.

Fig. 3.3 demonstrates the evolution over time of the implicit costs at all links
and the evolution of the routing probabilities of class CA. The x-axis corresponds
to the total number of arrivals simulated. Readers can verify that all quantities of
interest converge to a small neighborhood of the solution to the upper bound. The
parameters we use for the distributed algorithm are: o! = 0.0001 per bandwidth unit,
v; =1, K =1000 and W =1 time unit.

Fig. 3.4 demonstrates the convergence of the implicit costs when we use the
adaptive stepsize scheme in Section 3.4. The parameters we use are: € = 0.001,

Qmax = 0.1 per bandwidth unit, 3 = 0.0001 per cubic bandwidth unit and of = 0.
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Fig. 3.3. Evolution of the implicit costs (top) and the routing prob-
abilities of class CA (bottom) with respect to the number of arrivals
simulated. The unit of x-axis is 1000 arrivals. The solution to the
upper bound is the following: the implicit costs are 1.25, 1.25, and
2.5, respectively, for link AB, BC and CA. The routing probability
for class CA are 0.33 for the direct path and 0.067 for the two-hop
path.
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Fig. 3.4. Evolution of the implicit costs when the adaptive stepsize
scheme is used.

The initial convergence is almost immediate: the implicit costs quickly jump to a
small neighborhood of the solution to the upper bound, thanks to an increase in the
stepsize initially. The evolution of the routing probabilities (not shown) follows the
same trend. While the misadjustment takes time to die out (as the stepsize becomes
smaller), Fig. 3.5 shows that the convergence of the revenue to its stationary value
is achieved must faster (note that the range on the x-axis is smaller). As far as the
overall revenue is concerned, the fluctuations of the implicit costs appear to cancel
themselves out.

We have also simulated the case when the network condition changes over time,
i.e., when the system is non-stationary. Fig. 3.6 and Fig. 3.7 demonstrate the evo-
lution of the implicit costs when the average inter-arrival time of class CA changes
according to a square wave and a triangle wave, respectively. We observe that the
distributed algorithm with adaptive stepsizes can track the changes in the network
condition swiftly.

We next simulate a larger network, i.e., the “ISP” topology in Fig. 3.2, which is
reconstructed from an ISP network and has been used in many simulation studies

[49-52, 56]. It has 18 nodes and 30 links. We simulate the case with a uniform
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demand matrix: flows arrive at each node according to a Poisson process with rate
A, and the destinations are chosen uniformly among all other nodes. The bandwidth
requirement of each connection is one bandwidth unit. Revenue v; is 1. We use a
Pareto service time distribution with shape parameter 2.5, to capture the heavy-
tailed characteristic of the traffics on the Internet. The mean service time is 100
time units. The capacity of each link is 1000 bandwidth units.

There are a total of 18 x 17 = 306 source-destination pairs (i.e., classes). When
the simulation is initialized, the set of alternate paths for each source-destination
pair consists of all minimum-hop paths. Once simulation starts, new paths can be
added following Option 2 in Section 3.3.3. To simplify the simulation, we adopt an
upper limit of 10 on the number of alternate paths for each source-destination pair:
when a new path is found, if there are already 10 alternate paths, the old path with
the smallest routing probability will be replaced by the new path.

We choose the utility function to be of the following form

Ui(p) = h;lnp — (h; — 1)p,

where h; is the minimal number of hops between source-destination pair ¢. This
utility function improves the admission probability for flows that traverse a larger

number of hops. (At the same level of admission probability p < 1, the marginal

av; __
dp

utility hi/p — (h; — 1) is larger for flows that traverse a long path.)

We simulate the optimization based approach using the distributed algorithm
and compare, in Fig. 3.8, the revenue and the total blocking probability over all
classes against the values determined by the upper bound. We vary the per-node
flow arrival rate A from 1.0 to 10.0 flows per time unit. As we can see from these
figures, our distributed algorithm tracks the upper bound consistently over all loads.
With a network of this size (each link can hold 1000 flows) the difference between
the upper bound and the simulation of our distributed algorithm is already small.

We also compare the performance of the Widest-Shortest-Path (WSP) algorithm.
WSP has been used in many simulation studies [49,50,56]. Among all feasible paths,

the WSP algorithm will first choose paths that have the smallest number of hops.
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If there are multiple such paths, the WSP algorithm will choose the one with the
largest available bandwidth. However, as shown in Fig. 3.8, the performance of a
faithful implementation of WSP starts to taper off at A\ = 5.0 flows per time unit.
The performance degradation of WSP is due to its selection of non-minimal hop
paths, which could result in sub-optimal configurations for the whole network. If
we constrain WSP to minimum-hop paths only, the performance degradation will
disappear in this example, as shown by the curve labeled “WSP /Min-Hop.” However,
from this, we should not draw the conclusion that such a practice is always better.
By constraining WSP to minimum-hop paths, one also reduces the capability of
WSP to use other potentially less congested paths. The end result depends on the
topology of the network and the demand pattern. For example, in the “shortcut”
topology in Fig. 3.2, assume that the capacities of all links are the same. If flows
from S to D is to only use the minimum-hop path (S-1-6-D), once this path is full,
no more flows can be admitted. However, if the flows use the non-minimum-hop
paths S-1-2-3-D and S-4-5-6-D, twice as many flows can be admitted. Hence it is
not always better to restrict on minimum-hop paths.

Our distributed algorithm, on the other hand, will always be able to find the
right balance by solving the upper bound. It consistently tracks the upper bound
under all load conditions. This provable optimality is an attractive feature of our
optimization based approach as it ensures that the routing decision will always be
close to optimal.

The strength of the optimization based approach is even more evident when the
computation and link state updates become infrequent. To show this, we pick A = 6.0
flows per time unit and simulate both the distributed algorithm and the WSP (with
minimum-hop path only) when we vary the interval between link-state updates. To
ensure a fair comparison of the performance and the overhead of the two schemes,
we adopt the following settings for our simulation. For the distributed algorithm,
we choose to simulate the case where the implicit costs are advertised with each link

state update, and computation is carried out after each link state update. (That
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is, we are not simulating the “piggy-back” approach in Section 3.4.1.) For WSP, in
contrast to the suggestion given in [51], we do not allow WSP to recompute paths
when a connection routed to a precomputed path is later rejected. The reason is
that one cannot reduce the computational overhead too much if such recomputation
is allowed: for example, when the blocking probability is around 10%, on average 1
out of 10 arrivals will trigger recomputation! For a similar reason, we also do not
use the triggered link state update strategy of [51] for WSP. When the triggered
strategy is used, changes in available bandwidth that exceed certain percentage of
the past advertised available bandwidth will trigger a new link state update. When
the network operates at a high utilization level, the available bandwidth is small.
Even small changes in available bandwidth will trigger frequent updates. Hence,
one can not reduce the communication overhead too much using a triggered update
strategy.

Simulation results are presented in Fig. 3.9. The performance of the distributed
algorithm changes little as the link state update interval becomes larger and larger,
while the performance of WSP decreases significantly. (The unit time on the x-axis
is the mean inter-arrival time of flows at each node.) In the worst case, WSP blocks
twice as many connections compared to the case when it has perfect link states. We
have also simulated the case when the network condition changes over time (i.e.,
when the system is non-stationary). In Fig. 3.10, we change the average inter-arrival
time at each node according to the triangle wave in Fig. 3.10(b), and plot the overall
blocking probability in Fig. 3.10(a) when we vary the interval between link-state
updates. The performance of the distributed algorithm is again insensitive to the
link state update interval, while the performance of WSP decreases significantly as
the link state update interval increases. Note that the exact level of this performance
degradation for WSP is a complex function that depends on many factors, such as the
topology and the demand of the network, etc. Again, the strength of the optimization
based approach is that it consistently achieves near optimal performance, even when

the computation and communication overhead are greatly reduced.
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algorithm. The arrival rate at each node is fixed at A = 6.0 flows per
time unit.

When our optimization based approach to QoS routing is used, designers can
predict the operating point of the network by analytically solving the upper bound.
This is shown in Fig. 3.11 where each point represents the blocking probability of
one source-destination pair computed by the upper bound (along the x-axis) and
that collected from the simulation of the distributed algorithm (along the y-axis).
The points follow the diagonal line, which indicates that the simulation matchs the
theory. In contrast, the analysis of dynamic QoS routing schemes (such as WSP)
appears to be an intractable problem, especially when the computation becomes
infrequent and the link state information becomes inaccurate. One usually has to

resort to simulation to find out the operation of a QoS routing algorithm.

3.6 Conclusion and Future Work

In this chapter, we developed an optimization based approach for Quality of Ser-
vice routing in high-bandwidth networks. We view a network that employs QoS

routing as an entity that carries out a distributed optimization. By solving the op-
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timization problem, the network is driven to an efficient operating point. When the
capacity of the network is large, this optimization takes on a simple form. We develop
a distributed and adaptive algorithm that can efficiently solve the optimization on-
line. The proposed optimization based approach has several advantages in reducing
the computation and communication overhead, and in improving the predictability
and controllability of the operating characteristics of the network.

We now briefly outline directions for future work: (1) In this chapter we propose
to update the implicit costs by measuring the arrived load. Other methods are
possible, for example, by taking into account the utilization levels of the links. (2)
A deeper understanding of the transient behavior of the distributed algorithm is
important. The adaptive stepsize scheme in Section 3.4 that improves the speed of
the convergence is of particular interest. (3) We assume that the capacity of the
network is uniformly large. If some part of the network is not so large (for example,
at the network edge), one then has to study a finer level of dynamics in these parts
of the network. It would be interesting to study hybrid schemes that combine our
results with some further details of the dynamics of smaller links. (4) In this chapter
we take a source routing model. Adapting our result to the distributed routing or
hierarchical routing paradigms is also a possible direction for future work. A related
issue is how to deal with the case when routers do not allow arbitrary splitting of
traffic among multiple paths. (5) Finally, from a theoretical viewpoint, it would be
important to prove the convergence of the distributed algorithm under more general

settings, such as with asynchronous computation.
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4. CONVERGENCE PROPERTIES OF ALGORITHM A
FOR SOLVING THE MULTI-PATH UTILITY
MAXIMIZATION PROBLEM

4.1 Introduction

This chapter is dedicated to the study of the convergence properties of Algorithm
A that was proposed in Chapter 3. Since these results will also be of interest to
problems other than QoS routing, we will carry out our analyses for the following

problem with a more general form:

I 0(4)
max > HO i) (4.1)
i=1 j=1

@i 20,m; < Y0 @i <M ,i=1,...,1
i=1

I 0
subject to Z 2(5 Efjxij <R foralll=1,.., L (4.2)
i=1 j=1
Optimization problems of this form appear in several resource allocation problems
in communication networks, when each user or (class of users) can have multiple
alternative paths through the network [22]. Generically, problem (4.1) amounts
to allocating resources R, ..., R* from network components [ = 1,2, ..., L to users
1 =1,2,..., I such that the total system “utility” is maximized. The “utility” function
fi(+) represents the performance, or level of “satisfaction,” of user ¢ when a certain
amount of resource is allocated to it. In practice, this performance measure can
be in terms of revenue, welfare, or admission probability, etc., depending on the
problem setting. We assume throughout that f;(-) is concave. Each user ¢ can
have 6(i) alternative paths (a path consists of a subset of the network components).

Let x;; denote the amount of resources allocated to user ¢ on path j. Then the
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utility f,(%) x;;), subject to m; < G(ZZ) z;; < M;, is a function of the sum of the
resources gllocated to user ¢ on all p]a?}lls. Hence, the resources on alternative paths
are considered equivalent and interchangeable for user 7. The constants Efj represent
the routing structure of the network: each unit of resource allocated to user ¢ on path
J will consume Efj units of resource on network component /. (Ef] = 0 for network
components that are not on path j of user i.) The inequalities in (4.2) represent
the resource constraints at the network components (hence R’ can be viewed as the
capacity of network component [, and ZI: gzj) Efjxij is the total amount of resources
consumed at network component [ sumzr;llejd_lover all users and all alternative paths).
We assume that R' > 0, Efj >0, m; > 0 and M; > 0 (M; could possibly be +o0).

Remark: Note that for the model in Chapter 3, z;; corresponds to the routing
probability p;;, Efj = %rinj, and f;(-) = %UZU,()

We will refer to problem (4.1) as the multi-path utility mazimization problem [22].
In this chapter, we are interested in solutions to this problem that are amenable to
online implementation. There exist several resource allocation problems in com-
munication networks that can be modeled as (4.1), including the optimal pricing
problem in Chapter 2, the optimal QoS routing problem in Chapter 3, and the
multi-path flow control problem [14,58-60]. Essentially, once the network can sup-
port multi-path routing, the resource allocation problem changes from a single-path
utility maximization problem to a multi-path utility maximization problem. As we
will soon see, the multi-path nature of the problem leads to several difficulties in
constructing solutions suitable for online implementation. One of the main difficul-
ties is that, once some users have multiple alternative paths, the objective function
of problem (4.1) is no longer strictly concave, and hence the dual of the problem
may not be differentiable at every point. Note that this lack of strict concavity is
mainly due to the linearity 02(32) z;;. (The objective function in (4.1) is still not strictly

j=1

concave even if the utility functions f; are strictly concave.) On the other hand, the

requirement that the solutions must be implementable online also imposes a number
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of important restrictions on our design space, some of which were already discussed

in Chapter 3. We outline these restrictions below:

e The solution has to be distributed because these communication networks can

be very large and centralized solutions are not scalable.

e In order to lower the communication overhead, the solution has to limit the
amount of information exchanged between the users and different network com-
ponents. For example, a solution that can adjust resource allocation based on
online measurements is preferable to one that requires explicit signaling mech-

anisms to communicate information.

e It is also important that the solution does not require the network components
to store and maintain per-user information (or per-flow information, as it is
referred to in some of the networking literature). Since the number of users
sharing a network component can be large, solutions that require maintaining

per-user information will be costly and will not scale to large networks.

e In the case where the solution uses online measurements to adjust the resource
allocation, the solution should also be resilient to measurement noise due to

estimation errors.

In this chapter, we first re-derive the corresponding form of Algorithm A as a
distributed solution for the multi-path utility maximization problem (4.1). We will
then show that our distributed solution has the aforementioned attributes desirable
for online implementation. Our main technical contributions are as follows:

1) We provide a rigorous analysis of the convergence of our distributed algorithm.
This analysis is done without requiring the two-level convergence structure that is
typical in standard techniques in the convex programming literature for dealing with
the lack of strict concavity of the problem. Note that algorithms based on these
standard techniques are required to have an outer level of iterations where each outer

iteration consists of an inner level of iterations. For the convergence of this class
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of algorithms to hold, the inner level of iterations must converge before each outer
iteration can proceed. Such a two-level convergence structure may be acceptable for
off-line computation, but not suitable for online implementation because in practice
it is difficult for the network to decide in a distributive fashion when the inner level of
iterations can stop. A main contribution of this work is to establish the convergence
of our distributed algorithm without requiring such a two-level convergence structure.

2) By proving convergence, we are able to provide easy-to-verify bounds on the
parameters (i.e., step-sizes) of our algorithm to ensure convergence. Note that when
distributed algorithms based on our solution are implemented online, a practically
important question is how to choose the parameters of the algorithm to ensure effi-
cient network control. Roughly speaking, the step-sizes used in the algorithm should
be small enough to ensure stability and convergence, but not so small such that the
convergence becomes unnecessarily slow. The main part of this work addresses the
question of parameter selection by providing a rigorous analysis of the convergence
of the distributed algorithm.

3) We also study the convergence of the algorithm in the presense of measurement
noise and provide guidelines on how to choose the step-sizes to reduce the disturbance
in the resource allocation due to noise.

4) Our studies reveal how the inherent multi-path nature of the problem can
potentially lead to such difficulties as instability and oscillation, and how these dif-
ficulties should be addressed by the selection of the parameters in the distributed
algorithm.

We believe that these results and insights are important for network designers who
face these types of resource allocation problems. The rest of the chapter are organized
as follows. After discussing related work in Section 4.1.1, we will first re-derive
our distributed solution (i.e., Algorithm A) in Section 4.2. The convergence of the
distributed algorithm will be studied in Sections 4.3 when there is no measurement
noise in the system, and in Section 4.4 when there is measurement noise. Simulation

results are presented in Section 4.5. Then we conclude.
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4.1.1 Related Work

The single-path utility maximization problem, i.e., when each user (or class) has
only one path, has been extensively studied in the past, mainly in the context of
Internet flow control (see, for example, [14-16,41,61] and the reference therein).
However, the multi-path utility maximization problem has received less attention in
the literature [14,58-60]. In [14], after studying the single-path utility maximization
problem, the authors briefly discuss the extension to the multi-path case. They cate-
gorize the solutions into primal algorithms and dual algorithms. Global convergence
of the primal algorithms is studied in [14] for the case when feedback delays are neg-
ligible. (On the other hand, the dual algorithms there have an oscillation problem
as we will discuss soon). Local stability of primal algorithms with feedback delays
is further studied in [60]. Since [14] and [60] use a penalty-function approach, in
general the algorithms there can only produce approzimate solutions to the original
problem (4.1).

The method in [59] can be viewed as an extension of the primal algorithms
in [14] for computing ezact solutions to problem (4.1). It employs a (discontinuous)
binary feedback mechanism from the network components to the users: each network
component will send a feedback signal of 1 when the total amount of resources
consumed at the network component is greater than its capacity, and it sends a
feedback signal of 0 otherwise. The authors of [59] show that, if each network
component can measure the total amount of consumed resources precisely, their
algorithm will converge to the exact optimal solution of problem (4.1). However,
their algorithm will not work properly in the presence of measurement noise: if the
network component can only estimate the amount of consumed resources with some
random error (we will see in Section 4.2.1 how such situations arise), it could send
a feedback signal of 1 erroneously even if the true amount of resources consumed is
less than its capacity (or, a feedback signal of 0 even if the true amount of resources

consumed exceeds its capacity). Therefore, the algorithm in [59] cannot produce
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the exact optimal solution when there is measurement noise. The AV() algorithm
[41,68] is also worth mentioning as an extension of the primal algorithms in [14]
for computing ezact solutions. However, the literature on the AV(@Q algorithm has
focused on the single-path case. The extension to the multi-path case has not been
rigorously studied.

Dual algorithms that can produce ezact solutions are developed in [15] for the
single-path case. When extended to the multi-path case, both this algorithm and the
dual algorithm in [14] share the same oscillation problem. That is, although the dual
variables in their algorithms may converge, the more meaningful primal variables
(i.e., the resource allocation z;;) will not converge. (We will illustrate this problem
further in Section 4.2.) This difficulty arises mainly because the objective function
of problem (4.1) is not strictly concave in the primal variables z;; once some users
have multiple paths. The authors in [58] attempt to address the oscillation problem
by adding a quadratic term onto the objective function. Their approach bears some
similarities to the idea that we use in this chapter. However, they do not provide
rigorous proofs of convergence for their algorithms.

Another method that is standard in convex programming for dealing with the lack
of strict concavity is the Alternate Direction Method of Multipliers (ADMM) [64,
p249, P253]. Tt has known convergence property (when there is no measurement
noise) and can also be implemented in a distributed fashion. However, when imple-
mented in a network setting, the ADMM algorithm requires substantial communica-
tion overhead. At each iteration, the ADMM algorithm requires that each network
component divides the amount of unallocated capacity equally among all users shar-
ing the network component and communicates the share back to each user. Each
user not only needs to know the cost of each path (as in the distributed algorithm
we will propose in this chapter), but also needs to know its share of unallocated
capacity at each network component. Further, in a practical network scenario where
the set of active users in the system keep changing, unless the network has a reliable

signaling mechanism, even keeping track of the current number of active users in the
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system requires maintaining per-user information. It is also unclear how the ADMM
algorithm would behave in the presence of measurement noise. In this chapter, we
will study new solutions that are specifically designed for online implementation,
and that do not require each network component to store and maintain per-user

information.

4.2 The Distributed Algorithm

Similar to what we found in Chapter 3, one of the main difficulties in solving (4.1)
is that, once some users have multiple alternative paths, the objective function of
(4.1) is not strictly concave. As we go into the details of the analysis, we will see the
manifestation of this difficulty in different aspects. At a high level, since the primal
problem is not strictly concave, the dual problem may not be differentiable at every
point. In this chapter, we would still like to use a duality based approach (parallel to
the approach in Chapter 3), because the dual problem usually has simpler constraints
and is easily decomposable. Again, to circumvent the difficulty due to the lack of
strict concavity, we use ideas from Proximal Optimization Algorithms [64, p232]. The
idea is to add a quadratic term to the objective function. Let Z; = [x;;,7 =1, ..., 6(7)]
and

0(i)
Ci = {Zi|z;; > 0 for all j and inj € [miy, M;]}, i=1,..,1. (4.3)

j=1
Let Z = [Z1, ..., Z7]7 and let C' denote the Cartesian product of Cj, i.e., C' = ®l.[:1 C;.
We now introduce an auxiliary variable y;; for each z;;. Let 4; = [y;;,7 = 1,...,6(7)]

and i = [, .., 77]T. The optimization then becomes:
I 0(4) I c
i 2
i ij) = (@ij — Yij 4.4
feHCl’,agj)e(C ;f(;fﬂj) Z 2(*73] Yij) (4.4)

I 60
subject to Z Z Efjxij < R' foralll,

i=1 j=1
where ¢; is a positive number chosen for each i. It is easy to show that the optimal

value of (4.4) coincides with that of (4.1). In fact, Let z* denote the maximizer of



100

(4.1), then Z = x*, §f = o* is the maximizer of (4.4). Note that although a maximizer
of (4.1) always exists, it is usually not unique since the objective function is not
strictly concave.

The standard Proximal Optimization Algorithm then proceeds as follows:

Algorithm P:

At the t-th iteration,

P1) Fix § = (t) and maximize the augmented objective function with respect

to . To be precise, this step solves:

0(7) I 6@)
e Zfz dor) = 3D gl (49)
=1 1
I 6(3i) "
subject to Z Z i < R' for all L.
=1 j=1

Note that the maximization is taken over & only. With the addition of the
0(i)

quadratic term Z L (1, — y;;)?, for any fixed ¥, the primal objective function
=1

is now strictly concave with respect to Z. Hence, the maximizer of (4.5) exists

and is unique. Let Z(t) be the solution to this optimization.
P2) Set y(t + 1) = Z(¢).

It is easy to show that such iterations will converge to the optimal solution of problem
(4.1) as t — oo [64, p233].

Step P1 still needs to solve a global non-linear programming problem at each
iteration. Since the objective function in (4.5) is now strictly concave, we can use
standard duality techniques. Let ¢!,l = 1, ..., L be the Lagrange Multipliers for the
constraints in (4.5). Let ¢= [¢', ..., ¢"]T. Define the Lagrangian as:

I 0() L I 6() I 6()
L(f,(f,?j) - Z Z‘Tw Z ZZ wz‘j ZZ% xzj_yij)2
=1 Jj=1 =1 i=1 j=1 i=1 j=1
I 10 10} L 0(3)
= Z fz Z ng Z Z qu - Z (ng yz] + Z q Rl
i=1 = j=1 J=1
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Let ¢;; = ZEUq ¢ = g7 = 1,...,0(7)]. The objective function of the dual

problem is then
D(q,§) = max L(Z,¢,9) = Y _ Bi(q@.5) + Y _d'R', (4.7)

where
0(i) 0(i)

(1)
Bi(q, %) = max fl(zxw wa%] Z (xw yij)2 . (4.8)
j=1

Z‘iEC-; ] 1

The dual problem of (4.5), given g, then corresponds to minimizing D over the dual
variables ¢, i.e.,

Dia 7
r;);gl (4, 9).

Since the objective function of the primal problem (4.5) is strictly concave, the dual
is always differentiable. Let ¢ = ¢(t’). The gradient of D is
I 07
oD R
L » W
=1 j=1

where 20;(t') solves (4.8) for ¢ = q(t'). The step P1 can then be solved by gradient

descent iterations on the dual variables ¢ i.e.,

+

¢t +1) = |d(t)+ak ZZ Lad ()~ RY| (4.9)

=1 j=1

where [-]* denotes the projection to [0, +00). It is again easy to show that, given ¥,
the dual update (4.9) will converge to the minimizer of D(q,¥) as t’ — oo, provided
that the step-sizes ! are sufficiently small [64, p214].

Remark (The Oscillation Problem Addressed): From (4.8) we can observe the
potential oscillation problem caused by the multi-path nature of problem (4.1), and
the crucial role played by the additional quadratic term in dampening this oscillation.
Assume that there is no additional quadratic term, i.e., ¢; = 0. Readers can verify
that, when (4.8) is solved for any user i that has multiple alternative paths, only

paths that have the least ¢;; will have positive z;;. That is, ¢;; > miny g, = x;; = 0.
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This property can easily lead to oscillation of z;; when the dual variables ¢ are being
updated. To see this, assume that a user ¢ has two alternative paths, and the sum of
the dual variables on these two paths, ¢;; = ZL: Ef-,lql and ¢; 2 = ZL: Efvqu, are close
to each other. At one time instant ¢;; could ll;el greater than qi72,l:1111 which case the
maximum point of (4.8) satisfies z;; = 0 and x; 2 > 0. At the next time instant, since
more resources are consumed on network components on path 2, the dual variables
¢ could be updated such that g;2 > ¢;1 (see the update equation (4.9)). In this case,
the maximum point of (4.8) will require that z;; > 0 and z; 2 = 0, i.e., the resource
allocation will move entirely from path 2 over to path 1. This kind of flip-floping can
continue forever and is detrimental to network control. When ¢; > 0, however, the
maximum point Z; of (4.8) is continuous in ¢; (shown later in Lemma 4.3.1). Hence,

the quadratic term serves a crucial role to dampen the oscillation and stablize the

system.

4.2.1 Towards Constructing Online Solutions

The algorithm P that we have constructed requires the two-level convergence
structure typical in proximal optimization algorithms. The algorithm P consists of
an outer level of iterations, i.e., iterations P1 and P2, where each outer iteration P1
consists of an inner level of iterations (4.9). For the convergence of algorithm P to
hold, the inner level of iterations (4.9) must converge before each outer iteration can
proceed from step P1 to P2. Such a two-level convergence structure is unsuitable for
online implementation because in practice, it is difficult for the network elements to
decide in a distributive fashion when the inner level of iterations should stop.

Despite this difficulty, the main building blocks (4.8) and (4.9) of algorithm P
have several attractive attributes desirable for online implementation. In particular,
all computation can be carried out based on local information, and hence can be
easily distributed. More precisely, in the definition of the dual objective function

D(q, %) in (4.7), we have decomposed the original problem into I separate subprob-
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lems for each user ¢ = 1, ..., I. Given ¢, each subproblem B; (4.8) can now be solved
independently!. If we interpret ¢ as the implicit cost per unit resource on network
component [, then g;; is the cost per unit resource on path j of user i. We can call
qi; the cost of path j of user i. Thus the costs ¢;;,7 =1, ..., 0(i), capture all the infor-
mation that each user ¢ needs to know in order to determine its resource allocation
z;;. Further, according to (4.9), the implicit cost ¢' can be updated at each network
component [ based on the difference between the capacity R' and the aggregate load
zI: BZ(Z: Z] Z]( ). In many applications, this aggregate load can be measured by each
;eltizvork component directly. For example, in a multi-path flow control problem
where x;; represents the data rate of user (flow) ¢ on path j [22], the aggregate load
i % :v,-j is simply the aggregate data rate going through link [, which can be
Zestljmated by counting the total amount of data forwarded on the link over a certain
time window. Hence, no per-user information needs to be stored or maintained. In
some applications, there is yet another reason why the measurement-based approach
is advantageous. That is, by measuring the aggregate load directly, the algorithm
does not need to rely on prior knowledge of the parameters of the system, and hence
can automatically adapt to the changes of these parameters. For example, in the
optimal routing problem in Chapter 3, each link [ needs to estimate the aggregate
load Z Z A npw . Since the probability that a user of class i is routed to path
7 is plw,1 %he arrival process of users of class ¢ on link [ is a Poisson process with rate
A\ipij. Assume that neither the mean arrival rate \; nor the mean service time 1/,
are known a priori, but each user knows its own service time in advance. Each link
can then estimate the aggregate load as follows?: over a certain time window W,
each link [ collects the information of the arriving users from all classes to link [.

Let w be the total number of arrivals during W. Let ry, Ty, k = 1,...w denote the

bandwidth requirement and the service time, respectively, of the k-th arrival. (This

!Note that an efficient algorithm can solve each subproblem B; (4.8) in at most O[0(i)log 6(i)]
steps (see Appendix B.2).

2This is precisely the procedure we proposed in Section 3.3.2.
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information can be carried along with the connection setup message when the user

arrives.) Let
6= Laf’j’“.

Then, it is easy to check that

I 6@

=33 St

=1 j= 1
i.e., # is an unbiased estimate of the aggregate load. Note that no prior knowledge on
the demand parameters \; and p; is needed in the estimator. Hence, the algorithm
can automatically track the changes in the arrival rates and service times of the

users [21].

4.2.2 The Algorithm A

In the rest of the chapter, we will study the following algorithm that generalizes
algorithm P. (This is precisely the Algorithm A that we used in Chapter 3.)

Algorithm A:

Fix K > 1. At the t-th iteration:

A1) Fix ¢y = y(t) and use gradient descent iteration (4.9) on the dual variable
¢ for K times. To be precise, let ¢(t,0) = ¢(t). Repeat the following procedure
foreach k =0,1,.. K — 1:

Let Z(t,k) be the primal variable that solves (4.8) given the dual variable
q(t, k), i.e., Z(t, k) = argmax L(Z, ¢(t, k), y(t)). Update the dual variables by
zeC

+

¢'(tk+1)= |t k) +al ZZ Lay(t k) — RY |, forall I (4.10)

i=1 j=1

A2) Let ¢q(t + 1) = ¢(t, K). Let z(t) be the primal variable that solves (4.8)
given the new dual variable ¢(t + 1), i.e., Z(t) = argmax L(Z,q(t+1),y(t)). Set

yij(t +1) = yi;(t) + Bi(2i(t) — i5(t)), for all 4, j, (4.11)
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where 0 < 3; < 1 for each 1.

As discussed in Section 4.2.1, in certain applications the aggregate load
I 6()
> > ELx(t k) is estimated through online measurement with non-negligible
i=1j=1
noises. The update (4.10) should then be replaced by:

¢t k+1)=|dtk) +d ZZ Lay(t k) — RE+nl(t, k)| (4.12)

=1 j=1
where n!(t, k) represents the measurement noise at link /.
From now on, we will refer to (4.10) or (4.12) as the dual update, and (4.11) as the

primal update. A stationary point of the algorithm A is defined to be a primal-dual
pair (y*,¢*) such that

I 6(7)
y* = argmax L(Z, ¢*, y*) ZZ ]y” < R for all I, (4.13)
reC i=1 j=1

¢"* >0, and ¢"* ZZ Ly;, — RY) =0 for all L.

i=1 j=1
These are precisely the complementary slackness conditions for the problem (4.1).
By standard duality theory, for any stationary point (y*,q*) of the algorithm A,
Z = y* solves the problem (4.1).

The main components of algorithm A (i.e., the primal and dual updates) are
essentially the same as that of the standard proximal optimization algorithm P.
Therefore, our new algorithm 4 inherits from algorithm P those attributes desirable
for online implementation. However, the main difference is that, in algorithm A, only
K number of dual updates are executed at each iteration of step Al. If K = oo,
then algorithm A and algorithm P will be equivalent, i.e., at each iteration of step
A1 the optimization (4.5) is solved exactly. As we discussed earlier, such a two-level
convergence structure is inappropriate for online implementation because it would
be impractical to carry out an algorithm in phases where each phase consists of an
infinite number of dual updates. Further, because each phase only serves to solve

the augmented problem (4.5), such a two-level convergence structure is also likely to
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slow the convergence of the entire algorithm as too many dual updates are wasted
at each phase.

On the other hand, when K < oo, at best an approximate solution to (4.5) is
obtained at each iteration of step Al. If the accuracy of the approximate solution can
be controlled appropriately (see [65]), one can still show convergence of algorithm A.
However, in this case the number of dual updates K in step A1l has to depend on the
required accuracy and usually needs to be large. Further, for online implementation,
it is also difficult to control the accuracy of the approximate solution to (4.5) in a
distributed fashion.

In this work, we take an entirely different approach. We do not require a two-level
convergence structure and we allow an arbitrary choice of K > 1. Hence, our ap-
proach does not impose any requirement on the accuracy of the approximate solution

0 (4.5). As we just discussed, relaxing the algorithm in such a way is a crucial step
in making the algorithm amenable to online distributed implementation. Somewhat
surprisingly, we will show in the next section that algorithm A will converge for any

K> 1.

4.3 Convergence without Measurement Noise

In this section, we study the convergence of algorithm A when there is no mea-
surement noise, i.e., when the dynamics of the system are described by (4.10) and
(4.11). The convergence of algorithm 4 can be most easily understood by looking
at its continuous-time approximation as follows:

Algorithm AC:

A1-C) dual update:

I 0(7)
d (Z Z () — R if ¢'(t) > 0 or 3 Z Lai(t) > R
dt (t) i=1j= i=1j= R
0 otherwise

(4.14)

where 7(t) = argmax L(Z, ¢(t), y(t)).
zeC
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A2-C) primal update:
d .
Sg(8) = Bl ®) — iy 1) (4.15)

Note that &'dt and ﬁAl dt would correspond to the step-sizes ol and 3; in the
discrete-time algorithm A. The continuous-time algorithm AC can be view as the
functional limit of the discrete-time algorithm by driving the step-sizes o' and (3; to
zero and by appropriately rescaling time (see Section 4.4 and Appendix C.3).

For the sake of brevity, we will use the following vector notation for the rest of
the chapter. Let E denote the matrix with L rows and Y., (i) columns such
that the (1,3°,_ 0(k) + j) element is E. Let R = [R',R? ..RT. Then the
constraint of problem (4.1) can be written as EZ < R. Let V and B be Y., (i) x
S°7 ., 6(4) diagonal matrices, where the (30—} 8(k)+1)-th to (32%_, 6(k))-th diagonal
clements are ¢; and [3;, respectively (i.c., each ¢; or f3; is repeated 6(i) times). Let
A be the L x L diagonal matrix whose I-th diagonal element is &'. It will also be
convenient to view the objective function in (4.1) as a concave function of ¥, i.e,

f(7) = 3L, fz(z xw) Further, we can incorporate the constraint # € C' into
the definition of the function f by setting f(Z) = —oo if £ ¢ C. Then the function f
is still concave, and the problem (4.1) can be simply rephrased as maximizing f(Z)
subject to EZ < R. The Lagrangian (4.6) also becomes:

L NV(E -9+ R (4.16)

L#q9) = £ - ETq- (7 -

The continuous time algorithm AC can then be viewed as the projected forward

iteration for solving the zeros of the following monotone mapping [69]:
T: [v,q) — [u,v], (4.17)
with
W(5.q) =~V G.D) ~§), 0G0 =—(EF.q) - R),

—

where ;0(377 q) = argmax; L(Z, ¢, 7). Define the inner product

(7.4, [@,0))=9"d+q'7, (4.18)
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and the following norms:
gl =d"A7q gl =" VF, ldlg = BV (4.19)

Part 3 of the following Lemma shows that the mapping 7 is monotone [69]. Note

that a mapping 7 is monotone if
<X1 - XQ,TXl - TXQ > 2 0 for any Xl and XQ. (420)

Lemma 4.3.1 Fiz § = i(t). Let ¢, ¢ be two implicit cost vectors, and let ¥y, Ty be
the corresponding  mazrimizers of  the  Lagrangian (4.16), i.€e.,

¥ = argmax; L(Z, 1, y(t)) and ¥y = argmax L(Z, ¢, y(t)). Then,

~

(B - Q)TE(@y — 7)) < —(Ty — 7))V (2, — 7).
2. (T — 1)V (Zy — &) < (@ — @q)"EVET (G — q1), and
3. (W — %, @t — @) T, &)l — Tlye, @] ) > 0 for any (y1,q1) and (%o, ¢).

Remark: Part 2 of Lemma 4.3.1 also shows that, given 7, the mapping from ¢ to &

1s continuous.

Proof We start with some additional notation. For 20 = argmax, L(Z, ,7), by
taking subgradients (see [65]) of the Lagrangian (4.16) with respect to &, we can

conclude that there must exist a subgradient Vf (.1'_6) of £ at 20 such that
Vi) 57 — EY¢— V(20 — ) = 0. (4.21)

Note that Vf (:c_ﬁ) 7.¢ defined above depends not only on the function f and the vector
xT), but also on ¢ and ¢. However, in the derivation that follows, the dependence on ¥
and ¢'is easy to identify. Hence, for the sake of brevity, we will drop the subscripts and
write V£ (x_é) when there is no ambiguity. Similarly, let (y*,¢*) denote a stationary
point of algorithm A. Then y* = argmax; L(Z, ¢*, y*), and we can define Vf(y*) as
the subgradient of f at y* such that

Vi(y*) — ET¢* = 0. (4.22)
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Applying (4.21) for ¢ and ¢, and taking difference, we have,
E'G — ) = [VE(@) - VE@)] - V(2 — 7).

The concavity of f dictates that, for any 7, ¥ and VI(Z)), VE(Z,),

[VE(Z,) — VE@)]" (7, — 71) < 0. (4.23)
Hence,
(@ — @) E@—#) = [VE@) - VE@E)]" (& — &) — (T — 3) V(& - &)
< (T — )TV (2 — 7).
Part 2 of the Lemma can be shown analogously. To show Part 3, let

Z, = argmax.., L(Z, %, 7). Applying (4.21) for i, and @, ¥, and taking dif-
2 >0

ference, we have
BTG~ @) = |VE(#) - VE@E)| - V(E - 7) + V(5 - 7).
Hence, using (4.23) again, we have,

< [gl - g?a (71 - q_é]’ T[?jl; q_)l] - T[gj??(f?] >
= (- V@ —T — (G —0) — (@ — @) BT, — 7))

’

i — BolZ — 2(21 — 25) V(@ — i) + |71 — T > 0. (4.24)

v

]
We can now prove the following result.

Proposition 4.3.1 The continuous-time algorithm AC will converge to a stationary

point (y*,¢*) of the algorithm A for any choice of & > 0 and 3; > 0.
Proof We can prove Proposition 4.3.1 using the following Lyapunov function. Let

V(@) = 17— ¢lla+ 117 = vl v, (4.25)
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where the norms are defined in (4.19). We will first show that, if ((¢),q(t)) is
governed by the algorithm AC, V(¢(t), ¢(t)) is non-increasing in t. To see this, note
that,

Cale) + 20(0) — ) BV S g0). (4.26)

SV,a) = 2Aa) - ¢)TAT S

1 0(i)
d
I Ly & () I _pl
2(¢'(t) —d") ' (1) < 22'(d'(t) =g )(;jZlE i () — )
1 00)
= 22" (t) = ¢") D) El(wi(t) — uy)
i=1 j=1
8(i)
+2a!(q'(t) — ")) Elyi, — RY
i=1 j=1
L. I 6(3)
Since (y*,¢*) is a stationary point ZZ Ly, — R < 0 and
i=1j=

i=1j=1
d I 6(7)
I Ly & x
2q'(8) = ¢")7d' () < 20 lezl S () — ). (4.27)
Substituting (4.15) and (4.27) into (4.26), we have,
iv* 7 = 2(qlt TAld 2*1&—**Téflvi*t
V. aw) = 2 - ¢) dt“*(y() ) i

where the inner product is defined in (4.18). Hence, by Lemma 4.3.1,

d

SV, d1) <0,

In fact, using (4.24), we can show that

d

ZV(0),d1) < =2(F(t) = §(1) " V(#() - §(1) <0. (4.28)
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Therefore, V(i(t), ¢(t)) must converge to a limit Vy as t — oo, i.e.,
tim [0) — 1 + 170) — 513 = Vo > 0. (4.29)

It remains to show that Y, = 0 for some choice of the stationary point (yj‘,q?*).
Towards this end, define a set M to be an invariant set with respect to algorithm
AC if, starting from any point in M, the trajectory (¥, ) governed by the algorithm
AC will lie entirely in M. Let M, denote the set of limit points of ((t), ¢(t)). Since
V(y(t),q(t)) is non-negative, by LaSalle’s Theorem [70, p115], it follows that M is
an invariant set, and %V(gj, q) = 0 for any points in M. We will now show that M,
contains a stationary point of algorithm A. To see this, pick a point (o, qy) € M.
Let 7(0) = g and ¢(0) = . Let (4(t),q(t)) denote the trajectory of algorithm AC
starting from (%o, ¢p). We first study gj(t) Using the fact that

d

dtv@( ),q(t)) = 0 for all ¢ > 0,
we have, from (4.28),

Z(t) = g(t) for all t > 0,

—

where Z(t) = argmax L(Z, ¢(t), §(t)). Hence,

d -
) =

Therefore, Z(t) = g(t) = g(0) for all t > 0. We next study ¢(¢). For any link [, there

B(E(t) — (1)) = 0.

are two possibilities. The first possibility is

Z Z L (t Z Z E};5:;(0) > R'. (4.30)

i=1 j=1 i=1 j=1

If this was true, since

d I 6(3)
L0 = (03 By 1) = (30 Bl 0) - ) >0
i=1 j=1 =1 j=1

we have ¢'(t) — oo, as t — oo. It implies that Z;;(t) — 0, as t — oo, for all 4, j such

that £, > 0. We then conclude that

ZZ xw ) — 0ast— 0.

i=1 j=1
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This contradicts with the assumption (4.30). Hence, only the other possibility can

be true, i.e.,
I 0(i) I 6(3)
!
DD EuEu(t) =3 ) Eiyiis(0) < R
i=1 j=1 =1 j=1

Note that if the above inequality is strict, then ¢'(¢) will decrease to zero after a finite

time t.  On the other hand, @(¢) will be unchanged if ¢'(t) = 0 or
I 0(7)
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We can now conclude that, starting from (4, gy), eventually (7(t),q(t)) = (o, o )-
By the definition of My, (7, ) is also a limit point of (5(t),g(t)). Further, (g, q,)
satisfies the definition of the stationary point of algorithm A. Pick a subsequence
(7(tn), q(t)), h = 1,2, ... such that ¢, — oo and (§(tn), @(tn)) — (Fos Qo) s h — oo.

We can now replace (v*, ¢*) by (7o, o) in (4.29), and conclude that

I [1g(8) = goll 4 + [[4(2) = Goll v
= hlggo 1q(tn) = Goll 4 + 117(tn) — Yoll gy
= 0.

The result then follows. [ ]

We next study the convergence of the discrete-time algorithm A. Since the
continuous-time algorithm AC can be viewed as an approximation of the discrete-
time algorithm A when the step-sizes are close to zero, we can then expect from
Proposition 4.3.1 that algorithm 4 will converge when the step-sizes a! and 3; are

small. However, when these step-sizes are too small, convergence is unnecessarily
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slow. Hence, in practice, we would like to choose larger step-sizes, while still preserv-
ing the convergence of the algorithm. Such knowledge on the step-size rule can only
be obtained by studying the convergence of the discrete-time algorithm directly.
Typically, convergence of the discrete-time algorithms requires stronger condi-
tions on the associated mapping 7 defined in (4.17), i.e., the mapping 7 needs to

be strictly monotone [69]. A mapping 7 is strictly monotone if and only if
(X1 — X0, 7X1 —TX5) >d||TX, —TX,|| for any vectors X; and X5, (4.31)

where d is a positive constant and || - || is an appropriately chosen norm. Note that
strict monotonicity in (4.31) is stronger than monotonicity in (4.20). Such type
of strict monotonicity indeed holds for the case when K = oo, which is why the
convergence is much easier to establish under the two-level convergence structure.
However, when K < oo, strict monotonicity will not hold for the mapping 7 defined
in (4.17) whenever some users in the network have multiple paths. To see this, choose

—

X, = [y*,¢*] to be a stationary point of algorithm A and assume that Ey* = R.
B} 0(i) 0(i)

Let X7 = [, ¢*] such that Z Yij = Z y;; for all i. Note that for a user i that

has multiple paths, we can stlll choose y,] # y;; for some j such that By # R. By

comparing with the complementary slackness conditions (4.13), we have a:o(y )&

argmax; L(Z, ¢*, i) = . Hence,

(7, q°) = 0, and 4(¢,¢*) = —(EJ — R).

=
*

Further, since @(y*, ¢*) = 0 and ¥(y*, ¢*) = 0 by the complementary slackness con-

ditions (4.13), we have
(X1 =X, TX0 = TXo ) =([—v"¢ — . TlW. ¢ = Tly*, ¢
= [7— " (U7, ") — iy’ q
However, TX; — 7T X, = [0, —(EY — R)] # 0. Hence, the inequality (4.31) will never

hold! As we have just seen, it is precisely the multi-path nature of the problem that

leads to this lack of strict monotonicity. (One can indeed show that (4.31) would
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have held if all users had one single path and the utility functions f;(-) were strictly
concave.)

This lack of strict monotonicity when K < oo forces us to carry out a more refined
convergence analysis than that in the standard convex programming literature. We
will need the following key supporting result. Let (y*, ¢*) denote a stationary point
of algorithm A. Using (4.23), we have

[VE(#) - VEH)] (& — %) <0. (4.32)

The following Lemma can be viewed as an extension of the above inequality. The

proof is very technical and is given in Appendix C.1.

Lemma 4.3.2 Fiz iy = y(t). Let ¢y, ¢ be two implicit cost vectors, and let ¥y, Z5 be

the corresponding maximizers of the Lagrangian (4.16). Then,
VE@) - VI (@ - ) < (@ - @) EVE (@ - @),
where VE(T1) and VE(y*) are defined in (4.21) and (4.22), respectively.

Remark: 1If ¢ = ¢y, then Zy = 1 and we get back to (4.32). Lemma 4.3.2 tells us
that as long as ¢ is not very different from ¢5, the cross-product on the left hand
side will not be far above zero either.

We can then prove the following main result, which establishes the sufficient

condition on the step-sizes for the convergence of the discrete-time algorithm A.

l

Proposition 4.3.2 Fiz 1 < K < co. As long as the step-size o' is small enough,

—

algorithm A will converge to a stationary point (y*, q*) of the algorithm, and 2* = y*

will solve the original problem (4.1). The sufficient condition for convergence is:

&mini C; if K =00
! .
max o < 2S£ min; ¢; ifK=1 ,
1 0(7)
where L = maX{Z Eli=1,..,1j=1.0(i)}, and S = max{} Z N
i=1j=

1,..,L}.
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Proposition 4.3.2 establishes the convergence of algorithm A for any value of K
(even K =1 is good enough). Hence, the typical two-level convergence structure is
no longer required. Further, we observe that the sufficient condition for convergence
when K = 1 differs from that of K = oo by only a factor of 4. Note that for K = oo,
the sufficient condition in fact ensures the convergence of the dual updates to the
solution of the augmented problem (4.5) during one iteration of step Al. On the
other hand, the sufficient condition for K = 1 ensures the convergence of the entire
algorithm A. By showing that the sufficient conditions for the two cases differ by only
a factor of 4, we can infer that the convergence of the entire algorithm when K =1
is not necessarily much slower than the convergence of one iteration of step A1 when
K = oco. Hence, the algorithm A with K = 1 in fact converges much faster. For
K > 1, our result requires that the step-size be inversely proportional to K2. This is
probably not as tight a result as one could get: we conjecture that the same condition
for K = 1 would work for any K. However, we leave this for future work. We also
note that ¢; appears on the right hand side of the sufficient conditions. Hence, by
making the objective function more concave, we also relax the requirement on the
step-sizes o!. Finally, Proposition 4.3.2 indicates that convergence will hold for any
B; (the step-size in the primal update) that is in (0,1]. In summary, the discrete-
time analysis allows much wider choices of the step-sizes than those predicted by the

continuous-time analysis.

Proof [of Proposition 4.3.2] In order to highlight the main ideas of the proof, we
will focus here on the case when K = 1. The other cases can be shown analogously
(see Appendix C.2 for details). Define matrices A and B analogously to matrices
A and B, respectively, except that their diagonal elements are now filled with the
step-sizes ! and 3; of the discrete-time algorithm 4. Define the norms analogously

to (4.19). When K =1,

gt +1) = [q(t) + A(EZ(t) — R)]". (4.33)
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Let (y*, ¢*) be any stationary point of algorithm A. We will show that the Lyapunov
function

V(§(t),q(t) = [1q(t) — ¢*|la + ||5(t) — v*|sv
is non-increasing in ¢. Using the property of the projection mapping [64, Proposition

3.2(b), p211], we have

(@t +1)— )TA ( 7(t+1) — [q(t) + A(EZ(t) — R)]) <0. (4.34)
Hence,
1G(t+1) = g*[]
= [|q(t) = ¢*lla = [1q(t + 1) = )[4 +2(q(t + 1) — ¢*)" AT (q(t + 1) — (1))
< () = ¢*lla =113t + 1) = @(t)[]a +2(q(t + 1) — ¢") " (BF(t) — R)  (4.35)

< 1d®) = ¢ lla = gt +1) = @014+ 2(q(t + 1) — ¢) " B(Z(t) —y
where in the last step we have used the fact that Ey* — R < 0 and q?*T(Ey_;‘ —R)=0.
On the other hand, since y;;(t + 1) = (1 — 5;)y;;(t) + Bizi;(t), we have

(it + 1) —y5)? < (1= B3:)wi(t) —ysy)? + Bilzi5(t) — w,)*
19 +1) = g¥llsv = l7t) = v*llav < 120) = y¥llv — [19(t) = v*[|v- (4.37)

Hence, combining (4.36) and (4.37), we have,

14 +1) = ¢*[[a + |17t + 1) = ¢*llsv — (1a(t) = ¢*|l.a + [15(8) — y*[]5v)
< gt +1) = q0)lla+2(qt + 1) — ¢) " E@Z(1) — yF)
+H2(t) = y9)lv = [17¢) = v llv
< gt +1) = q@)l]a
+UIE®) =yl = 15() = vllv — 2(2(t) — 4(6) "V (Z(t) — y*) } (4.38)

-
*

. 23171 o
+2 [Vf(Z(t)) = VE(y)] (@) — ), (4.39)
where in the last step we have used (4.21) and (4.22), and consequently

ET(q(t +1) = ¢*) = VE(Z(1)) - VE(y") — V(Z(t) - 5(t)). (4.40)
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By simple algebraic manipulation, we can show that the second term (4.38) is equal

to

12(8) = y*[lv — I7(t) — y¥llv — 2(2(t) — g(6))"V (#() — y*)

= [I(Z(t) = ZO)Ilv = 1§(t) — Z(@)]]v- (4.41)
Invoking Lemma 4.3.1, part 2,
12(t) = Z(t)llv < (@t +1) = q(t))"EVET (gt + 1) — 4(t)). (4.42)
For the third term (4.39), we can invoke Lemma 4.3.2,
2 [VE(Z() = VEH)] (#(6)—y") < (qt+1)—q()" BV B (q(t+1)—q(t). (4.43)

Therefore, by substituting (4.41-4.42) into (4.38), and substituting (4.43) into (4.39),

we have

Vit +1),qt + 1)) = V(5(t), 4(t))

< —(q(t +1) = q()" Cr(q(t + 1) — q(t)) — ||5(t) — Z(t)[|v-
where C; = A~ —2EV-'ET . If C, is positive definite, then

Vit +1),q(t + 1)) = V(5(t),q(t))
< (gt +1) = q0) " Cu(qlt + 1) — (1) — [|7(t) — T(B)]]v < 0. (4.44)
This proves that V((t), ¢(t)) is non-increasing in ¢ and hence must have a limit, i.e.,
tim 410) — 14+ 170) — 5l = Vi > 0. (4.45)

Therefore, the sequence {¢(t),q(t),t = 1,...} is bounded, and there must exist a
subsequence {y(ts),q(tn), h = 1,...} that converges to a limit point. Let (o, q) be
this limit. From (4.44), we have,

lim ¢(tp+1) = ¢ and hlim Z(tn) = Yo

h—o00 —00
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Taking limits at both sides of (4.33) as h — oo, we have,
Go =[G + A(Ego — R)|". (4.46)
Hence
G >0, FEij<Randq (Ej—R)=0. (4.47)

Further, note that Z(t;) maximizes L(Z,q(tn),¥y(ty)) over all Z.  Similar to
Lemma 4.3.1, one can show that the mapping from (¥(ts),q(ts)) to Z(ts) is con-
tinuous. Hence, taking limits as h — oo, we have

Yo maximizes L(Z, G, yo) over all Z .
Therefore, (4o, §o) is a stationary point of algorithm A. We now replace (y*, ¢*
(Yo, o) in (4.45) and thus,

) by

i [[g(0) — dol 4 + [165) — ol sy =l [1g(6) — ol L4 + [198) — oll v = 0.

Hence (¢(t),q(t)) — (Yo, qo) as t — oo. Finally, it is easy to show that a sufficient

condition for C to be positive definite is max; o! < ﬁ min; ¢; (see Lemma C.4 in

Appendix C.2). [ |

4.4 Convergence with Measurement Noise

In this section, we will study the convergence of algorithm A when there is
measurement noise, i.e., when the dynamics of the system are governed by (4.11)
and (4.12). The convergence of algorithm A will be established in the “stochastic
approximation” sense, i.e., when the step-sizes are driven to zero in an appropriate

fashion. To be specific, we replace the step-sizes a! and 3; by

ol (t) = mady,  Bit) = mBio,

for some positive sequence {n;,t = 1,2, ...} that goes to zero as t — oco. For simplicity,

we will focus on the case when K = 1 and we will drop the index k in (4.12). Let
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N(t) = [n(t),l = 1,...,L]*. Use the vector notation from the previous section and
define matrices Ay and By analogously as the matrices A and B, respectively, except
that the diagonal elements are now filled with 046 and ;9. We can then rewrite
algorithm A as:

Algorithm AN:

A1-N) Let Z(t) = argmax L(7, ¢(t), y(t)). Update the dual variables by
qt + 1) = [q(t) + Ao (EZ(t) — R+ N(1))]". (4.48)
A2-N) Let Z(t) = argmax; L(Z, ¢(t+ 1), y(t)). Update the primal variables by
y(t +1) = (t) + mBo(Z(t) — §(t)).

Proposition 4.4.1 If
Znt = 007277152 < o0,
t=1 t=1

and

E[N(1)[7(s), 4(s), q(s),s < 1] = 0, (4.49)
> E[N@IP < oo, (4.50)

then algorithm AN will converge almost surely to a stationary point (gf*, qj‘) of algo-

rithm A.

Assumption (4.49) simply states that the noise term N(¢) should be un-biased.
Assumption (4.50) is also quite general. For example, it will hold if the variance of
the noise, i.e., E[(n!(¢))?] is bounded for all [ and ¢t. We can prove Proposition 4.4.1 by
first extending the analysis of Proposition 4.3.2 to show that, as t — oo, V(¥(t), ¢(t))
converges almost surely to a finite non-negative number. This implies that (y(t), ¢(t))

is bounded almost surely. We can then use the ODE method of [66] to show that,

as t — oo, the limiting behavior of the stochastic approximation algorithm will
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converge to that of the ordinary differential equations defined by the continuous-
time algorithm AC in Section 4.3 with A=Ay and B = B,. Proposition 4.3.1 can
then be invoked to show that (y(t), ¢(t)) converges to a stationary point. Details of
the proof are available in Appendix C.3.

We now comment on the step-size rule used in Proposition 4.4.1. As is typical for
stochastic approximation algorithms, the convergence of algorithm AN is established
when the step-sizes are driven to zero. When this type of stochastic approximation
algorithms are employed online, we usually use step-sizes that are away from zero
(e.g., constants). In this case, the trajectory (y(t), q(t)) (or (Z(¢),¢(t))) will fluctuate
in a neighborhood around the set of stationary points, instead of converging to one
stationary point. In practice, we are interested in knowing how to choose the step-
sizes so that the trajectory stays in a close neighborhood around the solutions. Since
Proposition 4.4.1 requires that both a! and 3; be driven to zero, we would expect
that, if we were to choose both o! and 3; small enough (but away from zero), the
trajectory (Z(t), ¢(t)) will be kept in a close neighborhood around the solutions. This
choice of the step-sizes might seem overly conservative at first sight. In particular,
since the noise terms n!'(t) are only present in the dual update (4.12), it appears
at first quite plausible to conjecture that only o' needs to be driven to zero in
Proposition 4.4.1 (in order to average out the noise), while 3; can be kept away from
zero. If this conjecture were true, it would imply that, in order to keep the trajectory
(Z(t),q(t)) in a close neighborhood around the set of stationary points, only a! needs
to be small. However, our simulation results with constant step-sizes seem to suggest
the opposite. We observe that, when there is measurement noise, the disturbance
in the primal variables Z(t) cannot be effectively controlled by purely reducing the
step-sizes a! at the links. We will elaborate on this observation in the next section
with a numerical example, and we will show that the required step-size rule (i.e.,
both o! and ; needs to small) is again a consequence of the multi-path nature of

the problem.
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Fig. 4.1. Network topologies

4.5 Numerical Results

In this section, we present some simulation results for algorithm A. For all
simulations, we have chosen K = 1, i.e., we do not use the two-level convergence
structure. We will use the setting of the multi-path flow control problem as an
example, but the results here apply to other problems as well [22]. Specifically,
x;; corresponds to the data rate of user i on path j, and Efj = 1 if path j of
user ¢ uses link [, E}; = 0 otherwise. We first simulate the case when there is no
measurement noise. We use the “Triangle” network in Fig. 4.1. There are three
users (AB, BC,CA). For each user, there are two alternate paths, i.e., a direct one-
link path (path 1), and an indirect two-link path (path 2). For example, user AB
can take the one-link path A — B or the two-link path A — C — B. The utility
functions for all three users are of the form:

0(4) 0(i

)
fi(z zij) = wiln(>_ ayy),

J=1

4

where w; is the “weight” of user ¢, and z;; is the data rate of user ¢ on path j. We
choose the weights as follows: wap = 5.5, wpe = 2.5, wc4 = 0.5. The capacity on
each link is 10 units.

Fig. 4.2 demonstrates the evolution over time of the implicit costs ¢! and the

users’ data rates z;;, respectively, for algorithms A. We choose ¢; = 1.0 for all users.
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The step-sizes are o' = 0.1 for all links, and 3; = 1.0 for all users. We observe that

all quantities of interest converge to the optimal solution, which is

¢*P =0425, ¢P°=0.354, ¢4 =0.071,

Tap1 =10, wapo2 =294, xpci=2xca1 =706, xpca=Tcaz=0.

Note that at the stationary point, user AB will use both alternative paths while
users BC' and C'A will only use the direct paths. Because the weight of the utility
function of user AB is larger than that of the other users, algorithm A automatically
adjusts the resource allocation of users BC and C'A to give way to user AB.

Fig. 4.3 demonstrates the evolution of algorithm A for the same network when
there is measurement noise. We assume that an ¢.7.d. noise term uniformly dis-

tributed within [—2,2] is added to each z;; when each link estimates the aggregate
I 6(?)

load > >~ Hlx;. The step-sizes are of = 0.003 for all links, and §; = 0.1 for all
1

users?:{ifz can observe that all quantities of interest eventually fluctuate around a
small neighborhood of the solution.

We now investigate how the choice of the step-sizes o! and 3; affect the level of
fluctuation on the implicit costs and the users’ data rates when there is measurement
noise. We use a simpler “T'wo-Link” topology in Fig. 4.1. The capacity of the two
links is 10 and 5, respectively. There is only one user, which can use both links. Its
utility function is given by

fi(x) =5.5Inz.

The noise term n!(t) is i.i.d. and uniformly distributed within [—2,2].

Fig. 4.4 shows the evolution over time of the implicit costs (top) and that of the
users’ data rates (bottom) of algorithm A for different choices of the step-sizes. In
the first three columns, we keep 8 unchanged and reduce the step-size o from 0.01
to 0.0001. We observe that, although the fluctuation in the implicit costs becomes
smaller as the step-size « is reduced, the fluctuation in the data rates decreases only
a little. Note that the unit on the x-axis becomes larger as we move from the first

column to the third column. These figures indicate that, by reducing the step-size
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Fig. 4.4. Simulation of Algorithm A with measurement noise. Top:
the implicit costs. Bottom: the data rates. Note that the unit on the
z-axis becomes larger as we move from the first column to the third
column.

a alone, the fluctuation in the data rates becomes slower, but the magnitude of the
fluctuation changes little. In the fourth column, we decrease both 3 and . The
fluctuation in the data rates is now effectively reduced.

Although somewhat counter-intuitive, these observations are consistent with
Proposition 4.4.1 where we require both a and [ to be driven to zero for the con-
vergence of the stochastic approximation algorithm to hold. As we will show next
by studying the linearized version of the system, this step-size rule appears to be
necessitated by the multi-path nature of the problem. Assume that algorithm A
has a unique stationary point (yq*, qq*). We can linearize the continuous-time system
(4.14)-(4.15) around this unique stationary point, and use Laplace transforms to
study the frequency response of the system in the presence of noise N(t). Without
loss of generality, we can assume that x;;(¢t) > 0 for all 7, j and ¢'(¢) > 0 for all [.

(Otherwise, we can eliminate the paths with x;;(f) = 0 and the links with ¢'(¢t) = 0
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from the analysis because they do not contribute to the dynamics of the linearized
system.) Let X(s) and N (s) denote the Laplace transform of the perturbation of
Z(t) and the noise N(t), respectively. We can then compute the transfer function

from N (t) to Z(t) as (see Appendix C.4 for the detail)

with
~ -1
. ETAE .
H(s) = —{B_lsI—i—G—l—V_l(I—G) B_l(sI+B)}
. . ETA
x B Y sI+BV HT-G) :
S

- I
where the matrices £, A, B and V are defined as in Section 4.3, 7 is the ) 6(i) x
i=1

I
>~ 0(7) identity matrix, G = diag{G;,7 = 1, ..., I} and each G} is a 0(7) x 6(i) matrix
i=1
whose elements are all

" 0(7/) *
fi (2:1 Yii)
j:

9= o)

0i) 17 (22 uiy) — ci

j=1
If the utility function f;(-) is strictly concave, g; will be positive. However, since
each G; has all identical elements, the matrix GG is not invertible whenever some
users have multiple paths. Its presence in the denominator of H(s) turns out to be a
source of instability. To see this, we compute H(s) for the above Two-Link example.

Note that

10 11
E= , G=gyg for some g > 0,
01 11

A=0oZ, B=p5Z, and V = T.

Let s = jw. We have,

. . —1 .
H(jw):—{%z+a+%]jjﬁﬂ(z—a)} %Jjjﬁﬁ(z—a). (4.51)



126

The terms in the denominator can be collected into

a  jw af Q@
- gz -5

Since the matrix G is not invertible, if the terms that are associated with Z is small,

)+j£JG. (4.52)

a “spike” in the transfer function H (jw) will appear. This will happen when w &~ w*,

where w* is determined by

P
c(w*)? ’
ie.,
w* = a_ﬁ' (4.53)
c
Substituting w* into (4.51) and (4.52) and assuming that o« < 3, we have
a(l 1
arl 4 L
H(jw*) = _M(I— G)
Be
o [
Be

We can draw the following conclusions from equations (4.53) and (4.54). If we
keep [ fixed and reduce « alone, the cutoff frequency w* will decrease with . How-
ever, the gain H(jw*) at the cutoff frequency will increase! In Fig. 4.5, we plot
||H (jw)||2 with respect to w for different values of o and 5. We can easily observe
the increased spike when « alone is reduced from 0.1 (the solid curve) to 0.001 (the
dotted curve). If we further assume that n'(t) is white noise with unit energy, then
the total energy of the fluctuation of & can be estimated by the area under the curve
||H (jw)l||2 in Fig. 4.5. Due to the increased spike, the total energy of the fluctuation
of Z(t) will not decrease much when « alone is reduced, even though the frequency
of the fluctuation becomes smaller. On the other hand, if we reduce 3 as well as «,
the gain at the cutoff frequency w* will remain the same as the cutoff frequency itself
decreases (shown as the dashed curve in Fig. 4.5 when § is also reduced to 0.001).
Hence, the total energy of the fluctuation in Z(t) is effectively reduced. These con-
clusions are thus consistent with our simulation results in Fig. 4.4. Therefore, the
step-size rule (i.e., both ol and 3; needs to be reduced) is necessary to address the

potential instability in the system due to the multi-path nature of the problem.
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4.6 Concluding Remarks

In this chapter, we have developed a distributed algorithm for the utility max-
imization problem in communication networks that have the capability to allow
multi-path routing. We have studied the convergence of our algorithm in both
continuous-time and discrete-time, with and without measurement noise. We have
shown how the multi-path nature of the problem can potentially lead to difficulties
such as instability and oscillation, and our analyses provide important guidelines on
how to choose the parameters of the algorithm to address these difficulties and to
ensure efficient network control. When there is no measurement noise, our analysis
gives easy-to-verify conditions on how large the step-sizes of the algorithm can be
while still ensuring convergence. When there is measurement noise, we find that
the step-sizes in the updates of both the user algorithm and the network component
algorithm have to decrease at the same time in order to reduce the fluctuation of the
resource allocation. Reducing only the step-sizes in the update of the network com-
ponent algorithm will reduce the frequency of the fluctuation, but not necessarily its
magnitude. These guidelines are confirmed by our simulation results.

We briefly discuss possible directions for future work. The analysis in this chap-
ter has focused on the case when all computation is synchronized. An interesting
problem is to study the convergence and stability of the algorithm when the com-
putation is asynchronous and when feedback delays are non-negligible. Simulations
suggest that our distributed algorithm may still be used in those situations, however,
the step-size rules may need to change. Another direction is to extend our solution
to resource allocation problems in wireless networks. In wireline networks, the re-
source constraints of different network components are orthogonal to each other.
In wireless networks, however, the capacity of a link is a function of the signal to
interference ratio, which depends not only on its own transmission power, but also
on the power assignments at other links. Hence, the resource constraints in wireless

networks are of a more complex form than that of wireline networks. It would be
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interesting to see whether the results of this chapter can be extended to multi-path

utility maximization problems in wireless networks.
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5. CAPACITY-DELAY TRADEOFF IN LARGE MOBILE
WIRELESS NETWORKS

5.1 Introduction

In Chapters 2-4, we have studied the simplification of network control in commu-
nication networks with large capacity. By exploiting the largeness of these networks,
we have developed simple and efficient control algorithms for pricing-based network
control and for Quality-of-Service routing. Note that the large-capacity paradigm is
suitable for wire-line networks. In fact, due to the advance in fiber-optic technol-
ogy, it is not uncommon for the backbone links in today’s wire-line networks (such
as the Internet) to have Gibabits-per-second or even Terabits-per-second capacity.
Therefore, the results that we have developed in the earlier chapters can be readily
applied to large-capacity wire-line networks.

In this chapter and the next chapter, we will turn to wireless networks, where
the situation is quite different. In wireless networks, the network capacity is funda-
mentally limited by the radio spectrum, and thus is usually not very large. Hence,
the results and techniques of the previous chapters do not directly apply to wireless
networks.

Can we still obtain simplicity results for wireless networks? In the following
chapters we will address this question. The answer is yes, however, we need to
take some new approaches that are different from those in the previous chapters.
In this chapter, we will study simplicity due to largeness in terms of the number
of nodes. Note that in wireless ad hoc and sensor networks, the number of nodes
can be quite large. We will show that this type of largeness can also lead to simple

and critical insights in control. In particular, we will exploit this type of largeness
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to obtain simple relationships that characterize the fundamental tradeoff between
the capacity and the delay in large mobile wireless networks. Then, in the next
chapter, we will study how to simplify control by designing an appropriate system

architecture for multihop wireless systems.

5.1.1 Capacity and Delay in Mobile Wireless Networks

In this chapter, we are interested in the performance study of wireless networks
that have the multihop communication capability, i.e., terminals can use each other
as relays. This is in contrast to cellular systems where terminals always commu-
nicate directly with the base-station (i.e., by one hop). Studies have shown that
the capacity of a wireless network can be substantially improved by using multi-hop
communications [71,72]. These multihop networks can either be used to extend the
coverage of an existing infrastructure, or to deploy in areas where an infrastructure
can not be established (e.g., as ad hoc networks for military or disastrous scenarios,
or as sensor networks). They can be either static networks (i.e., nodes do not move),
or mobile networks (i.e., nodes move from time to time). Our work in this chapter
will focus on mobile networks.

Among the many problems in the research of multihop wireless network, capacity
and delay are two of the most important ones. The capacity of the network deter-
mines how much information can be carried by the network, and the packet delay
can significantly affect the performance of many applications as well. The difficulty
in studying the capacity and delay of multihop wireless networks lies in the complex-
ity. Although one can develop deterministic algorithms that solve for the optimal
capacity [72-74], the complexity of these algorithms is usually too high once the
number of nodes in the network is large.

In the past few years, there have been some advances in using asymptotic meth-
ods to understand the capacity and delay of large wireless networks [23, 71, 75-85].

Although an asymptotical analysis usually does not give the precise optimum, it
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is still an attractive approach for two reasons. First, an asymptotical analysis can
remain mathematically tractable even when the number of nodes is large. Secondly,
an asymptotical analysis is usually able to reveal the most important tradeoffs in
the system, which will then provide us with insights on how to design simple control
algorithms that can remain effective even when the network is large.

For a static network (where nodes do not move), Gupta and Kumar have shown
that the per-node capacity decreases as O(1/v/nlogn)' as the number of nodes n
increases [71]. The capacity of wireless networks can be improved when mobility is
taken into account. When the nodes are mobile, Grossglauser and Tse show that
per-node capacity of ©(1) is achievable [23], which is much better than that of static
networks. This capacity improvement is achieved at the cost of excessive packet
delays. In fact, it has been pointed out in [23] that the packet delay of the proposed
scheme could be unbounded.

There have been several recent studies that attempt to address the relationship
between the achievable capacity and the packet delay in mobile wireless networks.
In fact, our work is first motivated by the research on this problem under the i.:.d.
mobility model [75]. In the work by Neely and Modiano [75], it was shown that the
maximum achievable per-node capacity of a mobile wireless network is bounded by
O(1). Under an i.i.d. mobility model, the authors of [75] present a scheme that
can achieve O(1) per-node capacity and incur ©(n) delay, provided that the load
is strictly less than the capacity. Further, they show that it is possible to reduce
packet delay if one is willing to sacrifice capacity. In [75], the authors formulate

and prove a fundamental tradeoff between the capacity and delay. Let the average

'We use the following notation throughout:

n) =o(g(n — im M =
fm) = olg(m)) < Jim =0,
= n <~ limsu M 00
) = Olgfm) = timsup T < oo,

< g(n) =o(f(n)),
f(n) =0O(g(n)) < f(n)=0(y(n)) and g(n) = O(f(n)).
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end-to-end delay be bounded by D. For D between ©(1) and ©(n), [75] shows that
the maximum per-node capacity A is upper bounded by

A< O(ﬁ) (5.1)
The authors of [75] develop schemes that can achieve O(1), ©(1/y/n), and
©(1/(nlogn)) per-node capacity, when the delay constraint is on the order of O(n),
©(y/n), and O(logn), respectively.

Inequality (5.1) leads to the pessimistic conclusion that a mobile wireless net-
work can sustain at most O(1/n) per-node capacity with a constant delay bound.
This capacity is even worse than that of static networks. It turns out that this
pessimistic conclusion is due to certain restrictive assumptions that are implicit in
the work in [75] (we will elaborate on these assumptions in Section 5.7). In fact,
Toumpis and Goldsmith [76] present a scheme that can achieve a per-node capacity
of O(n'4=1/2/10g%?n) when the delay is bounded by O(n%). The result of [76] has
incorporated the effect of fading. If we remove fading, the per-node capacity will be
of the order ©(n(4=1/2/10g%? n). Ignoring the logarithmic term, we find that in [76]

the following capacity-delay tradeoff is achievable:
N =0(—). (5.2)

This is better than (5.1). In particular, the authors of [76] present a scheme that can
achieve O(1/(y/n log®/? n)) per-node capacity with a constant delay bound. (The
capacity will be ©(1/(yv/nlogn)) with no fading.) This capacity is now comparable
to that of the static wireless networks.

An open question that still remains is: what is the optimal capacity-delay tradeoff
in mobile wireless networks? Inequality (5.1) is clearly not optimal. Without a
careful study of the various inherent tradeoffs within the system, a constructive
methodology such as the one in [76] will only produce a lower bound like (5.2). Note
that the search for the optimal capacity-delay tradeoff is important for two reasons.

First, it will allow us to see where the fundamental limits (i.e., upper bounds) are,
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and how far existing schemes could possibly be improved. Secondly, as has happened
in previous works [71], a careful study of the upper bound is usually able to reveal
the delicate tradeoffs inherent to the problem. A complete understanding of these
tradeoffs will help us identify the possible points of inefficiency in existing schemes
and provide directions for further improvement. The ultimate goal is to find a scheme
that can achieve the optimal capacity-delay tradeoff.

In this chapter, we will use a systematic methodology to investigate the funda-
mental tradeoff between the capacity and the delay in mobile wireless networks. Our
methodology is as follows. We first identify several key parameters of a general class
of scheduling schemes, and investigate the inherent tradeoffs among the capacity, the
delay, and these scheduling parameters. Based on these inherent tradeoffs (in the
form of inequalities), we are then able to compute an upper bound on the maximum
per-node capacity of a large mobile wireless network under given delay constraints.
In the process of proving the upper bound, we are also able to identify the optimal
values of the key scheduling parameters. Knowing these optimal values, we can then
develop scheduling schemes that achieve the upper bound up to some logarithmic
factor, which suggests that our upper bound is tight. We have applied this method-
ology to three different mobility models, i.e., the i.i.d. mobility model [24, 75, 76],
the random way-point mobility model [84,85], and the Brownian-motion mobility
model [83,84,86]. For the i.i.d. mobility model, the inherent tradeoffs that our
methodology is based on can be analytically established [24-26]. For the random
way-point mobility model, we use a combination of analytical and numerical tech-
niques to establish these inherent tradeoffs [25]. In both cases, we are able to obtain
new insights on the optimal choices of the key scheduling parameters, and develop
new scheduling schemes that can achieve larger capacity than previous proposals
under the same delay constraints. For example, under the 7.i.d mobility model, we

can achieve a new capacity-delay tradeoff of

> @(%/logg/2 n). (5.3)
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Fig. 5.1. Comparison of the achievable capacity-delay tradeoffs (ig-
noring the logarithmic terms).

In Fig. 5.1, we draw this new tradeoff (the top line) alongside the capacity-delay
tradeoffs achieved by the schemes in [75] and [76] (the bottom line and the middle
line, respectively). Our new scheme clearly achieves larger capacity when the delay
constraints are small. In particular, when the delay is bounded by a constant, our
scheme can achieve ©(n=/3/ log®/? n) per-node capacity. Unlike previous works, this
result shows that, even for a constant delay bound, the per-node capacity of mobile
wireless networks can be larger than that of the static networks! Our methodology
can be extended to incorporate additional constraints of the scheduling schemes.
Finally, for the Brownian-motion mobility model, we will find that the delay-capacity
tradeoft is radically different from those under the i.i.d. mobility model and the
random way-point mobility model [27].

The rest of the chapter is structured as follows. In Section 5.2, we outline the
network and mobility models. We will first focus on the i...d. mobility model in
Sections 5.3-5.7. In Section 5.3, we outline the general class of scheduling policies
that we will consider. We then identify a number of key scheduling parameters and
study their inherent tradeoffs in Section 5.4. We establish the upper bound on the

optimal capacity-delay tradeoff in Section 5.5 and present a scheme in Section 5.6



136

that achieves a capacity-delay tradeoff close to the upper bound. In Section 5.7, we
discuss how to treat additional scheduling constraints such as those that appear in
previous works [75,76]. The capacity-delay tradeoff under the random way-point mo-
bility model is studied in Section 5.8, and that under the Brownian-motion mobility

model is studied in Section 5.9. Then we conclude.

5.2 Network and Mobility Model

We consider a mobile wireless network with n nodes moving within a certain area
with unit size. For simplicity, we assume the following traffic model similar to the
models in [75,76]. We assume that the number of nodes n is even and the nodes
can be labeled in such a way that node 2 — 1 communicates with node 2i, and node
2i communicates with node 2i — 1, ¢ = 1,2,...,n/2. The communication between
any source-destination pairs can go through multiple other nodes as relays. That is,
the source can either send a message directly to the destination; or, it can send the
message to one or more relay nodes; the relay nodes can further forward the message
to other relay nodes (possibly after moving to another position); and finally some
relay node forwards the message to the destination.

We assume the following Protocol Model from [71] that governs direct radio trans-
missions between nodes. Let W be the bandwidth of the system. Let X; denote
the position of node ¢, i = 1,...,n. Let | X; — X;| be the Euclidean distance between
nodes ¢ and j. At any time, node i can communicate directly with another node j at

W bits per second if and only if the following interference constraint is satisfied [71]:
X5 — Xkl = (1+ A)[X; — X

for every other node k # i, 7 that is simultaneously transmitting. Here, A is some
positive number. Note that an alternative model for direct radio transmission is
the Physical Model [71,76]. In the Physical Model, a node can communicate with
another node if the signal-to-interference ratio is above a given threshold. It has

been shown that, under certain conditions, the Physical Model can be reduced to
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the Protocol Model with an appropriate choice of A [71]. Hence, we will not consider
the Physical Model any further in this chapter. We also assume that no nodes can
transmit and receive over the same frequency at the same time.

We will study three types of mobility models.

1) The i.i.d. Mobility Model: In the i.i.d mobility model [75], the time
is divided into slots of unit length. At each time slot, the positions of each node
are i.i.d. and uniformly distributed within a unit square?. Between time slots,
the distributions of the positions of the nodes are independent. Although the 7.7.d.
mobility model is somewhat restrictive in assuming the distribution of the node
positions to be independent across time slots, its mathematical tractability allows
us to gain important insights into the structure of the problem, which can then be
extended to other more realistic mobility models.

2) The Random Way-point (RWP) Mobility Model: In the random way-
point (RWP) mobility model, we assume that nodes move within a unit square and
the unit square wraps around like a torus, i.e., a node can move out of the unit square
from an edge and immediately move into the unit square from the opposite edge?.
The initial positions of the nodes at time ¢t = 0 are i.i.d. and uniformly distributed
within the unit square. Each node then moves independently in trips: for each trip,
the node picks a target position uniformly distributed within the unit square, and
moves towards the target position along the shortest path at a constant speed v.
(Note that since the unit square is a torus, the shortest path may not always be
the straight line.) When the node reaches the target position, it immediately starts
another trip by picking a new target position randomly. Unlike [79], we assume
that, when a node is picked as the relay node for a message, the information about
the future motion of the relay node is not available to the scheduler. (On the other

hand, the scheduling scheme in [79] has exploited this knowledge to obtain a different

ZNote that changing the shape of the area from a square to a circle or other topologies will not
affect our main results for the i.i.d. mobility model.

3The assumption of a torus could be removed. It is included here for mathematical convenience so
that we do not need to deal with the edge effects.



138

capacity-delay tradeoff than ours under a somewhat similar uniform mobility model.)
Following the convention in related studies [84], we assume that the speed v scales
as v(n) = ©(1/4/n) when the number of nodes n increases?.

3) The Brownian Motion Mobility Model: In the Brownian-motion model,
we assume that nodes move independently on the surface S of a unit sphere as in [84].
(A similar Brownian motion model on a 2-d torus is also considered in [83].) It is
easier to describe the motion of each node using the spherical coordinates. Let 6; and
¢ denote the colatitude and longitude, respectively, of the position of a particular
node at time t (0 < ¢, < 7w and 0 < ¢, < 27). When a node moves according to
the Brownian motion model on the unit sphere S, the (Itd) stochastic differential
equations for the process (6, ¢;) are given by [87]:

2

o
df, = 0,dB dt, 4
6= e+ 2 tan 6, (54)
and
Ay = 2" dB! (5.5)
b sin Qt v .

where B; and Bj are independent standard one-dimensional Brownian motions (i.e.,
with variance 1). We call 02 the variance of the Brownian Motion described in (5.4)
and (5.5). We assume that the initial positions of the nodes are i.i.d. and uniformly
distributed on the unit sphere. This implies that the positions of the nodes will
remain uniform at all times.

Under all three mobility models, we assume the following separation of time
scales, i.e., radio transmission can be scheduled at a time scale much faster than
that of node mobility. This is usually a reasonable assumption in real networks.
Hence, a message may be divided into multiple bits and each bit can be forwarded
“instantaneously” across multiple hops as if the positions of all nodes are frozen.

We assume a uniform traffic pattern, that is, all source nodes communicate with

their destination nodes at the same rate A\. Let D be the mean delay averaged over

41t is also possible to extend our methodology to the case when the speed is randomly distributed
between [v(n), cv(n)] for some ¢ > 1, and to the case when nodes pause between trips.
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all messages and all source-destination pairs. Both A and D will depend on how the
transmissions between mobile nodes are scheduled. We are interested in capturing
the fundamental tradeoff between the achievable capacity A and the delay D. That
is, over all possible ways of scheduling the radio transmissions, what is the maximum

per-node capacity A given certain constraint on the delay D.

5.3 The Class of Scheduling Policies

In Sections 5.3-5.7, we will focus on the 4.7.d mobility model, and we will defer
the study of the other mobility models until later sections. In this section, we define
the class of scheduling policies that we will consider for the 4.i.d. mobility model.
Because we are interested in the fundamental achievable capacity for given delay
constraints, we will assume that there exists a scheduler that has all the informa-
tion about the current and past status of the network, and can schedule any radio
transmission in the current and future time slots. At each time slot ¢, for each bit
b that has not been delivered to its destination yet, the scheduler needs to perform

the following two functions:

e (Capture: The scheduler needs to decide whether to deliver the bit b to the
destination within the current time slot. If yes, the scheduler then needs to
choose one relay node (possibly the source) that has a copy of the bit b at
the beginning of the time slot ¢, and schedule radio transmissions to forward
this bit to the destination within the same time slot, using possibly multi-hop
transmissions. When this happens successfully, we say that the chosen relay
node has successfully captured the destination of bit b, or a successful capture

has occurred for bit b.

e Replication: If capture does not occur for bit b, the scheduler needs to decide
whether to replicate bit b to other nodes that do not have the bit at the

beginning of the time slot t. The scheduler also needs to decide which nodes
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to relay from and relay to, and how to schedule radio transmissions to forward

the bit to these new relay nodes.

The capture function and the replication function are mutually exclusive for a
given bit b. Once a successful capture occurs, the bit b will be delivered to its
destination within the same time slot, and hence can exit the system. Note that once
a successful capture occurs, it is important to forward the bit b to the destination
within a single time slot. Otherwise, since the chosen relay node may move arbitrarily
far away from the destination in the next time slot, the nodes that received the bit
b in the current time slot will only count as new relay nodes for the bit b, and they
have to capture again in the next time slot.

In this chapter, we will consider the class of causal scheduling policies that per-
form the above two functions at each time slot. The causality assumption essentially
requires that, when the scheduler makes the capture decision and the replication
decision, it can only use information about the current and the past status of the
network. In particular, at any time slot ¢, the scheduler cannot use information
about the future positions of the nodes at any time slot s > ¢.

This class of scheduling policies is clearly very general, and encompasses nearly
any practical scheduling scheme we can think of. (Note that even predictive schedul-
ing schemes have to rely on current and past information only.) Some remarks on
the capture process are in order. Although we do allow for other less intuitive al-
ternatives, in a typical scheduling policy a successful capture usually occurs when
some relay nodes are within an area close to the destination node, so that fewer
resources will be needed to forward the information to the destination. For example,
a relay node could enter a disk of a certain radius around the destination, or a relay
node could enter the same cell as the destination. We call such an area a capture
neighborhood. The relay nodes that has the bit b at the beginning of the time slot ¢
are called mobile relays for bit b. The mobile relay that is chosen to forward the bit

b to the destination is called the last mobile relay for bit b.
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The following examples are illustrative of the possible scheduling policies within
this broad class. The schemes in previous works are all special cases or variants of
these examples.

FEzxample A: The number of mobile relays R is fixed and the capture neighborhood
is chosen to be a disk with a fixed radius p around the destination. Once a bit b
enters the system, it is immediately broadcast to the nearest R — 1 neighboring
nodes. When any of the R mobile relays (including the source node) move within
distance p from the destination, the bit b is then forwarded from the nearest mobile
relay to the destination.

Ezxample B (The Cell-based Scheme): The unit area is divided into a number
of cells. Once a bit b enters the system, it is immediately broadcast to all other nodes
in the same cell. The number of mobile relays for the bit b then stay unchanged.
Note that the actual number of mobile relays depends on the number of nodes that
reside in the same cell as the source (at the time slot when the bit b enters the
system), and is thus a random variable. When one of the mobile relays moves into
the same cell as the destination, the bit b is then forwarded from the nearest mobile
relay to the destination.

FExample C: In the above two schemes, no replication for bit b is carried out except
at the first time slot when the bit enters the system. A more sophisticated strategy
is to use an “opportunistic replication scheme” such as the example below. The unit
area is divided into a number of cells. After a bit b enters the system, at each time
slot ¢, if one of the mobile relays moves into the same cell as the destination, bit b
is then forwarded from the nearest mobile relay to the destination. Otherwise, the
source node (or, alternatively, the current mobile relays) broadcasts the bit to all
other nodes that reside at the same cell. Hence, replication may occur at each time

slot until bit b is delivered to its destination.



142

5.4 Inherent Tradeoffs Among the Key Scheduling Parameters

In the sequel, we will prove several key inequalities that capture the various
tradeoffs inherent in this broad class of scheduling policies. Intuitively, the larger
the number of mobile relays and the larger the capture neighborhood, the smaller
the delay. On the other hand, in order to improve capacity, we need to consume
fewer radio resources, which implies a smaller number of mobile relays and a shorter
distance from the last mobile relay to the destination. As we will see later, these
tradeoffs will determine the fundamental relationship between achievable capacity
and delay in mobile wireless networks.

We first define three parameters Ry, Dy, and [, that are the key to characterize

the various tradeoffs in the system.

5.4.1 Notations

Let (€2, F, P) be the probability space on which the random mobility of the mobile
nodes is defined. Let X (,t) be the random variable that denotes the position of node
1 at time slot t. Let b denote a bit that needs to be communicated from a source
node S(b) to destination node D(b). Let to(b) be the time slot when bit b first
enters the system. Let I,(i,t) be an indicator function, where I,(i,t) = 1 if node
i has a copy of bit b at the beginning of time slot ¢, I,(i,t) = 0 otherwise. By
definition, [,(S(b),to(b)) = 1, and I(i,t) = 0 for all ¢ and ¢ < £4(b). Let F; be the
o-algebra generated by the random variables X (i, s) and I,(i, s) for all s < ¢. Hence
{Fi,t =0,1,...} is a filtration [88, p231] and F; captures all information about the
“history” up to time slot ¢.

Fix any scheduling policy and fix a bit b that enters the system at time slot ¢o(b).
For any time slot ¢ > ¢¢(b), let Cy(t) = 1 if the scheduler decides that a successful
capture occurs at this time slot. Cy(t) = 0, otherwise. If Cy(t) = 1, the scheduler
then picks one mobile relay that has a copy of the bit b at the beginning of the

time slot to forward the bit towards the destination within the same time slot t,
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using possibly multi-hop transmissions. Let l~b(t) be the distance from the chosen
mobile relay to the destination of the bit b. Let [,(t) = oo if Cy(t) = 0. Finally,
let rp(t + 1) denote the number of mobile relays holding the bit b at the end of the
time slot ¢, i.e., rp(t 4+ 1) is the cardinality of the set {i : I;(i,¢ + 1) = 1}. Since the
random variables Cy(t), () and 7,(t + 1) are all outcomes of the scheduling policy,
the causality assumption implies that they are all F;-measurable®.
Let
sp 2 min{t : t > to(b) and Cy(t) = 1}

be the first time when a successful capture for bit b occurs. Thus s, is a stopping
time [88, p234] with respect to the filtration {F;,t = 0,1,..}. Let Ry, = 7(sp)
denote the number of mobile relays holding the bit b at the time of capture. Let
Dy £ s, — to(b) denote the number of time slots from the time bit b enters the system
to the time of capture. Let [, = Zb(sb) denote the distance from the chosen last
mobile relay node to the destination. The quantities Ry, D,, and [, are essential
for the tradeoffs that follow. Note that D, includes possible queueing delays at the
source node or at the relay nodes.

We are now ready to state the inherent tradeoffs among capacity, delay and these
key parameters. In this section, we will state these tradeoffs precisely for the 4.7.d.

mobility model, and defer the discussion on other mobility models until Sections 5.8

and 5.9.

5.4.2 Tradeoff I : D, versus R, and I,

Proposition 5.4.1 Under the i.i.d. mobility model, the following inequality holds

for any causal scheduling policy when n > 3,

1

c1lognE[Dy] > (E[l,] + #)QE[Rb]

for all bits b, (5.6)

where ¢y 1S a positive constant.

5Here we have excluded probablistic scheduling policies. Otherwise, F; should be augmented with
a o-algebra that is independent of node mobility in future time slots.



144

The proof is available in Appendix D.1. This new result is one of the corner-
stones for deriving the optimal capacity-delay tradeoff in mobile wireless networks.
It captures the following tradeoff: the smaller the number R, of mobile relays the bit
b is replicated to, and the shorter the targeted distance [, from the last mobile relay
to the destination, the longer it takes to capture the destination. This seemingly odd
relationship is actually motivated by some simple examples. Consider Example A in
Section 5.3. When R, and the area of the capture neighborhood A, are constants,
then 1 — (1 — A;)™ is the probability that any one out of the R, nodes can capture
the destination in one time slot. It is easy to show that, the average number of time

slots needed before a successful capture occurs, is,

1 S 1
1-— (1 — Ab)Rb - AbRb‘

E[Dy] =

If, as in Example B, R, and possibly A, are random but fized after the first time slot
to(b), then

Hence,

E[D) > E|

> —7

— B [VAJE[R)
where in the last step we have applied Jensen’s Inequality [88, pl4]. Note that on
average [, is on the order of \/A,. Hence,

/

C
E[D,)) > ——X— for all bits b 5.7
[ b] fetl EQ[lb]E[Rb] or a 1Ls 0, ( )

where ¢} is a positive constant. It may appear that, when an “opportunistic repli-
cation scheme” such as the one in Example C is employed, such a scheme might

achieve a better tradeoff than (5.7) by starting off with fewer mobile relays and a
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smaller capture neighborhood, if the node positions at the early time slots after the
bit’s arrival turns out to be favorable. However, Proposition 5.4.1 shows that no
scheduling policy can improve the tradeoff by more than a logn factor. For details,

please refer to Appendix D.1.

5.4.3 Tradeoff 11 : Multihop

Once a successful capture occurs, the chosen mobile relay (i.e., the last mobile
relay) will start transmitting the bit to the destination within a single time slot,
using possibly other nodes as relays. We will refer to these latter relay nodes as
static relays. The static relays are only used for forwarding the bit to the destination
after a successful capture occurs. Let hy, be the number of hops it takes from the last
mobile relay to the destination. Let S denote the transmission range of each hop

h =1, .., hy. The following relationship is trivial.

Proposition 5.4.2 The sum of the transmission ranges of the hy hops must be no
smaller than the straight-line distance from the last mobile relay to the destination,

1.€.,

hy
> SE > (5.8)
h=1

5.4.4 Tradeoff III : Radio Resources

It consumes radio resources to replicate each bit to mobile relays and to forward
the bit to the destination. Proposition 5.4.3 below captures the following tradeoft:
the larger the number of mobile relays R, and the further the multi-hop transmis-
sions towards the destination have to traverse, the smaller the achievable capacity.
Consider a large enough time interval 7. The total number of bits communicated

end-to-end between all source-destination pairs is AnT'.

Proposition 5.4.3 Assume that there exist positive numbers co and Ny such that

Dy < con? for m > Ny. If the positions of the nodes within a time slot are i.i.d.
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and uniformly distributed within the unit square, then there exist positive numbers
N1 and c3 that only depend on co, Ny and A, such that the following inequality holds
for any causal scheduling policy when n > Ny,
nT AnT h
A’E[R) — 1 L TA?
> ATER -1 ED > T2 (SM?) < ;W T logn. (5.9)

4 n 4
b=1 b=1 h=1

The assumption that D, < cyn? for large n is not as restrictive as it appears.
It has been shown in [75] and [84] that the maximal achievable per-node capacity
is ©(1) and this capacity can be achieved with ©(n) delay under both the i.i.d.
mobility model and the random way-point mobility model. Hence, we are most
interested in the case when the delay is not much larger than the order ©(n). Further,
Proposition 5.4.3 only requires that the stationary distribution of the positions of
the nodes within a time slot is i.72.d. It does not require the distribution between
time slots to be independent.

We briefly outline the motivation behind the inequality (5.9). The details of the
proof are quite technical and available in Appendix D.2. Consider nodes i, j that
directly transmit to nodes k and [, respectively, at the same time. Then, according

to the interference constraint:

| X5 — Xl

v

(1+ A)|X; — X

Xi = Xi| > (1+A)X; - X

Hence,
X —Xil = X — X — [ X5 — Xy
> AlX; — Xy
Similarly,
X — X5 = ALX; — Xif.
Therefore,

A
X = X5 2 5 (1K = Xl + X5 = X))



147

That is, disks of radius % times the transmission range centered at the transmitter
are disjoint from each other®. This property can be generalized to broadcast as well.
We only need to define the transmission range of a broadcast as the distance from
the transmitter to the furthest node that can successfully receive the bit. The above
property motivates us to measure the radio resources each transmission consumes by
the areas of these disjoint disks [71]. For unicast transmissions from the last mobile
relay to the destination, the area consumed by each hop is “TAQ(SZ?)Q. For replica-
tion to other nodes, broadcast is more beneficial since it consumes fewer resources.
Assume that each transmitter chooses the transmission range of the broadcast in-
dependently of the positions of its neighboring nodes. If the transmission range is
s, then on average no greater than nms? nodes can receive the broadcast, and a

A

disk of radius %s (i.e., area TQSQ) centered at the transmitter will be disjoint from

other disks. Therefore, we can use AT?M as a lower bound on the expected area
consumed by replicating the bit to R, — 1 mobile relays (excluding the source node).
This lower bound will hold even if the replication process is carried out over multiple
time slots, because the average number of new mobile relays each broadcast can
cover is at most proportional to the area consumed by the broadcast. Therefore,

inspired by [71], the amount of radio resources consumed must satisfy

anT h
A?E[Ry] —1 ~ TA?
T% +EN.Y T (8)? < W, (5.10)
b=1 b=1 h=1
where ¢} is a positive constant.

A2 E[Ry]—1
n

3 may fail to be a lower bound on the expected area con-

However,
sumed by replicating to R, — 1 mobile relays if the following opportunistic broadcast
scheme is used. The source may choose to broadcast only when there are a larger
number of nodes close by. If the source can afford to wait for these “good opportu-

nities”, an opportunistic broadcast scheme may consume less radio resources than a

non-opportunistic scheme to replicate the bit to the same number of mobile relays.

6A similar observation is used in [71] except that they take a receiver point of view.
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Nonetheless, Proposition 5.4.3 shows that no scheduling policies can improve the

tradeoff by more than a logn factor. For details, please refer to Appendix D.2.

5.4.5 Tradeoff IV : Half Duplex

Finally, since we assume that no node can transmit and receive over the same
frequency at the same time (a practically necessary assumption for most wireless

devices), the following property can be shown as in [71].

Proposition 5.4.4 The following inequality holds,

Y Y ic< gn (5.11)

5.5 The Upper Bound on the Capacity-Delay Tradeoff

Our first main result is to derive, from the above four tradeoffs, the upper bound
on the optimal capacity-delay tradeoff of mobile wireless networks under the 4.7.d.
mobility model. Since the maximal achievable per-node capacity is ©(1) and this
capacity can be achieved with ©(n) delay by the scheme of [75], we are only interested

in the case when the mean delay is o(n).

Proposition 5.5.1 Let D be the mean delay averaged over all bits and all source-
destination pairs, and let X\ be the throughput of each source-destination pair. If
D = 0(n%),0 < d < 1, the following upper bound holds for any causal scheduling
policy under the i.i.d. mobility model,

Proof Our goal is to reduce the four inequalities (5.6), (5.8), (5.9) and (5.11) to one
inequality and eliminate all variables except D and X. Using the Cauchy-Schwartz
inequality, we have

b=1 h=1 b=1 h=1 b=1 h=1
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< IS s (5.12)

where in the last step we have used Tradeoff IV (5.11). Equality holds in (5.12)
when inequality (5.11) is tight and when S} is equal for all b and h. We thus have,

B (S 2 (ZZ&)

b=1 h=1

9 nT  hy h
WTn( D> s > (5.13)

b=1 h=1

> o (;Ew) , (5.14)

where in the last two steps we have used Jensen’s Inequality and the Tradeoff IT (5.8),
AnT  hy
respectively. Inequality (5.13) is tight when > > SI' is almost surely a constant,

v

b=1 h=1
and (5.14) is tight when (5.8) is tight.
From Tradeoff I (5.6), we have
AnT AnT 1 1
ERy > . 5.15
; o] 2 ; crlogn (E[ly] + =5)?E[Dy)] (5.15)
Let
AnT AnT
> E[D)] > E[Dy]
D _ b=l _ b=l
AnT \nT

o1
b=1

Using Jensen’s Inequality and Holder’s Inequality, we have,

AnT . 2 T 1 T

1 Swni | G e R

S B+ ) ‘T Mle - AiTl Mle (5.16)
S & = 2

b=1

Equality holds when E[l] is the same for all b and E[D,] = D for all b. Substituting
(5.16) in (5.15), we have
anT 3
nT (Z 1)
1 b=1
Z E[R)] > ] .
b=1 criogn (2l 1
D > (Elb] + 5z)

b=1

(5.17)
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Substituting (5.14) and (5.17) into Tradeoff III (5.9), we have

nT T hy
4dcsWT logn E[R -1
A2 = Z + 7E[ Z Z (54)°
b=1 b=1 h=1
1 (AnT)?

A%

arloen (Ecen+ —>)

b=1

o nT 2
i (Z E[lb]> —AT.

To obtain a relationship between A and D, it remains to eliminate ,. There are

two cases that we need to consider.
nT

Case 1: If 3" E[l,] < 2L, then

4esWT logn S 1 (AnT)?

A? ~ c¢nlogn p (2>\_T)2
1 A\Tn*
- LT
4cilogn D

When D = O(n?),d < 1, the first term dominates when n is large. Hence, for n

large enough,

4esWT logn S 1 M\Int

A2 = 8cilogn D
32¢1¢3W Dlog*n
A < 32 - (5.18)
AnT
Case 2: If 3" E[l,] > 2L, then
b=1
2
4esWT logn 1 (AnT)? o [
A 2 cinlogn _ / AnT 2 " T ZEW —AT (5.19)
D (2 > E[lb]> =
b=1
1 2t (AnT)3
> 2 —— — \T 5.20
- \/61 logn WTn? 4D (5:20)

T A3nT?
= 2 = — \T. 21
\/201 logn DW (5:21)
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Therefore, either

D1
A< O Zgn), (5.22)

or, if A = w(@), then the first term in (5.21) dominates when n is large. In the

latter case, for n large enough,

4esWT logn < T A3nT?
A2 2cilogn DW
32¢,2W3 Dlog® n

3
AT s w A4 n

(5.23)

Finally, we compare the three inequalities we have obtained, i.e., (5.18), (5.22)
and (5.23). Since D = o(n?),d < 1, inequality (5.23) will eventually be the loosest

for large n. Hence, the optimal capacity-delay tradeoff is upper bounded by

D
N < O(=log®n).
n

5.6 An Achievable Lower Bound on the Capacity-Delay Tradeoff

The capacity-delay tradeoff in Proposition 5.5.1 is better than those reported
in [75] and [76]. Assuming that the delay bound is ©(n?), 0 < d < 1, the achievable
per-node capacity is O(n~(~%9) by the scheme in [75], and O(n~(1=%/2) by the scheme
in [76]. Our upper bound, however, implies a per-node capacity of O(n=1=9/3) (we
have ignored all logn factors). Since d < 1, there is clearly room to substantially
improve existing schemes (see Fig. 5.1).

In this section, we will show how the study of the upper bound also helps us to
develop a new scheme that can achieve a capacity-delay tradeoff that is close to the
upper bound. Precisely, we met several inequalities (5.12)-(5.20) during the deriva-
tion of the upper bound. By studying the conditions under which these inequalities
are tight, we will be able to identify the optimal choices of various key parameters
of the scheduling policy. In the end, the knowledge of the optimal choices of the

parameters will help us develop a new scheme that is superior to existing ones.
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5.6.1 Choosing the Optimal Values of the Key Parameters

Assume that the mean delay is bounded by n? d < 1. By Proposition 5.5.1, we

A <Oy % log®n) = O(n's logn). (5.24)

In order to achieve the maximum capacity on the right hand side, all inequalities

have,

(5.12)-(5.20) should hold with equality. By checking the conditions when (5.12)-
(5.16) are tight, we can infer that the parameters (such as S{, E[l;], E[Dy]) of each
bit b should be about the same and should concentrate on their respective average
values. This implies that the scheduling policy should use the same parameters for
all bits. From now on, we will assume that all key parameters (such as Ry, I, etc.)
are indeed the same for all bits.

The inequality (5.20) is essential for deriving the optimal values of these param-

eters. Note that equality holds in (5.20) if and only if

1 (AnT)3 27 9
vy = (>_ElL))*
4cinlogn D(b;l E[L))? WTn —

AnT
Substituting > E[l,] = AnT'l,, we can solve for [y,
b=1

1 T 2T
- = anT)?l
deinlogn DIZ WTn< ),
A 1 44

I, = = )
b 8mer DAnlogn

Substituting A = O(n@"Y/3logn) and D = n?, we obtain the optimal value of 1,

_142d

b = O(n 6 log_%n).

A reasonable choice for the area of capture neighborhood, Ay, is then,

Ay, = 1P = @(n‘H_BQd/log n).
By setting (5.11) of Tradeoff IV to equality, we have
AnTh, = WQT"
o= Y om' logn).

2y =
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Table 5.1
The order of the optimal values of the parameters when the mean
delay is bounded by n<.

Ry: # of Duplicates O (n(1-4/3)
n (1+2d)/6/ lOg )
=473 /logn)

\/10gn)

l,: Distance to Destination ©

hy: # of Hops e

(n!
(
(
(

Sh: Transmission Range of Each Hop | ©

By setting (5.8) of Tradeoff II to equality, we have

logn

).

- hb N n
Finally, by setting (5.6) of Tradeoff I to equality, we have

)

R, = © —
’ <cllognl§D

The optimal values of these parameters are summarized in Table 5.1.

Several remarks are in order. Since it is sufficient to control all parameters around
these optimal values, simple cell-based schemes such as the one in Example B of
Section 5.4 suffice. Secondly, the optimal values for R, and [, can provide guidelines
on how to choose the cell partitioning. Thirdly, the optimal value for S{ is roughly the
average distance between neighboring nodes when n nodes are uniformly distributed
in a unit square. Hence, it is desirable to use multi-hop transmission over neighboring
nodes to forward the information from the last mobile relay to the destination. These
guidelines have sketched a blueprint of the optimal scheduling scheme for us. We
next present schemes that can achieve capacity-delay tradeoffs that are close to the

upper bound up to a logarithmic factor.



154

5.6.2 Achievable Capacity with ©(n?) Delay

We now present a scheme that can achieve the optimal capacity-delay tradeoff
in (5.24) up to a logarithmic factor. Our scheme can achieve ©(n s /log®?*n) per-
node capacity with ©(n?) delay, 0 < d < 1. When d = 0, i.e., when the delay is
bounded by a constant, our scheme can achieve ©(n~1/3/ log®/? n) per-node capacity
with ©(1) delay”. This is an encouraging result for mobile networks because we know
that the per-node capacity of static networks is O(1/y/nlogn) [71]. Hence, mobility
increases the capacity even with constant delay. This is the first such result of its
kind in the literature.

We will need the following Lemma before stating the main scheduling scheme.
We will repeatedly use the following type of cell-partitioning. Let m be a positive
integer. Divide the unit square into m x m cells (in m rows and m columns, see
Fig. 5.2). Each cell is a square of area 1/m?. As in [76], we call two cells neighbors
if they share a common boundary, and we call two nodes neighbors if they lie in
the same or neighboring cells. We say that a group of cells can be active at the
same time when one node in each cell can successfully transmit to or receive from a
neighboring node, subject to the interference from other cells that are active at the
same time. Let |x] be the largest integer smaller than or equal to z. The proof of

the following Lemma is available in Appendix D.3.

Lemma 5.6.1 There exists a scheduling policy such that each cell can be active for

at least 1/cy amount of time, where ¢y is a constant independent of m.

Group every |n?| time slots into a super-frame. The capacity achieving scheme
is as follows.

Capacity Achieving Scheme:

"The scheme for d = 0 can be further refined to achieve ©(n~1/3/logn) per-node capacity with
©(1) delay [24].



(2A +6)/m

2/m (A +3)/m

1/m$ —a

Fig. 5.2. Cells that are |2A + 6|/m apart (i.e., the shaded cells in

the figure) can be active together.
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1) In every odd super-frame (i.e., the 1st, 3rd, 5th, ... super-frame), we schedule
transmissions from the sources to the relays. We will refer to the [n?| time slots in

each odd super-frame as the sending time slots. At each sending time slot:

1
2+d 2
e We divide the unit square into g;(n) = L(fggﬂ) ]2 cells. Each cell is a square

of area 1/g;(n). We refer to each cell in the sending time slot as a sending cell.
By Lemma 5.6.1, each cell can be active for i amount of time in each sending

time slot.

e When a cell is scheduled to be active, each node in the cell broadcasts a new

1
4096c4n(1—4)/3 10g3/% n

(Fig. 5.3). The length of the packet is 409664n(1_%/3 1og32n" These other nodes

amount of time

packet to all other nodes in the same cell for

then serve as mobile relays for the packet. The nodes within the same sending

cell coordinate themselves to broadcast sequentially in each sending time slot.

e If, in any of the |n¢] sending time slots, there exists a sending cell that has
more than 64n1=9/3logn nodes, we refer to it as a Type-I error [76]. If no

Type-I errors occur, each source can broadcast a total of [n?| distinct packets,

each of length , during the entire odd super-frame.

w
4096¢4n(1—4)/3 10g3/2

2) In every even super-frame (i.e., the 2nd, 4th, 6th, ... super-frame), we schedule
transmissions from the mobile relays to the destination nodes. We will refer to the
|n?| time slots in each even super-frame as the receiving time slots. At each receiving

time slot:

1
e We divide the unit square into go(n) = L(nHTM) * |2 cells. Each cell is a square
of area 1/g2(n). We refer to each cell in the receiving time slot as a receiving

cell.

e Note that there are n|n?| distinct packets that are injected into the system at
the previous odd super-frame. Capture occurs for each packet k when one of its

mobile relays moves within the same receiving cell as the destination node (see



/g_1(n) columns

Source

Relay.' -

..move

/g_1(n) rows

Fig. 5.3. Transmission schedule in each time slot of the odd super-

e

2+d

frame. g;(n) = L(lzlsgn
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~/ g_2(n) columns
movéd“ §
v g_2(n) rows
: Static Relay
Last
Mobile Relay&/\?>
@/ Destination

Fig. 5.4. Transmission schedule in each time slot of the even super-

frame. go(n) = L(an—M);JQ

Fig. 5.4). Let Y;(t) denote the set of packets that meet the criteria for capture
in receiving cell 7 at receiving time slot t. We will refer to these packets as the
active packets. Among the n|n?| distinct packets, if there exists a packet k that
does not meet the criteria for capture in any of the |n?| receiving time slots,
i.e., packet k does not belong to V;(t) for any j =1, ...,ga(n) and t = 1, ..., [n?],
we will refer to it as a Type-II error. Unless a Type-II error occurs, each of
these n|n?| distinct packets will have at least one opportunity to be carried

into the same receiving cell as its destination node (see Fig. 5.4).

The active packets in each set Y;(t) are then forwarded to their destination
nodes (residing in the same receiving cell j) within the same time slot ¢ in

the following multi-hop fashion. We further divide the receiving cell j into

2—2d
n_3

3
g3(n) = L(Slogn) |? mini-cells (in \/g3(n) rows and 4/g3(n) columns, see
Fig. 5.5). Each mini-cell is a square of area 1/(g2(n)gs(n)). By Lemma 5.6.1,

there exists a scheduling scheme where each mini-cell can be active for é

amount of time in time slot £. When each mini-cell is active, it forwards an

active packet (or a part of the packet) to one other node in the neighboring
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A Receiving Cell

/ g_3(n) columns

Last
Mobile Relay Static Relays
L A Youh @)
14
[ g3m) rows o
O‘
O*

O«

Destination.

Fig. 5.5. Multi-hop transmissions within a receiving cell.

mini-cell. If the destination of the active packet is in the neighboring mini-cell,
the packet is forwarded directly to the destination node. The active packets
from each mobile relay are first forwarded towards neighboring mini-cells along
the X-axis, then to their destination nodes along the Y-axis (see Fig. 5.5). In
this fashion, a successful schedule will be able to deliver all active packets in
Y;(t) to their respective destination nodes (in the same receiving cell j) within
the time slot ¢. For details on constructing such a schedule, see Appendix D .4.

If no such schedule exists, we refer to it as a Type-III error.

e At the end of each even super-frame, any packets that remain in the buffer of

the mobile relays (i.e., that have not been delivered to the destination nodes)

are dropped.

It is possible that the above scheme delivers the same packet more than once
to the same destination node. However, our analysis shows that such replication
does not change the order of the asymptotic achievable capacity. We assume that
each packet has a sequence number so that the destination node can detect replicate
packets and only keep the new packets. We can show that, as n — oo, the proba-

bilities of errors of Type-I, II, and III, will all go to zero. The following proposition
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then holds, which shows that our scheme can achieve ©(n(#1/3/10g%? n) per-node

capacity with ©(n?) delay. The proof is available in Appendix D.4.

Proposition 5.6.1 Assume the i.i.d. mobility model. With probability approaching

one, as n — oo, the above scheme allows each source to send |n?] packets of length

w
4096¢c4n(1—4)/3 10g3/2 n

to its respective destination node within 2|n?| time slots.

Remark: Our schemes belong to the class of cell-based schemes (see Example B in
Section 5.3). However, our scheme uses different cell-partitioning in the odd super-
frames than that in the even super-frames. Note that in previous works [75, 76],
the cell structure remains the same over all time slots. Our judicious choice of
the cell-structures is the key to the derivation of a tighter lower bound for the
capacity. In particular, the size of the sending cell is chosen such that the average
number of nodes in each cell, n/gi(n) = O(n1=9/3logn), is close to the optimal
value of R, in Section 5.6.1. The size of the receiving cell is chosen such that its
area, 1/g2(n) = O(n=(+24/3) 'is close to the optimal value of [?. Finally, the size

of the mini-cell is chosen such that each hop to the neighboring cell is of length

1/+/g2(n)gs(n) = ©(y/log n/n), which is close to the optimal value of Sf.

5.6.3 The Effect of Queueing

When we defined the delay D, of each bit b in Section 5.4, it included possible
queueing delays at the source node and at the relay nodes. The upper bound on
the capacity-delay tradeoff (Proposition 5.5.1) thus holds regardless of the queueing
discipline used in the system, and D also includes the queueing delay. We now show
how to analyze the queueing delay of the capacity-achieving scheme in Section 5.6.2.

We first consider the case when d = 0. For d = 0, our scheme will attempt to

deliver one packet of length for each source-destination pair every

1%
4096¢4n1/310g%/? n
two time slots. Let ps be the probability that a packet is successfully delivered to
the destination at the end of the even time slot. (Note that ps is the same for

all source-destination pairs due to symmetry, and by Proposition 5.6.1, p; — 1 as
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n — 00.) Assume that, if such delivery is unsuccessful, packets that have not been
delivered to the destinations at the end of each even time slot are removed from the
buffers of the relay nodes and have to be retransmitted by their source nodes at the

arrive at each

next time slot. Further, assume that packets of length 0% GCWV/VS o n
source according to a certain stochastic process. Then packets may get enqueued at
the source nodes. If we observe the system at the end of each even time slot, the
number of packets queued for each source-destination pair will evolve as that of a
single-server discrete-time queue with geometric service time distributions [89], and
the queues for each source-destination pair can be studied independently. If we know
the packet arrival process, we can then compute the queueing delay. For example, fix
a source-destination pair and assume that the distribution of the number of packets
(denoted by A) that arrive at the source node every two time slots is 7.i.d. with
P[A =i] = e;,i = 0,1,...,00. Let A denote the mean packet arrival rate in every
two time slots, i.e., A = E[A]. Let A(z) denote the moment generating function of
A e, A(z) = 3., €2, |2| < 1. Using results for Geom™!/Geom/1 discrete-time
queues [89, p89], we can compute the average number of packets queued at the source

node as: R .
s A 24— p)

2(ps - A/(l))

Using Little’s Law and the fact that
A'(1) = E[A] = A, and A”(1) = Var[A] + E*[A] — E[A] = Var[A] + A2 — A,

we can compute the mean queueing delay (in number of time slots) as

E[Q)] (1+ Var[A] A-1 1—ps).

e Wl Gy Yy BTy v R

Because ps — 1 as n — 0o, we have,

Var[A]
A1 —A)’

In particular, if the arrival process is Bernoulli, i.e., one new packet arrives at the

ED] -1+

as n — OoQ.

source node every two time slots with probability A, then

Var[A] = A(1 - A).



162

Hence,

E[D] — 2, as n — oc.

On the other hand, if the arrival process is Poisson with rate A/2, then the number
of packets that arrive at the source node every two time slots is a Poisson random
variable with mean A. Hence,

Var[A] = A,
and

1 2-A
1—-A 1-A

Note that in both cases, the mean queueing delay is at most a constant multiple

ED] — 1+ as n — 00.

of 2 (time slots) provided that 1 — A (i.e., the difference between the arrival rate
and the capacity) is positive and bounded away from zero as n — oo. Hence, the
capacity-achieving scheme in Section 5.6.2 can sustain ©(n~'/3/ log®/? n) per-node
throughput (in bits per time slot) with O(1) queueing delay.

The above analysis can be generalized to d > 0 as well. Let N = |[n?]. Our

. . . . W

scheme in Section 5.6.2 will attempt to deliver NV packets of length 10060 1og? T
for each source-destination pair every two super-frames. Let ps be the probability
that all Nn packets are successfully delivered to the destination at the end of the
even super-frame. Because p, — 1 as n — oo, we will simply use p; = 1 in the

arrive at each

following derivation. Assume that packets of length 09 66471(17‘2’) 1057
source according to certain stochastic process. If we observe the system at the end
of each even super-frame, the number of packets queued for each source-destination
pair will evolve as that of a discrete-time queue with N servers and deterministic
service times (equal to the length of two super-frames), and the queues for each
source-destination pair can again be studied independently. Fix a source-destination
pair and assume that the distribution of the number of packets (denoted by A) that
arrive at the source node every two super-frames is i.i.d. with P[A = i| = ¢e;,i =

0,1,...,00. We can then study the mean queueing delay using results from discrete-

time Geom!™ /D /N queues [90,91]. The exact analysis is usually quite tedious [90].
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However, simple upper bounds are available in [90,91]. Let NA denote the mean
packet arrival rate in every two super-frames, i.e., NA = E[A]. Let A(z) denote the
moment generating function of A. Using results in [90, Lemma 1], we can compute
the upper bound on the average number of packets queued at the source node as:
N

where R
A"(1) = NA(N — 1)
2N(1 - A) )

QL= NA+

Using Little’s Law and the fact that,
A'(1) = E[A] = NA, and A"(1) = Var[A] + E*[A] — E[A] = Var[A] + N?A% — NA,

we can compute the upper bound on the mean queueing delay (in number of super-

frames) as®

E[Q] 1 Var|A]

If A is bounded away from 1 and Var[A] = O(N?), then the mean queueing delay is at
most a constant multiple of 2 (super-frames). Since each super-frame consists of [n?|
time slots, we have thus shown that the capacity-achieving scheme in Section 5.6.2
can sustain ©(n@1/3/log*?n) per-node throughput (in bits per time slot) with

O(n?) queueing delay (in number of time slots).

5.6.4 Simulation Results

We have simulated the capacity achieving scheme in Section 5.6.2 for different
values of the delay exponent d and the number of nodes n. In our simulation, we use
Bernoulli packet arrival processes, i.e., one packet arrives at each source-destination

pair every time-slot with probability p. Hence, A = 2p. The packet size scales as

W
4096¢4n(1=4)/3 log3/2 n*

For a fixed p, the offered load for each source-destination pair

8This upper bound may explode when A — 0. However, since we are interested in the achievable
capacity, we only need to deal with the case when A is bounded away from zero. Tighter upper
bounds for A close to zero are given in [91].
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Fig. 5.6. Mean queueing delay (in number of time slots) versus the
number of nodes.

then scales as O(n(@1/3/10g®?n) (in bits per time slot). We use p = 0.4 in the
simulation. Fig. 5.6 shows the mean queueing delay (in number of time slots) versus
the number of nodes n at different values of d. We observe that, for large n, the
mean queueing delay evolves as ©(n?) for all values of d. This figure demonstrates

that our scheme can indeed sustain ©(n(*1/3/10g®?n) per-node throughput with

O(n?) delay.

5.7 The Limiting Factors in Existing Schemes

In Section 5.6, we have shown that choosing the optimal values of the schedul-
ing parameters is the key to achieve the optimal capacity-delay tradeoff. In this
section, we will show that deviating from these optimal values will lead to subop-
timal capacity-delay tradeoffs. In particular, we will identify the limiting factors in
the existing schemes in [75] and [76] by comparing the optimal values of scheduling

parameters in Section 5.6.1 with those used by the existing schemes. Our model
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in Section 5.5 can be extended to study the upper bounds on the capacity-delay
tradeoff when one imposes additional restrictive assumptions that correspond to
these limiting factors. We will see that these new upper bounds are inferior to the
capacity-delay tradeoff reported in Sections 5.5 and 5.6. The existing schemes of [75]
and [76] in fact achieve capacity-delay tradeoffs that are close to the respective up-
per bounds. These results will give us new insights on which schemes to use under

different conditions.

5.7.1 The Limiting Factor in the Scheme of Neely and Modiano

The scheme by Neely and Modiano [75] divides the unit square into n cells each
of area 1/n. A mobile relay will forward messages to the destination only when
they both reside in the same cell. Hence, the distance from the last mobile relay to
the destination, [, is on average on the order of O(1/4/n), regardless of the delay
constraints. However, we have shown in Section 5.6.1 that the optimal choice for [,
should be on the order of ©(n~(1+20/61a=1/2p) when the mean delay is bounded
by ©(n?). The next Proposition shows that the restrictive choice of I, is indeed the
limiting factor of the scheme in [75]. The proof is available in Appendix D.5.

Proposition 5.7.1 Let D be the mean delay averaged over all bits and all source-
destination pairs, and let \ be the throughput of each source-destination pair. If

D =0(n%,0 <d <1 and E[l}] = O(1/\/n), then for any causal scheduling policy,
D
A < O(=log?n).
n

Remark: The scheme of [75] achieves the above upper bound up to a logarithmic

factor.

5.7.2 The Limiting Factor in the Scheme of Toumpis and Goldsmith

In the scheme by Toumpis and Goldsmith [76], a mobile relay will always use

single-hop transmission to forward the messages directly to the destination. That
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is, the number of hops from the last mobile relay to the destination node, h;, is
always 1. However, we have shown in Section 5.6.1 that the optimal value of h; is
O(n1=9/3/1og n) when the mean delay is bounded by ©(n?). The next Proposition
shows that the restriction on h; is indeed the limiting factor of the scheme in [76].

The proof is available in Appendix D.6.

Proposition 5.7.2 Let D be the mean delay averaged over all bits and all source-
destination pairs, and let A be the throughput of each source-destination pair. If

D =0(n%),0 <d< 1 and hy = O(1), then for any causal scheduling policy,

2\ < O(=log® n).

3|

Remark: The scheme of [76] achieves the above upper bound up to a logarithmic
factor.

Propositions 5.5.1, 5.7.1 and 5.7.2 present three different upper bounds on the
capacity-delay tradeoff of mobile wireless networks under different assumptions.
Assume that the mean delay is bounded by n¢,0 < d < 1. When the capac-
ity is the main concern, Proposition 5.5.1 shows that the per-node throughput is
at most O(n'®Y/3logn). The capacity-achieving scheme reported in Section 5.6
can achieve close to this upper bound up to a logarithmic factor. However, this
capacity-achieving scheme requires sophisticated coordination among the mobile
nodes. Hence, it may not be suitable when simplicity is the main concern. On
the other hand, the scheme of [75] only requires coordination among nodes that are
within a cell of area 1/n. Note that the average number of nodes in such a cell is
©(1). Proposition 5.7.1 then shows that, when coordination among a large number
of nodes is prohibited, the scheme of [75] is close to optimal. Similarly, the scheme
of [76] only requires single-hop transmissions from the mobile relays to the destina-
tions. Proposition 5.7.2 shows that, when multi-hop transmissions are undesirable,
the scheme of [76] is close to optimal. Therefore, the results reported in this chapter
present a relatively complete picture of the achievable capacity-delay tradeoffs under

different conditions.
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5.8 The Random Way-point Mobility Model

The analyses in the previous sections have focused on the i.i.d. mobility model.
In this section, we will extend our methodology to the random way-point (RWP)
mobility model. In previous sections, we have shown that, at least for the 7.i.d. mo-
bility model, there is not a significant loss of generality by using cell-based schemes.
Indeed, the capacity-achieving scheme in Section 5.6.2 belong to the class of cell-
based schemes (see Example B in Section 5.3). By choosing the appropriate cell-
partitioning, we have been able to use cell-based schemes to asymptotically achieve
the maximum capacity under given delay constraints. Note that the key parameters
of the capacity-achieving scheme in Section 5.6.2 are the number of sending cells
g1(n) and the number of receiving cells go(n). Hence, in this section, we will restrict
our attention to cell-based schemes only, and our focus will be to find the optimal
cell-partitioning (i.e., the values of g1(n) and g2(n)) for the RWP mobility model.
However, in the RWP mobility model, the nodes move continuously instead of in
time slots. Hence, we need to modify the cell-based scheme as follows. We still divide
the time into slots of unit length. After a bit b enters the system, it is broadcast to
all other nodes in the same sending cell by the end of the next time slot. Let R; be
the number of mobile relays that receive the bit b. After certain delay Dy, one of
the mobile relays (i.e., the last mobile relay) moves into the same receiving cell (of
area Ayp) as the destination node of bit b. The bit b is then forwarded from the last
mobile relay to the destination by the end of the next time slot. Since the velocity
of the nodes is v(n) = ©(1/y/n), the distance any node can move within one time
slot is of order ©(1/4/n), which is small compared to the sizes of the sending cells
and the receiving cells that we will choose later. Hence, the mobility of the nodes
will not interfere much with both the replication of the bit at the very beginning
and the multi-hop forwarding after capture. Let h; be the number of hops that bit

b takes from the last mobile relay to the destination.
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With the above modification of the cell-based scheme, the Tradeoffs II, ITI, and IV
can be readily extended to the RWP mobility model. However, the exact counterpart
to Tradeoff I is quite difficult to obtain analytically. We instead use numerical
methods to study the likely form of Tradeoff I under the RWP mobility model. In
the cell-based scheme, the number of mobile relays for each bit b is determined at the
beginning of the replication process, and all of these mobile relays were close to the
source node of bit b when they received bit b. Hence, we can use the following simple
simulation model to study the tradeoff between D;, R, and A,. At time ¢t = 0, we
put one (destination) node at a random position uniformly distributed within the
unit square. We put R, mobile relays at another random position. Let the size of the
receiving cell be A, = 1/go(n). We then let these nodes move according to the RWP
mobility model and record the mean delay E[D,] (averaged over simulation runs)
before any one of the R, mobile relays moves within the same receiving cell as the
destination node. Varying R, and A,, we can thus obtain the relationship between
E[D,], Ry, and A,. However, note that we are only interested in the relationship when
n is large. In order to extract the most useful information, we let R, = n?,0 < d; <
1, and 4, = n7%,0 < dy < 1. With any fixed d; and dy, we observe from our

bglfﬂ will converge to a number d, i.e., the delay
gn

simulations that, when n is large,
is approximately n?. In Fig. 5.7, we plot the relationship between d, d,, and d, for
the RWP mobility model. It is instructive to compare with the same plot obtained
under the i.7.d. mobility model (Fig. 5.8). Note that each line in Fig. 5.8 can be

expressed as

d:dg—dl, fOl"dZO,

which is consistent with (5.6) noting that {, = ©(y/A4,). On the other hand, each

line in Fig. 5.7 can be expressed as

14+d
= J; 2 gy for 05 <d <1,
which corresponds to
1
E[Dy) ~ O(——o (5.25)
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Fig. 5.7. Delay exponent d versus d; and ds for the random way-point
mobility model.

This relationship between Dy, [, and R, under the RWP mobility model is consistent
with the findings in [84]. When [, and R, are fixed, it has been shown in [84] that a
given mobile relay can move within a distance [, from the destination node during a
single trip with probability ©(l,). Since odd trips are independent from each other,
the expected number of trips for any of the R, mobile relays to move within distance
ﬁ). Finally, as v(n) = ©(1/y/n), each trip will
take ©(y/n) amount of time. We then obtain (5.25). However, this relationship

lp from the destination node is O(

only holds when d > 0.5. In fact, it has been shown in [84] that, in order to take

advantage of mobility, the minimum amount of delay under the RWP mobility model
is ©(y/n).
5.8.1 Upper Bound on the Capacity-Delay Tradeoff

Combining relationship (5.25) with Tradeoffs II, IIT and TV, we can then compute

the upper bound on the maximum capacity under given delay constraints as in
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dy = —log(Ay)/log(n)

Fig. 5.8. Delay exponent d versus d; and ds for the 7.7.d. mobility model.
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Proposition 5.5.1. We can in fact assume a more general version of the estimate

(5.25):

1
cinz2”°¢
ED) > ———, 5.26
D] 2 E[l,|E[R)] (5:26)
where ¢; > 0 and € is a positive number close to 0. We then have
nT nT 1
1
E|R)| > 27°¢ _ 5.27
bzl [Rb] = c1n? bz1 ELJE[D)] (5.27)
Let
nT nT
> E[Dy] > E[D)]
D _ b=1 _ b=1
AnT nT
1
b=1
Using Jensen’s Inequality and Holder’s Inequality, we have,
ar 2
1 b;l E[ly]
AnT - nT
b§1 E[ly] S 1
AnT b=1
S
b=1
T 1 T
2 wEmy 2 BlD)
- AnT nT (528)
> 1 > 1
b=1 b=1

Equality holds when E[l] is the same for all b and E[D,] = D for all b. Substituting
(5.28) in (5.27), we have

Af E[R,] > @ (5.29)

Substituting (5.14) and (5.29) into Tradeoff III (5.9), we have

AnT AnT  hy
4esWT logn ER) -1

T 2 Y PR ey > (s

b=1 b=1 h=1
2
. (AnT)? o (A"T
> en + ZE[lb] —\T.
_ AnT WTn \ &=
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a+b+c> 3V abe,
we have,
2
4esWT logn sl a1 (AnT)?
Ao > 3 —n"2

2
2m MEz AT
o7 T > El)| - (5.30)
DbZ_ll (1] L
_ g0 A \n2-2eT3

— = — AT
D2w

2
Therefore, either

(5.31)
DQ
A< O(n2726 )’

(5.32)
or, if A = w(%), then the first term in (5.31) dominates when n is large. In the
latter case, for n large enough, we have,

4esWT logn 3 5/cAm Nin2—2eT3
& 23\ % ow
64c3W3T? log® n S 27 2w 22
AS - 8 2 D2

10243W* D . 3

X<y J log? n. 5.33
- 27TmciAS nl—e cenn (5.33)

Compare (5.32) and (5.33). Since D = o(n?),d < 1, inequality (5.33) will eventually

be the loosest for large n. Hence, the optimal capacity is upper bounded by

N < O( D

e log? n).

We can now take e — 0 and obtain the following upper bound on the capacity-delay
tradeoff under the RWP mobility model:

N < O(

Njw

log

3|

5.8.2 Optimal Values of the Key Scheduling Parameters

We can also identify the optimal values of the parameters R;,, A, and h; for

achieving the above upper bound. Towards this end, we can infer as in Section 5.6.1
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again that the scheduling policy should use the same parameters for all bits. Hence,
we will assume that all key parameters (such as Ry, I, etc.) are indeed the same for
all bits. Assume that the mean delay is bounded by n?,d < 1. By earlier derivations,
we have,

d—1+e 3

A<O(n 2 login).

Note that equality holds in (5.30) if and only if

a 1. (DT 2n )
2"t T = T (2 Bl
D> Ell] =
b=1
anT
Substituting > E[l,] = AnT'l,, we can solve for [y,
b=1
¢ _1_ AnT 2m 919
—n 27— = 1)l
2" D, T W
po= o W
’ 4T Danzte

Substituting A = O(n@=149/2]0g*% n) and D = n?, we obtain the optimal value of

lbu

T logTT n).

lb = @(?”Li
A reasonable choice for the area of capture neighborhood, Ay, is then,

Ay = I} =0(n""/\/logn).

By setting (5.11) of Tradeoff IV to equality, we have

T
AnTh, = WQ”
hy = W @(nkgf&/log%n).

ﬁ:

By setting (5.8) of Tradeoff II to equality, we have

b o logn

St = 3 =01,
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From (5.26), equality is attained when

1 e
cinz 1-d—c

D )=0O(n 2 log n).

R, = 6O

Taking ¢ — 0, we summarize the optimal values of the scheduling parameters

below when the delay constraint is D, = O(n?):

1—d

Ry, =06(n log n), by = @(n*%/logi n),

).

logn

hy =0O(n'z" /login), and S = O

n

5.8.3 The Capacity-Achieving Scheme

We can now use these optimal values to construct the cell-based

capacity-achieving scheme as in Section 5.6. According to the optimal values of
1+d

Ry and [, the number of sending cells and receiving cells should be g;(n) = @(’foan )

and g2(n) = O(n?), respectively. We have simulated this cell-based scheme under
the RWP mobility model and found that it can achieve the following capacity-delay
tradeoft: B

2> @(%/mg? n) when 0.5 < d < 1.

Note that this capacity-delay tradeoff is better than the tradeoff reported in earlier
studies [84]. Analogous to Section 5.7, we can show that a restrictive choice of the

receiving cell size is again the performance limiting factor of the scheme in [84].

5.9 The Brownian Motion Mobility Model

We now study the capacity-delay tradeoff under the Brownian Motion mobility
model®. Interestingly, we will see that the results in this section are very different

from those reported in earlier sections for the ¢.i.d. mobility model and the random

9We note that the results of this section can also be easily extended to other related mobility
models such as the random walk mobility model [92] and the Markovian mobility model [75]. This
is because the Brownian motion model can be viewed as a limiting case of these other mobility
models.
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Fig. 5.9. The degenerate delay-capacity tradeoff under the Brownian
motion model (the solid line) compared with the “smooth” delay-
capacity tradeoff under the random way-point mobility model (the
dashed line) reported in Section 5.8. We have chosen o2 = 1/n and
ignored all logarithmic terms in the figure.

way-point mobility model. We will show that there is virtually no tradeoff between the
capacity and delay under the Brownian motion model (see Fig. 5.9). In particular, we
show that under a large class of scheduling and relaying schemes, in order to achieve
a delay of ©(n®/o?) for any a < 0, the per-node capacity must be O(1/y/n). (Recall
that o2 is the variance parameter of the Brownian motion. See the definition in
Section 5.2.) Note that one can achieve ©(1/v/nlogn) per-node capacity for static
wireless networks using multi-hop transmission [71]. On the other hand, schemes
have been developed that can achieve ©(1) per-node capacity at O(logn/c?) delay
[83]1°. Thus, in order to achieve any significant capacity gains by exploiting mobility,
one must be ready to tolerate huge delays, roughly on the order of ©(1/52), which
is close to the delay at ©(1) per-node capacity.

10We are referring to Scheme 2 in [83]. There is a missing log n factor in the delay result in [83] for
Scheme 2. Independent of our work [27], the authors of [83] have also identified the missing logn
factor (see [86]).
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5.9.1 Basic Properties of Brownian Motion on a Sphere

Before we state the main result, we first summarize some basic properties of
Brownian motion on a sphere, which will be used later on. Let us consider the motion
of a single node. Let X; denote its position at time ¢, which can be represented
using the spherical coordinates (6, ¢;). Recall the definition of Brownian motion
on a sphere (see (5.4) and (5.5)). For analysis, it is useful to project each node’s
position onto the z-axis. Substituting Y; = cosf; into (5.4), and using [t6’s Lemma,
we obtain

dY, = —o2Y,dt — o,/1 — Y2dB,. (5.34)
Note that Y} is a diffusion process with drift coefficient —o2Y; and diffusion coefficient
o2(1—Y2).

We first cite the following result from [87] concerning the expected travel time

of Y:

Lemma 5.9.1 Let —1 < a < x < 1. Then, in traveling from x to a, Y; takes an

expected time, V,(x), given by:

2 1+
Vo(z) = s log <1 n a)' (5.35)

The First Hitting Time

The first concept we study is the first hitting time. Let A be an arbitrary region
on the sphere. We have the following definition:

Definition 5.9.1 The first hitting time of A, denoted by T, is the first time instant
at which Xy enters A; i.e., Ty =inf{t > 0: X, € A}.

Let IT denote the uniform distribution on the unit sphere S, and denote by Ep
the expectation conditioned on X, being distributed according to II. Let A = {z €
S :dg(x,y) < ap}, where y is an arbitrary point on S, dg denotes the geodesic
distance on the sphere, and a,, > 0. For a, | 0, as n — oo, we have the following

result:
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Lemma 5.9.2 Eg[T4] = ©(log (1/a,)/0?).

Proof In view of the symmetry of the sphere, taking y to be the south pole (i.e., the
bottom most point of S that corresponds to § = 7) entails no loss of generality. Now,
for © € A, we have E[T4|X, = z] = 0. For ¢ A, let z, denote its z co-ordinate.
Note that the radius of S is # The first time that X, enters A is also the first
time that Y; travels from z, to — cos(2a,+/7). Using Lemma 5.9.1, we obtain

2 14 2z,
ETs|Xy=2=—=1 .
(TalXo = 2] o2 Og(l—cos(Qan\/Tr)>

Integrating over all possible positions of the point  on S, and using the fact that x

is uniformly distributed on S, we obtain

T sin 6 1+ %
En[T4] = 1 de
ulT4] /92\/;% o2 08 (1 — €08 (2a,/T) ’
and the result follows after straightforward calculations. [ |

Remark: If a,, = n®, o < 0, then by Lemma 5.9.2, the first hitting time is always
O(logn/c?), regardless of the value of . Even if we take a,, = \/7/4, which means
that the set A covers about half of the sphere, the first hitting time is still ©(1/c2).
Hence, the first hitting time changes very little when the size of the set A is increased.
This result reveals the fundamental difference between the mobility pattern under
the Brownian motion model and that under other mobility models (such as the i.i.d
mobility model and the random way-point mobility model that we have studied in the
previous sections). In these other models, the first hitting time for a set A decreases
substantially when the size of the set A is increased [24,84]. On the other hand,
Lemma 5.9.2 is not completely surprising given the fact that, under the Brownian
motion model, the node always wanders around like a “drunkard.” Therefore, it is

very difficult for the node to move towards any given destination.

The First Exit Time

The second concept that we study is the first exit time.
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Definition 5.9.2 Let A = {z € S : ds(z,y) < a,}. The first exit time for the
region A, denoted by T4, is the first instant of time at which the Brownian motion

started at y (the center of A) exits A, i.e.,
Ta=1nf{t > 0: Xy =y, X; ¢ A}.
Assuming a,, — 0 as n — oo, we have the following result:
Lemma 5.9.3 E[74] = O(a?/d?).

Proof Using the symmetry of the sphere, we can set y to be the north pole of S
(i.e., the top most point of S that corresponds to § = 0). It then follows that E[74]
is the expected travel time of Y; from 1 to cos(2a,+/7). Applying Lemma 5.9.1 and

performing some straightforward calculations, the result follows. [ ]

Remark: From the above discussion it is clear that under the Brownian motion
model a node requires O(a?/c?2) time to move a radial distance of a,. Thus the
time a Brownian motion process spends in a region is in proportion to the area of
the region. This also points to the well-known result that the path of Brownian
motion is nowhere differentiable [88, p380]. Hence, it is inappropriate to define the

“velocity” of a node that is moving in accordance with the Brownian motion model.

5.9.2 The Degenerate Capacity-Delay Tradeoff

In this section, we show that there is virtually no tradeoff between the delay
and the capacity under the Brownian motion model. Specifically, we will show that
whenever the delay constraint is O(n®/c?) for any a < 0, the per-node capacity
is O(1/4/n). In order to provide the readers with the main insight underlying this
result, we use a slightly different network model in this section. We assume that the
nodes are executing independent Brownian walks within a unit square on a plane
(instead of on a wunit sphere). This change simplifies the exposition substantially.

Nonetheless, as we will see later, our results hold for a unit sphere as well.
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Consider n nodes on a unit square centered at the origin, executing independent
two-dimensional Brownian motions within the square. As will become clear soon,
our result does not depend on how the boundary condition is handled: the Brownian
motion could either be reflected at the boundary, or wrap around the boundary (like
the 2-d torus model in [83]).

In order to prove the main result of this section, namely, that the delay-capacity
tradeoff under the Brownian motion model is degenerate, we need some supporting
results (Lemma 5.9.4 and Lemma 5.9.6 below). The main idea is as follows: if the
delay is O(n®/a?) for a < 0, then we can show that the contribution due to node
mobility in the packet delivery is likely very small. Hence, in order to deliver the
packet to the destination, relaying over order ©(1) distance is required. We can then
show that the per-node capacity must be O(1/y/n).

We start by showing that, if the delay is O(n®/0?) for a < 0, then the contribu-
tion due to node mobility in the packet delivery is likely very small. Let SQ(c,) be
the square centered at the origin with length ¢, (see Fig. 5.10). Suppose there are
k, < n nodes, starting at the origin at time 0. Each node then moves according to
a two-dimensional Brownian motion with variance o2, which can be viewed as the
composition of two independent one-dimensional Brownian motion along the x-axis
and the y-axis, respectively, each having a variance of 02 /2. Let p, (c,,t,) denote
the probability of the event that one or more of the k, nodes ever exit the square

SQ(c,) within time ¢,,. We have the following result concerning py, (¢p, t,):

Lemma 5.9.4 [f there exists Ny < oo such that
Cn

. > 8c2logn, forn > Ny, (5.36)

then

lim py, (cu,t,) = 0.

n—oo

The following corollary is an immediate consequence of Lemma 5.9.4.
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origin

Fig. 5.10. k, nodes at the origin

Corollary 5.9.5 If

liminf, . c,logn=¢>0

2
oitn
na

lim sup,,_, = < 400, for some a <0,

then

lim py, (cn,t,) = 0.

n—oo

Remark: Corollary 5.9.5 shows that, within O(n®/c?) time (o < 0), none of the

k, nodes can possibly travel a ©(1/logn) distance in any direction.

Proof [of Lemma 5.9.4] Consider an arbitrary node. Let X, be its position at
time ¢t. Let Bf and B} denote its x-coordinate and y-coordinate, respectively. Then
B¥ and B} are independent one-dimensional Brownian motions with variance o2 /2.
Let p(cp, t,) be the probability that this particular node ever exits the square SQ(cy,)

within time ¢,,. Let

T L2if{t>0: B =c,/2},

x

7. Einf{t >0: Bf = —c,/2},

x
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and let T;_ , 7, be similarly defined with BY in place of Bf. Using the union bound,

and appealing to the symmetry of the two-dimensional Brownian motion, we obtain
plen,tn) < P{rf <tyor7, <t,or7, <t,orr, <t,}

< 4P{7f <t,}.

Further, using the Reflection Principle for one-dimensional Brownian motion [88,
p394], we have
P{r <t,} =2P{B} >¢,/2}.

Since the distribution of By is Gaussian with zero mean and variance o2t,/2, we

00 1 2
P{rf <t,} = 2/ —— exp (_u_) du.

\/io'n\/m

have,

Using the inequality,

/°° 1 ( u2>d - 1 ) ( ug)d
exp | —— | du — —exp | —— ) du
 Var P\ T = Var /), 2P\ T2

we have,

2¢ 2
P{T; S tn} S 2 (:-:CQ exp |:_ > :| :

n

Using (5.36), we have

P{r <t,} < exp(—2logn) =

1
V2rlogn n2y2mrlogn

Hence,

4
p(cmtn) <

~ n22rlogn

Finally, since there are k, nodes, each of them moves according to a two-dimensional

Brownian Motion, we have

4k,
n2y/2rlogn

Noting that £k, < n, the result then follows. [ |

Pk, (Cm tn) S knp(cnu tn) S
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By Corollary 5.9.5, if the delay is O(n®/02) for a < 0, then the contribution
due to node mobility to the packet delivery is likely very small (O(1/logn)). Hence,
in order to deliver the packet to the destination, relaying over order ©(1) distance
is required. We now show that if each packet is relayed over O(1) distance (on an
average), then the per-node capacity must be O(1/4/n). Consider a large enough
time interval 7. The total number of packets communicated end-to-end between all
source-destination pairs during the interval is ¢,An7T, where 1/¢, is the number of
bits per packet. Let h, be the number of times the packet p is relayed, and let l;},
for h = 1,..., hy, denote the transmission range for the h-th relaying. We have the

following result:

Lemma 5.9.6 Suppose that there exists a constant ¢ > 0, such that on average each

packet is relayed over a total distance no less than c, i.e.,

> c, (5.37)

then

A< O(1/vn).

Proof We use the idea in Section 5.4.4 again that disks of radius % times the
transmission range centered at the transmitter are disjoint from each other. We can
therefore measure the radio resources that each transmission consumes by the areas
of these disjoint disks. Note that the total area of the square is 1; for each of these

disks, at least 1/4 of it must lie inside the unit square; and each relaying of a packet

lasts chW amount of time. Thus,
1 cpAnT Ry, A 2
I > Mor bz}’;} <c¢,WT. (5.38)
p=1 h=1

By Cauchy-Schwarz Inequality,

[Z le}i] < [Z 2(52)2] [Z 21] . (5.39)

p=1 h=1 p=1 h=1 p=1 h=1
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Further, since there are at most n simultaneous transmissions at any given time in

the network, we have
cpAnT

> by <o,WThn. (5.40)
p=1

Therefore,

AT > > > (p)?  (using (5.38))

cpAnT hy, N 2
> Xy
p=1 h=1

(using (5.39))

> (epAnTo)? (using (5.37) and (5.40)).
\ < \/Wi
— VA2 /n

We are now ready to prove the main result of this section. We will consider the

Hence,

general class of scheduling policies outlined in Section 5.3, except that now we impose
an additional restriction as follows. Recall the notion of replication and capture in
Section 5.3. We will restrict our study to the class of scheduling policies that satisfy
the following assumption:

Assumption A:

e Only the source of a packet is allowed to replicate the packet. That is, relay

nodes holding a packet are not allowed to replicate it further.

Remark: Note that almost all scheduling schemes that have been proposed in the
literature satisfy Assumption A [23,24,75,76,83-85].

It is worthwhile to elaborate on Assumption A a little bit, since it may seem
restrictive at first sight. First, observe that the notions of replication and relaying
are different, even though both involve forwarding packets to other relay nodes. For

example, when node ¢ decides to replicate the packet p to node j, node ¢ can either
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transmit the packet directly to node 7, or use multi-hop transmission; i.e., node i can
forward the packet to another node k, and let node k forward the packet to node j.
(Node k£ may also keep the copy of the packet p, in which case, both nodes k and j
are considered to receive the packet due to the same replication decision initiated by
node 7.) In this example, although both nodes i and k forward the packet p to other
nodes, their roles are different. Node ¢ is the one who initiates the replication, while
node k is just passively following the instruction of node i to relay the packet to node
j. Thus, we see that Assumption A only prohibits relay nodes to initiate replication.
Hence, multi-hop relaying is still allowed under Assumption A. (Multi-hop relaying
is also allowed for the relay-to-destination communication, i.e., capture.)

If we attempt to develop distributed scheduling policies where nodes make repli-
cation decisions and capture decisions without any knowledge of the decisions at
other nodes, then restricting the replication decisions to the source node is a natural
way to control the number of copies of a packet in the system. Note that excessive
redundancy would reduce the system throughput substantially. The source node of
a packet p is in the best position to control both the total number of replications
for the packet and the number of relay nodes getting the packet for each replication.
If the relay nodes were allowed to replicate, then additional cooperation among the
relay nodes would most likely be required in order to limit the number of replicas of a
packet (see, for example, the scheme in [79], where the relay nodes know the location
of the static destination, and also have some knowledge of the future direction of
other nodes” movement, based on which they can cooperate to make selective and
more efficient replication toward the destination).

We can prove the following main result:

Proposition 5.9.1 Let D denote the expected delay averaged over all packets and all
source-destination pairs, and let X denote the throughput of each source-destination

pair. For any scheduling policy that satisfies Assumption A, if

D <0(n*/o2),a <0,
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then

A< O(1/vn).

Proof Consider squares A and B of length 1/4, centered at (—1/4,1/4) and
(1/4,—1/4), respectively (see Fig. 5.11). Since the packet arrivals are independent of
the positions of the mobile nodes, there will be a constant fraction fy of the packets
that have their source nodes in square A and destinations in square B, at the time
of arrival. (If the stationary distribution of the positions of the nodes are uniform,
then fy, = (%)4 = 1/256. Otherwise, fy is still a positive constant independent of
n.) Let ®4p denote this set of packets. In order to ensure that D < O(n®/o?), the
delay for the packets in ® 45 has to be O(n®/o2). Precisely, since D < O(n®/a?),

there exists some Ny > 0 and ¢; > 0, such that

D < ¢ein®/o?, when n > Np. (5.41)

n’

Therefore, the delay of at least half of the packets in ® 4, must be no greater than

2

" Jo 0721'
(Otherwise, the delay of the other half of the packets in ® 45 must be greater than
t,. Because this other half contributes to at least fy/2 fraction of all packets, the
condition (5.41) will be violated.) Let ®% 5 denote the set of packets in ® 45 whose
delay is no greater than ¢,. Consider an arbitrary packet p which is in ®% ;. Let S,
and D, denote its source node and destination node, respectively. Fig. 5.12 shows
a typical packet delivery. The source nodes S, moves from position Sy to U, and
replicates the packet p to a relay node, say rq, at position Vi, possibly using multi-
hop transmission. The node 7 then moves independently of S,. The source node
moves on to position Uy, where it replicates the packet p to one more relay node,
say 1o, positioned at V5, and so on. It is also possible to replicate the packet to
more than one relay node at the same time (for example, we can take U; = U, if the
source node replicates the packet to r; and ry at the same time). At time ¢ < ¢,

a successful capture occurs, as one of the relay nodes holding the packet p (node 9



1/4

o Origin

—source node S,

1/4

destination node D ;, —

B

Fig. 5.11. There exists a constant fraction of packets that originate
from nodes in A and are destined to nodes in B.
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source or destination node
relay node
replication / capture

Fig. 5.12. How a typical packet p is delivered.

in the case shown in Fig. 5.12) decides to forward the packet to its destination node
D,, which has moved from its initial position Dy to the position D, at time ¢. Let
k, denote the total number of relay nodes that hold packet p in this process, and
let rg, for k = 1,2, ..., k,, denote the k-th relay. Let U, and V) denote the position
of the source node S, and the position of the relay node 7, respectively, at time of
replication. Let W) denote the position of the relay node r; at the time of capture
(see Fig. 5.13). Let d(x,y) denote the Euclidean distance between positions z and
y within the unit square. Since the direct straight-line path is always the shortest

path connecting any two points, we have, for any k,
d(So, Ug) + d(Uk, Vi) + d(Vie, W) + d(Wy, D) 4+ d(Dy, D) > d(So, Dy).
Hence,
d(Ug, Vi) + d(Wy, D) > d(So, Do) — d(Dg, D) — d(So, Ug) — d(Vi, Wx).  (5.42)

Since Sy and Dy are in the squares A and B, respectively,

v2
T
Further, each of the terms d(Dy, D), d(So, Uy), and d(Vi, Wy), corresponds to the

d(So, Do) >

movement of a different node. There are at most n nodes involved in this process. By
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P source or destination node
— relay node
******* replication / capture

Fig. 5.13. The relay node r

setting ¢, = 1/logn in Corollary 5.9.5, we can see that, with probability approaching
1 as n — oo, all of the last three terms in (5.42) are no greater than v/2/logn, for
all k. Therefore,

V2

logn

=S

d(Uy, Vi) + d(Wy, D) > -3 >1/4

for large enough n. Finally, let W, denote the position of the source node at time t.

Then using a similar argument,
d(Wy, D) > d(Sy, Do) — d(D, Dy) — d(So, Wy) > 1/4.

This shows that for each packet p in ®% 5, the total distance that the packet p has
to be relayed is at least 1/4. Since @Y contributes to at least fy/2 fraction of all
packets, on an average each packet must be relayed over a distance no less than
fo/8 > 0. Hence, by Lemma 5.9.6, the per-node throughput A must be no larger
than O(1/y/n). u

Remark: For the ease of exposition, we have shown the above results for Brownian
motion on a plane. However, it is not difficult to see that the argument in Proposition

5.9.1 applies to Brownian motion on a unit sphere as well. In particular, in Lemma
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5.9.4, if we choose ¢, = ¢/logn, the size of the square SQ(c¢,) diminishes to zero
as n — oo. Hence, the difference between such a square on a plane and that on a
unit sphere vanishes. Therefore, both Corollary 5.9.5 and Proposition 5.9.1 hold for
Brownian motion on a unit sphere as well.

The Degenerate Tradeoff: Proposition 5.9.1 shows that the capacity-delay
tradeoff under the Brownian motion model is degenerate:  For delay less
than O(n®/o2),a < 0, the per-node capacity is at most O(1/4/n). Since one can
achieve ©(1/y/nlogn) per-node capacity for static wireless networks using multi-hop
transmission [71], our result shows that whenever the delay is constrained to be less
than O(n®/c?), @ < 1, Brownian mobility cannot improve the capacity by more than
a logarithmic factor. Further, since the packet transmissions are usually carried out
at a much faster time-scale than the node mobility, one could view the delay under
the multi-hop scheduling (see [71]) as being almost zero. Earlier studies have shown
that it is possible to achieve ©(1) per-node capacity at roughly ©(1/02) delay under
the Brownian motion model [83]. Obviously, ©(1) is an upper bound on the per-
node capacity (under our network model). Hence, if we ignore the logarithmic terms,
the capacity-delay tradeoff under the Brownian motion model degenerates into two
points: one can either achieve ©(1/y/nlogn) per-capacity at almost no delay, or
O(1) per-node capacity at roughly ©(1/02) delay, but nothing in between! Finally,
although Proposition 5.9.1 is shown under the Brownian motion model, it is not
difficult to see that the result also applies to the random walk mobility model [92],
or the Markovian mobility model in [75]. This is because as n — oo, the difference
between these mobility models vanishes.

The result of Proposition 5.9.1 is in sharp contrast to the results reported in the
existing works [83,85], where it is claimed that certain schemes can provide a smooth
tradeoff between the capacity and the delay under the Brownian motion model. For

a discussion of the reasons for these discrepancies, please refer to [27].
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5.10 Conclusion and Future Work

In this chapter, we have studied the fundamental capacity-delay tradeoff in mo-
bile wireless networks. We have developed a systematic methodology to study this
problem. Unlike previous works that start from some specific scheduling schemes and
try to prove that the particular scheme achieves the optimal capacity-delay tradeoft,
we assume the most general class of scheduling schemes and start our study by in-
vestigating the inherent tradeoffs in the system among the capacity, the delay and
various key scheduling parameters. Based on these inherent tradeoffs (in the form of
inequalities), we can not only derive the true upper bound on the per-node capacity
of a large mobile wireless network under given delay constraints, but also identify the
the optimal values of the key scheduling parameters and construct the corresponding
capacity-achieving schemes. Our methodology also allows us to identify the limit-
ing factors in existing schemes. In Table 5.2, we have compared the results in this
chapter with those in previous works. The previous works often put various implicit
restrictions on the key scheduling parameters (i.e., Ry, I, and hy) in their model. As
we have seen in the results of this chapter, such restrictions can significantly limit the
achievable performance of the network. Even if these restrictions may have practical
significance, it is still important to understand their implications, which can only be
revealed through a systematic methodology as we have gone through in this chapter.

The results in this chapter can be generalized in several directions. For example,
the 4.i.d. mobility model can be extended to incorporate “pause times.” Specifically,
at each time slot, each node may independently choose to stay in its old position with
probability p, and to move to a new random position with probability 1 — p. This
model may approximate scenarios where nodes move at a fast speed and then stay for
a relatively long period of time. Tradeoff I in Section 5.4 will hold for this extension
of the i.i.d. mobility model, and hence our main results in Sections 5.5 and 5.6 will

hold as well. Our result for the Brownian motion model can also be extended to



Table 5.2
Restrictions on the parameters Ry, [, and h, may limit the capacity-delay tradeoff

Scheme Mobility Model Ry Iy hy Capacity-Delay
Tradeoft Achieved
Neely & Modiano [75] i.i.d. Vary | O(1/y/n) | Vary A< O0(2)
Toumpis & Goldsmith [76] i.4.d. Vary | Vary 1 A2 =0(2/1og’n)
Our work [24-26] i.i.d. Vary | Vary | Vary | A*=0(2/ log®/?n)
Sharma & Mazumdar [84] | Random Way-Point | Vary | O(1/+/n) | Vary A< O0(B)
Our work [25] Random Way-Point | Vary | Vary | Vary | A? =0O(2/log?n)
Gamal et al [83] Brownian Motion 2 Vary | Vary
Sharma & Mazumdar [85] | Brownian Motion | Vary | O(1/y/n) | Vary
Our work [27] Brownian Motion | Vary Vary Vary Degenerate

161



192

the other related models, such as the random walk model [86] and the Markovian
Model [75].

An interesting observation of the results in this chapter is that the delay-capacity
tradeoff in mobile wireless networks critically depends on the underlying mobility
model. As we have seen in Section 5.9, the tradeoff is degenerate under the Brownian
motion model. On the other hand, under the i.i.d. mobility model, we have shown

in Section 5.5 that the following tradeoff between the per-node capacity A and the

A=0 (f’/ D /log®/? n)
n

for ©(1) < D < O(n). Further, under the random way-point mobility model, our

delay D can be achieved:

scheme in Section 5.8 can achieve the following delay-capacity tradeoft:

s-o({Zrvm)

for ©(y/n) < D < ©(n), when the speed of the nodes is v(n) = 1/y/n. In Fig. 5.14,
we illustrate the difference in the above three delay-capacity tradeoffs. In this figure,
we have chosen v(n) = 1/y/n and 0, = 1/y/n. The reason for such choice of v(n)
and o, is to ensure that the contact time (i.e., the time for two nodes to remain
neighbors of each other) is ©(1) under all three mobility models. As we can see, a
smooth tradeoff exists for any value of delay for the i.7.d. mobility model, while a
smooth tradeoff only exists for delay between ©(y/n) and ©(n) under the random
way-point mobility model, and the tradeoff degenerates to only two points under the
Brownian motion model.

Looking at these results, a natural question to ask is: what will the tradeoff be
for a real mobile wireless network? Will the tradeoff in real networks be one of these
three types? Or will it be a combination of these three? A closely related question
is whether these tradeoffs (along with their respective mobility models) represent
three distinct cases, or are part of a continuous range of delay-capacity tradeoffs.

Thus, it is important to understand the reasons behind these different tradeoffs, and
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T
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Fig. 5.14. The delay-capacity tradeoffs under the Brownian motion
model (the solid line), the random way-point mobility model (the
dashed line), and the i.i.d. mobility model (the dash-dotted line). We
have chosen v(n) = 1/4/n and o,, = 1/4/n and ignored all logarithmic
terms in the figure.
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to investigate whether a unified framework can be developed to understand these

results. We plan to address these questions in our future work.
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6. A LOOSE-COUPLING APPROACH TO
CROSS-LAYER DESIGN IN MULTIHOP WIRELESS
NETWORKS

6.1 Introduction

In Chapters 2-5, we have shown how one can obtain simple and efficient control
solutions for large networks by exploiting the largeness of the system. The accuracy
of such an approach varies according to the particular problem. For example, for
wire-line networks where the capacity is large, we can obtain simple control solutions
that are asymptotically exact in the sense that the gap between the simple solution
and the optimal solution goes to zero as the scale of the system increases to infinity
(see Chapters 2 and 3). However, for wireless networks where the number of nodes
is large, our approach that exploits largeness has only allowed us to obtain results
that are order-accurate (e.g., ©(1/+/n) versus ©(1/y/n), see Chapter 5). Note that
due to the scarcity of network resources in wireless systems, the constants before the
order terms are often important in many practical scenarios (e.g., 1/n versus 10/n).
Thus, other approaches are required if we want to obtain tighter simplicity results
for wireless networks.

In this chapter, we will demonstrate that simplification of network control can
also be obtained through appropriately designing the control architecture. In par-
ticular, we will study the cross-layer design problem in multihop wireless networks.
Here, simplicity is obtained in the sense that the complex cross-layer interactions
in multihop wireless networks can be structured into layers that are only weakly
dependent on each other through a judiciously chosen set of control parameters. We

refer to our solution the loose-coupling approach to cross-layer design. By loose-
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coupling, we mean that the cross-layer solution only requires a minimal amount of
interaction between the layers, and is robust to imperfect decisions at each layer. We
will demonstrate how cross-layer control solutions with this loose-coupling property
can be developed for the cross-layer congestion control and scheduling problem in
multihop wireless networks. These results allow us to use imperfect, but simpler and
potentially distributed, algorithms for cross-layer control of large wireless networks.
In fact, we will develop one such fully distributed algorithm for certain interference

model by taking advantage of the loose-coupling approach.

6.1.1 Cross-Layer Design in Wireless Networks

Traditionally, communication networks have been engineered according to the
layered architecture [28]. The functionality of the network is divided into layers.
For example, the OSI reference model has seven layers: the physical layer, the data
link layer, the network layer, the transport layer, the session layer, the presentation
layer, and the application layer. The layering concept essentially treats each layer as
a black box: the higher layer only needs to know the interface to the lower layer, but
not the details of how the interface is implemented. Clearly, the layered architecture
provides modularity, which contributes to simplicity and scalability of the entire
system. Thus, the layered architecture has been a key contributing factor to the
success of many network systems, including the Internet.

While such a layered approach has been very successful for wire-line networks,
it has turned out to be increasingly inadequate for wireless networks. In wireless
networks, there exists a natural coupling between different layers. For example, in a
wireless system, the capacity of each radio link depends on the signal and interference
levels, and thus depends on the power and transmission schedules at the other links.
To make things more complicated, even if the power assignment and schedule at each
link are known, the wireless channel exhibits variations due to fading [93-96]. These

characteristics of wireless networks are in contrast to wire-line networks where the
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capacity of each link is fixed and known. Hence, the set of end-to-end data rates
that can be supported by a multihop wireless network (and that can be used by the
high-layer protocol layers) is usually in a complex form that critically depends on
the way in which resources at the underlying physical (PHY) and MAC layers (such
as modulation, coding, and power control) are scheduled [72-74,93,94,97].

Due to this tight coupling between layers, researchers have increasingly adopted
a “cross-layer” approach for the design and control of multihop wireless networks
[29,72-74,93-95,97-104]. The rational is very simple, if one can optimize control
variables at two layers together, a better performance can be achieved than the case
where control variables at each layer are optimized independently. However, one
needs to be very careful in developing such cross-layer solutions. In fact, one of the
main arguments against cross-layer design is that it destroys modularity [105]. The
argument is as follows: Although cross-layer solutions could potentially increase the
performance of the system, the resultant tight interaction between the layers could
make the overall system much more complex and fragile. The entire system may
become sensitive to changes at each layer, i.e., changes at one layer could potentially
lock the overall system into a substantially inefficient operating point, if the impact
of such changes on the overall system behavior are not carefully accounted for. This
is like an elaborate three dimensional puzzle: a beautiful replica emerges only when
the pieces are placed in their correct positions. However, by removing one piece, the
whole replica may fall apart.

Therefore, there is a fundamental tradeoff between efficiency and modularity in
cross-layer control of wireless networks [105]. In this chapter, we address this trade-
off by proposing a loose-coupling approach to cross-layer design. By loose-coupling,
we mean that the cross-layer control solution only requires a minimal amount of
information shared across layers, and the solution should be robust to imperfect
information or imperfect actions taken at different layers. In other words, the com-
plex cross-layer interactions in the system will then be structured into layers that

are only weakly dependent on each other through a judiciously chosen set of control
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parameters. Clearly, if the solution has the loose-coupling property, it will achieve
both efficiency and modularity, which is very desirable for wireless system design.

In the rest of the chapter, we will demonstrate how such a loose-coupling solu-
tion can be obtained for the cross-layer congestion control and scheduling problem
in multihop wireless networks. The loose-coupling approach then provides us with a
framework to design simple, efficient, and potentially distributed cross-layer control
solutions for multihop wireless networks [29,30]. In particular, we will demonstrate
how to use the insights drawn from our analyses to design a simple and fully dis-
tributed cross-layer congestion control and scheduling algorithm under a particular
interference model.

The rest of the chapter is organized as follows. In Section 6.2, we formulate the
cross-layer congestion control and scheduling problem. In Section 6.3, we present the
optimal solution for this problem, which demonstrates the loose-coupling property.
In Section 6.4 and 6.5, we further investigate the loose-coupling property by studying
the impact of imperfect scheduling on the cross-layer solution. In Section 6.6, we
present a fully distributed cross-layered congestion control and scheduling algorithm.

Then we conclude.

6.2 Problem Formulation

In this work, we investigate the problem of how to fairly and efficiently manage
resources over multiple layers so as to maximize the end-to-end data rates that can
be supported by the network without incurring excessive overload, delays, or packet
losses. This is in fact the congestion control problem, i.e., determining the fair end-
to-end rate allocation at which users should transmit information into the network.
Congestion control is a key functionality in modern communication networks to avoid
congestion and to ensure fairness among the users. In the standard OSI layering

architecture [28], congestion control is categorized as functionality at the transport
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layer. For the Internet, it is the functionality of the Transport Control Protocol
(TCP).

Although congestion control has been studied extensively for wireline networks
(see [61,106] for good references), these results cannot be applied directly to multihop
wireless networks. In wireline networks, the capacity region (i.e., the set of feasible
data rates) is of a simple form, i.e., the sum of the data rates at each link should be
less than the link capacity, which is known and fixed. In multihop wireless networks,
the capacity of each radio link depends on the signal and interference levels, and
thus depends on the power and transmission schedule at other links. Hence, the
capacity region is usually of a complex form that critically depends on the way in
which resources at the underlying physical and MAC layers are scheduled. Therefore,
the congestion control problem in wireless networks needs to be investigated as a
cross-layer control problem jointly with control at the underlying MAC and physical
layers.

Consider the following network model. There are N nodes in a multihop wire-
less network. Let £ denote the set of node pairs (i,7) (i.e., links) such that direct
transmission from node 7 to node j is allowed. The links are assumed to be di-
rectional. Due to the shared nature of the wireless media, the data rate r;; of a
link (7,7) depends not only on its own modulation/coding scheme and power as-
signment F;;, but also on the interference due to the power assignments on other
links. Let P = [P, (1,7) € L] denote the vector of global power assignments and
let 7 = [rij, (i,j) € £] denote the vector of data rates. We assume that 7 = u(P),
i.e., the data rates are completely determined by the global power assignment®. The
function wu(-) is called the rate-power function of the system. Note that the global
power assignment P and the rate-power function u(+) summarize the cross-layer
control capability of the network at both the physical layer and the MAC layer.

Precisely, the global power assignment determines the Signal-to-Interference-Ratio

I Although we have not considered channel variation, e.g., due to fading, our main results may be
generalized to those cases.
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(SIR) at each link. Given the SIR, each link can choose appropriate modulation
and coding schemes to achieve the data rate specified by u(ﬁ) Finally, the network
can schedule different sets of links to be active (and to use different power assign-
ments) at different time to achieve maximum capacity [73,94,97]. There may be
constraints on the feasible power assignment. For example, if each node has a total
power constraint P jax, then ) i)er P;; < P, ax. Let 11 denote the set of feasible
power assignments, and let R = {u(P), P € II}. We assume that Co(R), the convex
hull of R, is closed and bounded. We assume that time is divided into slots and
the power assignment vector ﬁ(t) is fixed during each time slot ¢t. We will refer to
7(t) = u(P(t)) as the schedule at time slot ¢.

In the rest of the chapter, it is usually more convenient to index the links numer-
ically (e.g., links 1,2, ..., L) rather than as node-pairs (e.g., link (7,7)). The power
assignment vector and the rate vector should then be written as P = [P, ..., Py and
7= [r1,...,rL], respectively.

There are S users and each user s = 1, ..., S has one path through the network?.
Let H = [H!] denote the routing matrix, i.e., H! = 1, if the path of user s uses link
[, and H' = 0, otherwise. Let x, be the rate with which user s injects data into the
network. Each user is associated with a utility function Ug(x,), which reflects the
level of “satisfaction” of user s when its data rate is x,. As is typically assumed in
the congestion control literature, we assume that each user s has a maximum data
rate M, and the utility function Ug(+) is strictly concave, non-decreasing and twice
continuously differentiable on (0, M].

We now define the capacity region of the system. We say that a system is stable
if the queue lengths at all links remain finite. We say that a user rate vector ¥ =

(21, ..., 5] is feasible if there exists a scheduling policy that can stabilize the system

under user rates . We define the capacity region to be the set of feasible rates z. It

2Extensions to the case with multipath routing are also possible (see [29]).
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has been shown in [72-74] that the optimal capacity region A is a convex set and is

A:{f

s
where Y H'x, can be interpreted as the total data rate on link /. The convex hull

given by

) Hlz,) € Co(R) } , (6.1)

s=1
operator Co(+) is due to a standard time-averaging argument [72-74]. A is optimal

in the sense that no vector ¥ outside A is feasible for any scheduling policy.
We now formulate a cross-layered congestion control and scheduling problem as
follows.

The Cross-Layered Congestion Control and Scheduling Problem:

e Find the end-to-end data rates x, of the users within the capacity region of

the system such that the total system utility is maximized;

S
max Z Us(zs) (6.2)

s s=1
subject to  [x,] € A. (6.3)

e Find the associated scheduling policy that stabilizes the system.

The above problem is indeed a cross-layer control problem. The first part of the
problem determines the rates with which users inject data into the network (i.e.,
an end-to-end problem). The second part of the problem determines when and at
what rate each link in the network should transmit (i.e., a link-by-link problem).
The utility maximization formulation is standard in wireline systems for studying
fair rate-allocations [14-16,61,106,107]. Maximizing the total system utility as in
(6.2) has been shown to be equivalent to various fairness objectives when the utility

functions are appropriately chosen [108]. For example, utility functions of the form
Us(z5) = wslog xg (6.4)

correspond to weighted proportional fairness, where wg, s = 1, ..., S are the weights.

A more general form of utility function is

rl=h
Us(zs) = wsls——ﬁ’ B> 0. (6.5)
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Maximizing the total utility corresponds to mazimizing the weighted throughput as
B — 0, weighted proportional fairness as  — 1, minimizing weighted potential delay
as [ — 2, and maz-min fainess as  — o0.

The above cross-layer congestion control and scheduling problem is difficult to
solve because the capacity region A is in a highly complex form. Note that A is a
convex combination of potentially a large number of points (see (6.1)). In the next
section, we will present an optimal solution to the cross-layer congestion control and

scheduling problem that do not require exact knowledge of the set A.

6.3 Cross-Layer Congestion Control with Perfect Scheduling

We now take a duality approach to solve problem (6.2). We can rewrite the

constraint (6.3) in an equivalent form as:
S
subject to Z Hlz, <, (6.6)
s=1
[Tl] € CO(R)

We then associate a Lagrange multiplier ¢! for each constraint in (6.6). The La-

grangian is then:

L(Z,7,q)
5 s
— Z Us(xs) — qu [Z Hxg 7“1]
s;l l:lL s=1 .

The objective function of the dual of problem (6.2) is then:

D(q)

max L(Z,7,q
0<ws<My,5=1,...,5,7Co(R) (#7.9)

— Y B@+ V(@

where

B —
+(9) 0o,

UAEREDY ngl%] , (6.7)
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and
V(@) = max qurl. (6.8)
I=1

Further, because the objective function in (6.8) is a linear function of 7, the optimal
point must lie in the set R, i.e.,
maqurl ﬂ mag;EHan (6.9)
The dual approach thus results in an elegant decomposition of the original problem.
Given the Lagrange multipliers ¢!, the congestion control problem B,(q) and the
scheduling problem V(¢) are decomposed. Both of these two subproblems react
on ¢ independently. Note that V() also appears as the optimal scheduling policy
in [73,74].
The dual problem of (6.2) is then
min D(q). (6.10)

>0

The dual objective function D(q) is convex. We can show that its subgradient is

S
= — (ZHéLES—Tl) .
s=1

where 7 = [x,] and 7 = [r;] solve (6.7) and (6.9), respectively. We can then use the

given by,

subgradient method to solve the dual problem [109]. The solution to the optimal
cross-layered congestion control problem can be summarized as follows:
The Optimal Cross-Layered Congestion Control Algorithm:

At each iteration t:

e The data rates of the users are determined by

0<zs <M,

L
z,(t) = argmax |Uy(z,) — Y Hlg'(t)z,| . (6.11)
=1
e The schedule is determined by

= argmax Z q = argmax Z ¢ (t)m. (6.12)
TER =1 F=u(P),P€ell |—1
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Queue Length
Scheduling } _
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Fig. 6.1. The optimal solution retains a certain degree of modularity
with only a loose coupling between the congestion control component
and the scheduling component via the queue length.

e The Lagrange multipliers are updated by

¢'(t) + ay (Z Hlz (t) — rl(t)>] . (6.13)

Hence, as illustrated in Fig. 6.1, we observe that the congestion control com-

gt+1) =

ponent and the scheduling component are only loosely coupled by the Lagrange
multipliers ¢. We will see later that ¢'is also closely associated with the queue length
at each link. Note that the above set of equations make perfect economic sense. We
can interpret the Lagrange multipler ¢' as the price (or implicit cost) of the resource
at link I. So iH !¢' can be viewed as the price of the resource on the path of
user s. The coféestion control component (6.11) simply says that each user should
mazximize its own net utility. Because Ug(+) is strictly concave, if the price increases,
the rate of the user will decrease. On the other hand, the scheduling component
(6.12) means that the network should choose the schedule that mazimizes the total
value of the data transmitted. Finally, the price is updated based on the principle of
balancing the supply with the demand: if the demand (i Hlxz,) exceeds the supply
(r7), the price increases, and vice versa. =

The following proposition shows that this simple set of control rules will converge

to an arbitrarily small neighborhood of the optimal rate allocation, provided that

the stepsize o is sufficiently small®>. The details of the proof is in Appendix E.1.

3If instead the stepsizes are time-varying and diminishing to zero, i.e., they are chosen such that
ay(t) = heal, by — 0 as t — oo and 3 hy = 400, then Z(t) — Z* as t — oo.
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Proposition 6.3.1  a) There is no duality gap, i.e., the minimal value of (6.10)
coincides with the optimal value of (6.2).

b) Let ® be the set of ¢ that minimizes D(q). For any ¢ € ®, let & solve (6.11),

then & is the unique optimal solution * of (6.2).

c) Assume that oy = ha. Define ||qlla = Sor, %—32 and let
l

d(7,®) = mingee \/||7— Plla. For any € > 0, there exists some hy > 0 such

that, for any h < hg and any initial implicit costs ¢(0), there exists a time Ty

such that for all t > Ty,
d(q(t),®) < e and ||Z(t) — Z*|| <.

The optimal cross-layered congestion control algorithm (6.11)-(6.13) not only
computes the optimal rate allocation, but also generates the stabilizing scheduling
policy by solving (6.12) at each time slot ¢. In fact, let Q' denote the queue size at

link . Then @' evolves approximately as*:

Q'(t+1) =~ [Ql(t) + (Z Hlz,(t) — rl(t)>] . (6.14)

Comparing (6.14) with (6.13), we can see that Q'(t) ~ ¢'(t)/oy. From here we can
infer that Q'(¢) is bounded.

Proposition 6.3.2 If the stepsizes oy are sufficiently small, then using the schedules

determined by solving (6.12) at each time slot, we have,
sup Q'(t) < 400 for alll € L.
t

We give the proof in Appendix E.2. Combining Propositions 6.3.1 and 6.3.2, we
conclude that, by choosing the stepsizes «; sufficiently small, we can obtain user
rate allocation 7 as close to ©* as we want, and we can obtain the joint stabilizing

scheduling policy at the same time.

4Note, (6.14) is an approximation because not all links are active at the same time. Hence, data
injected to the network by each user at time ¢ may take several time slots to reach downstream
links.
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Remark:  The duality approach that we used here (and in [29]) shares some
similarities to the approach in [98,100,101]. However, there are also some major dif-
ferences. The network models in [98] and [101] assume a restrictive set of rate-power
functions. They either assume that the data rate at each link is a concave function of
its own power assignment, or assume a special form of rate-power functions that are
concave after a change of variables. In this chapter, we impose no such restrictions.
Further, a consequence of the assumption in [101] is that, at their optimal solution,
all links will be transmitting at the same time. In the more general network model
of this chapter, it usually requires different sets of links to transmit at different time
in order to achieve optimality. In [100], the authors propose a column generation
approach for solving (6.2). This approach appears to be more suitable for offline
computation as it requires solving a sequence of approximate problems to (6.2), each
of which requires an iterative solution by itself. In contrast, in this chapter we are
more interested in solutions suitable for on-line implementation. Finally, these pre-
vious works have not addressed the joint stabilizing scheduling policy as we did in

Proposition 6.3.2.

6.4 The Impact of Imperfect Scheduling on Cross-Layered Congestion
Control: The Static Case

Note that in our optimal cross-layer congestion control algorithm in Section 6.3,
the congestion control component (6.11) is fully distributed: each user only needs to
know the implicit cost at the links that it traverses. Also distributed is the implicit
cost update (6.13) at each link, which only requires the information about the offered
load and capacity at the local link. However, the scheduling component (6.12) in
the optimal solution is a global optimization problem that is generally difficult to
solve. Although the power constraint II in (6.12) may sometimes be a convex set, the
function u(-) is typically neither concave nor convex (e.g., consider the case when u(-)

is determined by the Shannon bound on capacity). Hence, the scheduling problem
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is usually not a convex programming problem, and is usually very difficult to solve.
In some cases, this optimization problem does not even have a polynomial-time
solution. Therefore, solving (6.12) exactly at every time slot is too time-consuming.
The complexity of the scheduling component is the main difficulty in implementing
our cross-layer solution.

In large multihop wireless networks, it is usually preferred that the control algo-
rithm be implemented in a distributed fashion. However, the scheduling subproblem
(6.12) is difficult to solve even by a centralized algorithm, let alone in a distributed
fashion. Again, the complexity of the scheduling component is the main obstacle in
developing fully distributed solutions.

Therefore, in order to develop simple and potentially distributed solutions for the
cross-layer congestion control and scheduling problem, we have to consider the likely
scenario with imperfect scheduling, i.e., the scheduling component does not compute
the optimal schedule in (6.12) at each time. Next, we will study how imperfect
scheduling impacts the optimality of cross-layered congestion control. Our objective
is to find some imperfect scheduling policies that are easy to implement and that,
when properly designed with congestion control, result in good overall performance.

In this chapter, we will particularly be interested in the following class of imper-
fect scheduling policies:

Imperfect Scheduling Policy S,:

Fix v € (0,1]. At each time slot ¢, compute a schedule 7(¢) € R that satisfies:

L
Zrl ) > maXZqu (6.15)

=1
With an imperfect scheduling policy S, the dynamics of cross-layered congestion

control are summarized by the following set of equations:

xs(t) = argmax Z Hlg'( (6.16)
() q(t) > ymax 7T q(t), ( ) € Co(R), (6.17)

TER
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qt+1)=

S +
q'(t) + o (Z H,(t) — Tz(ﬂ)] : (6.18)

The parameter 7 in (6.15) can be viewed as a tuning parameter indicating the

degree of precision of the imperfect schedule. The complexity of finding a schedule
7(t) satisfying (6.15) usually decreases as 7y is reduced. When v = 1, the dynamics
(6.16)-(6.18) reduce to the case with perfect scheduling (as in Section 6.3).

Loose Coupling Property Revisited: We now get to the heart of the is-
sue of modularity versus efficiency in cross-layer design. Our solution (6.11)-(6.13) is
optimal when all components run perfectly. In particular, it is optimal only when op-
timal schedules are computed at each time. When an imperfect scheduler S, is used
by the scheduling component, we no longer have a handle on the efficiency of the rate
allocation. The rate allocation computed by the dynamics (6.16)-(6.18) will likely
be sub-optimal, but we do not know how bad it can be. In fact, due to the interplay
between the congestion control component and the scheduling component, there is a
possibility that the entire system may get stuck into some local sub-optimal regions
where the performance is very poor. For our proposed cross-layer control solution to
be successful, we need to be able to quantify the impact of these imperfect scheduling
policies, and ensure that the performance of the system degrades gracefully. Recall
that we would like to maintain a loose coupling between the layers: i.e., even when
one layer changes, the system should still result in satisfactory performance.

We next investigate the impact of imperfect scheduling policies on cross-layer
congestion control when the number of users in the system is fixed (i.e., the static
setting). Let & *? denote the solution to the original optimal cross-layered congestion
control and scheduling problem (6.2). The solution to the following problem turns
out to be a good reference point for studying the dynamics (6.16)-(6.18) when v < 1:

The y-Reduced Problem:

S
s, B0 019

subject to T € yA.
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Let ©*7 denote the solution to the y-reduced problem. The choice of vA in the
constraint of the y-reduced problem is motivated by the following proposition, which
shows that an imperfect scheduling policy S, at most reduces the capacity region by

a factor of . The proof is given in Appendix E.3.

Proposition 6.4.1 If the user rates @ lie strictly inside yA, then any imperfect

scheduling policy S, can stabilize the system.

Motivated by Proposition 6.4.1, we would expect that the rate allocation com-
puted by the dynamics (6.16)-(6.18) will be “no worse than” z*?. However, this
assertion is not quite true. As we will see soon, the interaction between cross-layered
congestion control and imperfect scheduling is much more complicated. As the data
rates of the users are reacting to the same implicit costs as the scheduling compo-
nent is, there is a possibility that the system gets stuck into local sub-optimal areas.
We will construct examples where, for a subset of the users, their data rates deter-
mined by the dynamics (6.16)-(6.18) can be much smaller than the corresponding
rate allocation computed by the y-reduced problem. Nonetheless, we will be able to
show certain weak but desirable results on the fairness and convergence properties

of cross-layer congestion control with imperfect scheduling.

6.4.1 Dominance

Our first hope is that the rate allocation computed by the dynamics (6.16)-(6.18)
will dominate & *7, which is the rate allocation computed by the y-reduced problem
(6.19). (Note: a vector [z1, ..., zs] dominates another vector [y, ..., ys| if z; > y; for
alli=1,...,5.) However, we will soon see that this is not true in general. We begin
our analysis by studying whether Z*°, the rate allocation computed by the optimal
cross-layer solution, will dominate & *7. Note that the perfect scheduling policy is
automatically an S, policy for any v < 1. Hence, if such dominance does not hold,
then the hope that an arbitrary S, policy will compute a rate allocation dominating

Z*7 will not hold either. The following proposition shows that Z*° will dominate
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Z*7 if the utility function is logarithmic. (Recall that logarithmic utility functions
are of the form

Us(xs) = wglog s for all user s,

where w; is the weight for user s. In this case, the rate allocation computed by the

original problem (6.2) is weighted proportionally fair [108].)

Proposition 6.4.2 Assume that the utility function is logarithmic. Let *° be the
solution to the original problem (6.2). Then the solution to the ~y-reduced problem is

- =0

5 =~r ™.
Proof In the v-reduced problem (6.19), do a change of variables @' = #/v. Using
the fact that
Us(zs) = ws log 2!, + wy log 7,
one can show that the v-reduced problem becomes equivalent to the original problem

(6.2). Hence, *7 = & *0 . [

However, as shown in the following example, if the utility function is not loga-
rithmic, dominance will not hold in general.

Example 1: Consider the following wireline network (note that a wireline net-
work can be viewed as a special case of our network model where the capacity of
each link is fixed). There are two links, whose capacities are 2 and 7, respectively.
There are three users. The first user uses both links, the second user uses only the

first link, and the third user uses only the second link. Their utility functions are
Ui(x) = logx+ 6z
Uy(xz) = logzx
Us(x) = 36logzx.

The ~-reduced problem is then

max (log x1 + 6x1) + log xe + 36log x5

z1,22,23>0

subject to r1+ 1o < 2

r1+x3 < 7.
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When v = 1, the solutionis Z*% = [1 1 6]7. When « = 0.95, the solution becomes
£*7 = [0.8551 1.0449 5.7949]7. Note that the rate of the second user increases

as v is reduced. This example shows that #*° does not dominate Z*? in general.

6.4.2 A Weak Fairness Property

For the rest of the chapter, we will focus on logarithmic utility functions, although
most of the results that follow can also be extended to utility functions of other
forms (as in (6.5)). Note that even though Z*° dominates Z*? when the utility
function is logarithmic (as shown in Proposition 6.4.2), it does not imply that the
rate allocation computed by the cross-layered congestion control algorithm with an
arbitrary imperfect scheduling policy S, will dominate & *7.

In the following proposition, we characterize the likely rate allocation under im-
perfect scheduling provided that the dynamics (6.16)-(6.18) converges. The proof is
given in Appendix E.4.

Proposition 6.4.3 Assume that the utility function is logarithmic (i.e., of the form
in (6.4)). If the dynamics (6.16)-(6.18) converges, i.e., T(t) — T*! and q(t) — ;'

ast — 0o, then

S .
#*' e A and Z wsf‘} < Zws. (6.20)

Proposition 6.4.3 can be generalized to other forms of utility functions (as in
(6.5)). This result can be viewed as a weak fairness property. It shows that, if
the dynamics (6.16)-(6.18) converge, the rate allocation of the users will lie in a
strip defined by (6.20) (see Fig. 6.2). Hence, even though the rates of the users

may not dominate *7, they are unlikely to be too unfair compared to ¥ *7. In

*

»I will be no smaller than x*7/S.

particular, if w, = 1 for all s, then by (6.20), z
On the negative side, the rates of some users can still be substantially smaller than
their rates computed by the ~v-reduced problem, which indicates that cross-layered
congestion control with imperfect scheduling may indeed get stuck into local sub-

optimal regions.
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Fig. 6.2. The weak fairness property (left) and the set @, (right).

212



213

6.4.3 Convergence

We next study the question whether the dynamics (6.16)-(6.18) converge in the
first place. Using a duality approach analogous to that in Section 6.3, we can define

the dual of the vy-reduced problem as
S

D@ = Y B+ V(@

s=1

where B(q) and V (q) are still defined as in (6.7) and (6.8), respectively. Note that
both D(q) and D.(q) are convex functions and D(q) > D~ (q).
Let ¢*° denote a minimizer of D(q) and ¢*7 denote a minimizer of D.(q). Fur-

ther, let
©, = {q: D,(q) < D(q"")}.
Proposition 6.4.4 Assume that oy = hal. Let ||q]|a = S, %. For any € > 0,
l

there exists some hg > 0 such that, for any h < hy and any wnitial implicit costs

q(0), there exists a time Ty such that for all t > T,

Vlat) — a0l < max /|7 = ¢*0lla+e

The proof is provided in Appendix E.5. Proposition 6.4.4 shows that, if the
stepsizes q; are sufficiently small, the dynamics (6.16)-(6.18) will eventually enter a
neighborhood of the set ®.,. Note that both ¢*° and ¢*7 belong to the set ®., (see
Fig. 6.2). Hence, in a weak sense, the dynamics of the system are moving in the
right direction. However, in general the set ®, is quite large and does not provide
much further insights on the eventual rate allocation. We next present two examples
illustrating the possible behaviors of the dynamics.

Example 2:

We will first show that, for any vectors ¢;* and Z*! that satisfy

w -
= Lis < M; for all s, %! € A, and
l’
ZHéqI*
=1
L s L
I 1, %1 Lx
’ H Tt > max ’ r 621
. ay Szl sVs /YFGCO(R);QI ls ( )
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there exists an imperfect scheduling policy S, such that the dynamics (6.16)-(6.18)

converge to ¢;* and ¥*!. Note that the above set of conditions implies (6.20). In

fact, since
s
ZHﬁx:”,l € L| € vCo(R),
s=1
we have,
S 5 L L S
I 1olx l, 1,0
dows = Y ety Ha' =) a4y Ha
s=1 s=1 =1 =1 s=1

v

L S S L
I, § : 1%y 2 : *,7y 1 lx
q[ sts - xs qul
= s=1 s=1 =1
S
= >

s=1

We now show how a suitable imperfect scheduling policy S, can be constructed.
It is easy to verify that ©* is the solution to the following optimization problem

and ¢;" is the corresponding Lagrange multipliers.

S
max E ws log x4
sS=

7>0
S S
subject to Z Hlz, < Z Hlz®!, (6.22)
Hence, if we let
S
= Z H!z*! for all I and all ¢, (6.23)

then, using a standard gradient descent argument for the dual problem of (6.22), we
can show that the dynamics (6.16)-(6.18) will converge to ¢;* and *! as t — oo. It
remains to be verified whether the schedule in (6.23) belongs to the class of imperfect
scheduling policies S,. To see this, note that if we pick the initial implicit cost vector

¢(0) to be sufficiently close to ¢;*, then ¢(t) ~ ¢;* for all . Hence,

L S

L
Z ¢ mt)=> > Hay'

=1 s=1

max Equ max gq )7y
TGCO(R I 7€Co(R ’
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i.e., the schedule in (6.23) indeed belongs to S, if the initial implicit cost vector ¢(0)
is sufficiently close to ¢;*.

Example 3:

We next give another example in which the dynamics (6.16)-(6.18) never converge
to any point. Consider the following simple wireline network with two users, each of
which uses one different link. The capacity is ¢ for both links. The solution to the
y-reduced problem is simply 77 = 23”7 = yc. Assume that the vectors ¢;* and 7 *!

satisfy the conditions in (6.21) of Example 2. At any time ¢, define
A(t) = q(t) — qr -

Let € be a small positive number. We now use the following scheduling policy:

T 0 —1
*,1 *,1 A(t) :
|:3§'1 Lo ] — € ) 0 m, if A(t) S €,

T
*,1 *,1 At )
o ] B eﬁ’ if € <A(t) < 2

c, otherwise.

With this choice of the schedule 7(t), the update of the implicit cost ¢(t) will be
around a circle when ||¢(t) — ¢°|| < €, and it will be towards ¢;* when e < ||q(t) —
q;|| < 2e€ (see Fig. 6.3). Provided that the initial ¢(0) satisfies ||g(0) — ¢/*|| < 2¢
and the stepsizes are sufficiently small, the dynamics (6.16)-(6.18) will eventually
follow the circle ||¢(t) — ¢;*|| = €, and hence will never converge. We can verify as in
Example 2 that the schedule 7(t) does belong to the class S, when the stepsizes and
e are sufficiently small.

To conclude this section, we have studied the impact of imperfect scheduling on
the dynamics of cross-layered congestion control when the number of users in the
system is fived. We have presented several examples that illustrate the difficulty in
characterizing the dynamics precisely. We have shown that the system may not even
converge in the first place, or, it may converge to any rate allocation within a fairly
large set that does not possess any desirable dominance property. These examples

indicate that the interaction between cross-layered congestion control and imperfect
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radius 2€

radius €

Fig. 6.3. The direction of the update of the implicit costs
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scheduling are quite complicated, and the system may indeed get stuck into local
sub-optimal regions. Nonetheless, we do show two desirable, but weak, results on
the fairness and convergence properties of the system. In Proposition 6.4.4, we are
able to show that the dynamics (6.16)-(6.18) appear to move in the right direction
globally. In Proposition 6.4.3, we show that those local sub-optimal regions are
probably “not too bad.” In the next section, we will turn to the case when users
dynamically arrive and depart the network, and surprisingly, we will be able to show

far stronger results on the performance of the system there.

6.5 Stability Region of Cross-Layered Congestion Control with Imper-
fect Scheduling

In this section, we turn to the case when the number of users in the system is itself
a stochastic process. We will study how imperfect scheduling impacts the stability
region of the system employing cross-layer congestion control. Here, by stability, we
mean that the number of users in the system and the queue lengths at all links in
the network remain finite. The stability region of the system is the set of offered
loads under which the system is stable. Previous works for wireline networks have
shown that, by allocating data rates to the users according to some fairness criteria,
the largest possible stability region can be achieved [108,110-112]. This result is
important as it tells us that fairness is not just an aesthetic property, but it actually
has a strong global performance implication, i.e., in achieving the largest possible
stability region. In this section, we will show that similar but stronger results can
be shown for our cross-layered congestion control scheme with imperfect scheduling.

To be precise, instead of using the notation s for user s, we now use s to denote
a class of users with the same utility function and the same path. We assume that
users of class s arrive according to a Poisson process with rate Ay and that each user
brings with it a file for transfer whose size is exponentially distributed with mean

1/ps. The load brought by users of class s is then ps = Ag/ps. Let g = [p1, ..., ps]-
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Let n,(t) denote the number of users of class s that are in the system at time ¢, and
let 7(t) = [n1(t), ...,ns(t)]. We assume that the rate allocations for users of the same
class are identical. Let z4(t) denote the rate of each user of class s at time ¢. In
the rate assignment model that follows, the evolution of 7i(t) will be governed by a

Markov process. Its transition rates are given by:

ns(t) — ng(t) + 1, with rate A,
ns(t) — ng(t) — 1, with rate pszs(t)ns(t)

if ns(t) > 0.

As in [113], We say that the above system is stable if

) 1
lim sup —

t
/I S L dt—>0,
tmoo T o {3 ma®+3 ¢'(0>M}

as M — oo. This means that the fraction of time that the amount of “unfinished
work” in the system exceeds a certain level M can be made arbitrary small as
M — oo. The stability region © of the system under a given congestion control and
scheduling policy is the set of offered loads p such that the system is stable.

We next describe the rate assignment and implicit cost update policy. We assume
that time is divided into slots of length 7', and the schedules and implicit costs are
only updated at the end of each time slot. However, users may arrive and depart in
the middle of a time slot. Let ¢(£T") denote the implicit cost at time slot k. The
data rates of the users are determined by the current implicit costs as in (6.11).
For simplicity, we assume that the utility function is logarithmic (the result can
be readily generalized to utility functions of other forms in (6.5)). Further, let M,
denote the maximum data rate for users of class s. The rate of each user of class s

is then given by

74(t) = 2,(kT) = min { > ngl(k:T) : MS} (6.24)
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for kT <t < (k+ 1)T. The schedule #(kT') at time slot k is computed according to
an imperfect scheduling policy S, based on the current implicit cost g(kT"). Finally,

at the end of each time slot, the implicit costs are updated as

s
¢'(kT) + o (Z Hﬁ/

(k+1)T *

¢'((k+1)T) =

T

ns(t)zs(KT)dt — rl(k:T)T>

(6.25)

The following proposition shows that, using the above cross-layered congestion
control algorithm with imperfect scheduling policy S,, the stability region of the

system is no smaller than yA.

Proposition 6.5.1 If

1 . Wy
max oy <

- 6.26
ier U= sL N ap, (6.26)

_ s
where S = maxje, . H! is the mazimum number of classes using any link, and
s=1

L = max, Z H! is the mazimum number of links used by any class, then for any
offered load p that resides strictly inside yA, the system described by the Markov
process [M(kT), @(kT)] is stable.

Several remarks are in order: Firstly, Proposition 6.5.1 shows that, when im-
perfect schedules are used, the stability region of the system employing cross-layer
congestion control is no worse than the capacity region shown in Proposition 6.4.1
(and used by the 7-reduced problem). This result is interesting (and somewhat
surprising) given the fact that, when the number of users in the system is fixed,
the dynamics of cross-layered congestion control with imperfect scheduling can form
loops or get stuck into local sub-optimal regions. Nonetheless, Proposition 6.5.1
shows that these potential local sub-optimums are inconsequential when the arrivals
and departures of the users are taken into account.

Secondly, we do not need the rates of any users to converge. Previous results on
the stability region of congestion control typically adopt a time-scale separation as-

sumption [108,110-112], which assumes that the rate allocation #(t) perfectly solves
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(6.2) at each time instant t. Such an approach is of little value for the model in this
chapter because the dynamics (6.16)-(6.18) with imperfect scheduling do not even
converge in the first place! Further, the time-scale separation assumption is rarely
realistic in practice: as the number of users in the system is constantly changing, the
rate allocation may never have the time to converge. In Proposition 6.5.1, we estab-
lish the stability region of the system without requiring such a time-scale separation
assumption. This result is of independent value. For the special case when v = 1,
it can be viewed as a stronger version of previous results in the literature (including
those for wireline networks, e.g., Theorem 1 in [108]).

Finally, a simple stepsize rule is provided in (6.26). Note that when the number
of users in the system is fixed, we typically require the stepsizes to be driven to zero
for convergence to occur (see Proposition 6.3.1). However, in (6.26) the stepsizes can
be chosen bounded away from zero. In fact, as the set vA is bounded, the stepsizes
can be chosen independently of the offered load. The simplicity in the stepsize rule
is another benefit we obtain by studying the dynamic arrivals and departures of the

users.

6.5.1 The Main Idea of the Proof of Proposition 6.5.1

We now sketch the main idea of the proof for Proposition 6.5.1 so that the reader
can gain some insight on the dynamics of the system. Define the following Lyapunov
function,

V(it,q) = Va(i) + Vy(9),

(¢)?
20

. B z . We shall show below that V(7, ¢) has

a negative drift. As a crude first-order approximation, assume that users arrive and

s L
where V,,(71) = wsni  and V(D) =3
=1

depart only at the end of each time slot. Thus, ng(t) = ns(kT) during the k-th time
slot. We can show that (see Appendix E.6 for the details),

E[V.(((k +1)T)) = Va(a(kT))7(KT), g(KT)]
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S
< T; LSZL:T)} 05 — 1y (KT)as(KT)] + E: (k),

where Fi(k) is an error term that is roughly on the order of |ps — ns(kT)zs(kT)].
Since the rate allocation is determined by (6.24), we have (ignoring the maximum

data rate Mj),
E[V(*((k”rl) ) = Va(i(KT))|7i(KT), G(kT)]

< TZ ZHHkT
s=1 =1

+E\ (k). (6.27)

— ng(kT)xs(kT))

We can also show that
E[Vo(q((k + 1)T) — Vo(q(kT))|7i(kT), g(KT))
L S
< T ¢ KT) > Hing(kT)wy(kT) — ri(kT)

=1 s=1

+Es(k), (6.28)

where FEs(k) is an error term that 1is roughly on the order of
S 2
S° Hing(KT)xs(KT) — rl(k:T)] . Hence, by adding (6.27) and (6.28), and by chang-
s=1
ing the order of the summation, we have
EV(@((k+1T), ¢((k +1)T))
VD). D)) (). )

< TZq (kT) ZH s — (kT

+E1(k:) + EQ(k;). (6.29)

By assumption, g lies strictly inside yA. Hence, there exists some ¢ > 0 such that

[(1+¢€) Z ps) € 7vCo(R).

By the definition of the imperfect scheduling policy S,

L L S
> dET)n(kT) = (1+¢) Y ¢'(kT) ) _ H!
=1 =1 s=1
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Substituting into (6.29), we have,

EV(a((k+1)T),q((k +1)T))
—V(*(kT), qkT)|A(KT), g(KT)] (6.30)
< —TeZq (kT) ZS: H'p, + Ei (k) + Eq(k).
This shows that V(-, ) would drift towards zero when ||¢g(kT)|| is large and when the
error terms £ (k) and Fs(k) are bounded. We would then apply Theorem 2 of [113]
to establish the stability of the system.

To complete the proof, however, we have to address several difficulties:

e In order to apply Theorem 2 of [113], a stronger negative drift is required.
Instead of (6.30), we need,

EV@((k+1)T),q((k+1)T))
—V(i(kT), qkT))[7A(KT), G(KT)]

< —€(l[AED)| + [|gkT)]) + Eo
for some positive constants ¢ and Ej.

e Further, in order to apply Theorem 2 of [113], the error terms E; (k) and Es(k)
have to be bounded, which is not true in (6.30) since they both can become

large as ns(kT') increases.

e Finally, users could arrive and depart at any time (not only at the end of a

time slot).

The complete proof that addresses these difficulties is given in Appendix E.6. There,
we use a slightly modified Lyapunov function, and we use the stepsize condition (6.26)
and the assumption on the maximum data rate M, to obtain upper bounds on the
error terms F; (k) and Fy(k). For details, please refer to Appendix E.6.

We now give two examples showing how efficient cross-layer congestion control
schemes can be constructed by applying Proposition 6.5.1 to different network set-

tings.
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6.5.2 The Node Exclusive Interference Model

Proposition 6.5.1 is most useful when an imperfect schedule that satisfies (6.15)
can be easily computed for some reasonable value of +. This is the case under the
following node exclusive interference model.

The Node Exclusive Interference Model:
e The data rate of each link is fixed at ¢;.
e Each node can only send to or receive from one other node at any time.

This interference model has been used in earlier studies of congestion control
in multihop wireless networks [114,115]. Under this model, the perfect schedule
(according to (6.12)) at each time slot corresponds to the Maximum Weighted
Matching (MWM), where the weight of each link is ¢'c;. (A matching is a subset of
the links such that no two links share the same node. The weight of a matching is the
total weight over all links belonging to the matching. A mazimum-weighted-matching
(MWM) is the matching with the maximum weight.) An O(N?)-complexity algo-
rithm for MWM can be found in [116], where N is the number of nodes. On the
other hand, the following much simpler Greedy Maximal Matching (GMM)
algorithm can be used to compute an imperfect schedule with v = 1/2. Start from
an empty schedule. From all possible links [ € L, pick the link with the largest
¢'c;. Add this link to the schedule. Remove all links that are incident with either
the sending node or the receiving node of link [. Pick the link with the largest ¢'c;
from the remaining links, and add to the schedule. Continue until there are no links
left. The GMM algorithm has only O(L log L)-complexity (where L is the number
of links), and is much easier to implement than MWM. Using the technique in The-
orem 10 of [117], we can show that the weight of the schedule computed by the
GMM algorithm is at least 1/2 of the weight of the maximum-weighted-matching.
According to Proposition 6.5.1, the stability region will be at least A/2 using our

cross-layered congestion control scheme with the GMM scheduling policy.



224

For the node-exclusive interference model, a layered approach to congestion con-
trol is also possible, which considers separately the dynamics of congestion control
and scheduling [114,115]. In the layered approach, the network designer will choose
a rate region within the capacity region, which has a simpler set of constraints simi-
lar to that of wireline networks, and compute the rate allocation within this simpler
rate region [114,115,118]. For the node-exclusive interference model, such a simple
rate region can be found. It has been shown that the optimal capacity region A in

the node-exclusive interference model is bounded by 3\110 C A C ¥y, where

S

1

Uy=<7 § —§ Hl'z, <1foralli

0 X ' P Ts S or all 2
I:b(D)=i OT e(l)=1 s=1

and b(l) and e(l) are the sending node and the receiving node, respectively, of link
[. The layered approach then chooses the lower bound %ﬁlo as the rate region for
computing the rate allocation [114,115]. On the other hand, when an imperfect GMM
scheduling policy is used, the capacity region can be reduced by half in the worst
case (according to Proposition 6.4.1). Hence, the layered approach then needs to
use Wo/3(C A/2) as the rate region. Note that for the layered approach with GMM
scheduling, W/3 is an upper bound for its stability region, which is smaller than
the lower bound of the stability region of the corresponding cross-layered approach
(which is A/2 according to Proposition 6.5.1). Hence, due to its conservative nature,
the layered approach always suffers from worst case inefficiencies. In Section 6.7, we
will use simulations to show that our cross-layered congestion control scheme can in

practice substantially outperform the layered approach.

6.5.3 General Interference Models

Under general interference models, it may still be time-consuming to compute a
schedule that satisfies (6.15) for a given value of . We now use Proposition 6.5.1 to
develop a scheduling policy that can cut down the frequency of such computation,

and hence effectively reduce the computation overhead. This idea is motivated by
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the observation that implicit costs, being updated by (6.18), cannot change abruptly.
Hence, there is a high chance that a schedule computed earlier can be reused in
subsequent time-slots. To see this, assume that we know a schedule 7° that satisfies
(6.15) for an inefficiency factor vy > v when the implicit cost vector is ¢, i.e.,

L

L
> = gle%%{z?"l%- (6.31)
=1

=1
Let the implicit cost vector at the current time slot be ¢, and let 7* denote the
corresponding (but unknown) perfect schedule. We can normalize ¢° and ¢ to be of

unit length since the corresponding schedules will remain the same. We have,

L L
quﬁ* = Z ¢ —qo)ri ‘f'ZQOTZ
=1

=1

l; qhry
[q _ qo] max + = ,
1 Yo

Mh

l

max

where 7" is the maximum rate of link /. Hence, if

L
1.0
L L > qoT

qul ~ Z[q —q0]+ max_l_l=1 ’

I=1 =1 70

we can still use 7Y as the imperfect schedule for ¢. This approach is even more
powerful when the network can remember multiple schedules from the past. Let
Fo= ek . r%] and ¢% = [¢},...,q¢F], k = 1,..., K. Assume that the schedules
L 72 . 7K correspond to 71, ¢%, ..., 7%, respectively, and each pair satisfies (6.31).

Then, as long as

max Z qr (6.32)
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we do not need to compute a new schedule. Instead, we can use the schedule that
maximizes the left hand side of (6.32). By Proposition 6.5.1, the stability region of
the system using the above scheduling policy is no smaller than yvA. In Section 6.7,
we will use simulations to show that such a simple policy can perform very well in

practice.

6.6 A Fully Distributed Cross-Layered Rate Control and Scheduling Al-
gorithm

Proposition 6.5.1 opens a new avenue for studying cross-layer design for conges-
tion control in multihop wireless networks. Instead of restricting our attention to
the rate allocation at each snapshot of the system (as we did in Section 6.4 where
the results tend to be weaker), we can now study the entire time horizon by focusing
on the stability region of such a cross-layer-designed system. Motivated by Propo-
sition 6.5.1, we now present a fully distributed cross-layered congestion control and
scheduling algorithm for the node-exclusive interference model in Section 6.5.2. (In
contrast, the GMM algorithm in Section 6.5.2 still requires centralized implementa-
tion.) This new algorithm can be shown to achieve a stability region no smaller than
A/2.

The new algorithm uses Maximal Matching (MM) to compute the schedule
at each time [117,119,120]. A mazimal matching is a matching such that no more
links can be added without violating the node-exclusive interference constraint. To
be precise, let ¢;; denote the implicit cost at link (¢,7). (For convenience, in this
section we will index a link by a node pair (7,7).) A maximal matching M is a
subset of £ such that ¢;; > 1 for all (,5) € M, and, for each (4, j) € L, one of the

following holds:

gi; < 1, or (6.33)
(i, k) € M for some link (i,k) € L, or
(k,1) € M for some link (k,7) € L, or
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(4,h) € M for some link (j,h) € L, or
(h,7) € M for some link (h,j) € L.

Note that a maximal matching can be computed in a distributed fashion as
follows. When a link (4, 7) is added to the matching, we say that both node i and
node j are matched. For each node i, if it has already been matched, no further
action is required. Otherwise, node ¢ scans its neighboring nodes. If there exists a
neighboring node j such that node j has not been matched, node 7 sends a matching
request to node j. It is possible that a matching request conflicts with other matching
requests. In this case, the nodes involved in the conflict can use some randomization
and local coordination to pick any non-conflicting subset of the matching requests.
For those nodes whose matching requests are declined, they can repeat the above
procedure until every node in the network is either matched or has no neighbors that
are not matched.

Let

Qi = Z Qij + Z Qji

Ji(i.4)eL J:(GieL
denote the total cost of the links that either start from, or end at node i. Our new
cross-layered congestion control and scheduling algorithm then proceeds as follows.

The Distributed Cross-Layered Congestion Control Algorithm:
At each time slot [kT, (k + 1)T):

e A maximal matching M(kT) is computed based on the implicit costs g(kT).
e The data rate of each user of class s is determined by

Ws

ij Qi(KT)+Q; (kT)
2 Z(i,j)eﬁ H cij

xs(t) = 24(kT) = max , M

(6.34)

where ¢;; is the capacity of link (4,7), and H¥ is defined as H., i.e., HY =1,

if users of class s use link (i, j); and HY = 0, otherwise.
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e The implicit costs are updated by:

i ((k + 1)T) = [q55(kT)
S DT " kT +
+a (Z H;J/ Mdt _TI{(i,j)eM(kT)}>:| .

s=1 kT Cij

(6.35)

This new cross-layered congestion control and scheduling algorithm is similar to

the algorithms of Section 6.4 and 6.5 in many aspects:

e A user reacts to congestion by reducing its data rate when the implicit costs

along its path increase.

e The implicit cost at each link (7, j) is updated based on the difference between

the offered load and the schedule of the link.

However, there is a critical difference. When the maximal matching is computed,
we do not care about the precise value of the implicit costs (see (6.33), where the
maximal matching only depends on whether the implicit costs g;; are larger than
a chosen threshold). Hence, the maximal matching typically does not satisfy the
requirement of the imperfect scheduling policy S, and Proposition 6.5.1 does not
apply either. Further, the congestion control part (6.34) is also different from that
in the earlier sections. It has been chosen specifically for the maximal matching
scheduling policy. Nonetheless, using similar techniques as in Section 6.5, we can
show the following result on the stability region of the system. The details are given

in Appendix E.7.

Proposition 6.6.1 If the stepsize « is sufficiently small, then for any offered load
g that resides strictly inside A/2, the system with the above distributed cross-layered

congestion control algorithm is stable.
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Fig. 6.4. The network topology

6.7 Numerical Results

We now use simulations to verify the results in this chapter. We use the network in
Fig. 6.4. There are 5 classes of users, whose paths are shown in Fig. 6.4. Their utility
functions are all given by Us(zs) = logxzs. We first use the following interference
model. The path loss G(,7) from a node i to a node j is given by G(i,j) = di_j4
where d;; is the distance from node i to node j (the positions of the nodes are also
given in Fig. 6.4). We assume that the data rate r;; at link (4, j) € £ is proportional
to the SIR, i.e.,

G(i,5) Py
No + X emec, ez G&s 3) P

where Ny is the background noise and W is the bandwidth of the system. This

Tij:W

assumption is suitable for CDMA systems with a moderate processing gain [74].
Each node ¢ has a power constraint P, ., i.e., the power allocation must satisty
Zj:(i,j)eﬁ P;j < P, max for all 4.

We first simulate the case when there is one user for each class. The top figure
in Fig. 6.5 shows the evolution of the data rates for all five users when the network

computes the perfect schedule according to (6.12) at every time slot. We have chosen
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W =10, Ny = 1.0, P, max = 1.0 for all node 7 and oy = 0.1 for all link [. Note that
the scheduling subproblem (6.12) for this interference model is a complex non-convex
global optimization problem. In [29], we have given an O(2") algorithm for solving
the perfect schedule, where N is the number of nodes. Executing such an algorithm
at every time-slot is extremely time-consuming.

We then simulate the imperfect scheduling policy outlined in Section 6.5.3 for
general interference models. Such an imperfect scheduling policy attempts to reuse
schedules that have already been computed in the past. In our simulation, we have
chosen 79 = 1.0 in (6.31), i.e., each of these past schedules are perfect schedules.
The computational complexity could have been further reduced if we had chosen
Yo < 1. However, we leave this for future work. Instead, in this section we focus on
how the imperfect scheduling policy can reduce the number of times that new perfect
schedules have to be computed. The system that we simulate can store at most 10
past schedules. If there are already 10 past schedules and a new perfect schedule is
computed, the new schedule will replace the old one that has the smallest weighted-
sum 3 ¢'r;. In the bottom figure of Fig. 6.5, we show the evolution of the data

rateslgvlhen v = 0.5. Note that the rate allocation eventually converges to values
close to that with perfect scheduling. We also record the number of times that
perfect schedules are computed. When v = 0.5, perfect schedules are computed
in only 7 iterations among the entire 2000 iterations of the simulation, and most
of these perfect schedules are computed at the initial stage of the simulation. We
have simulated other values of v and find similar results. In fact, by just reducing
~ from 1.0 to 0.9, the number of times that perfect schedules have to be computed
is reduced to 34 (over 2000 iterations of simulation). These results indicate that
our cross-layered congestion control scheme with the imperfect scheduling policy in
Section 6.5.3 can substantially reduce the computation overhead and still maintain
good performance.

We then simulate the case when there are dynamic arrivals and departures of

the users as in Section 6.5. Users of each class arrive to the network according to
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Fig. 6.6. The average number of users in the system versus load.

a Poisson process with rate A\. Each user brings with it a file to transfer whose size
is exponentially distributed with mean 1/ = 100 unit. We vary the arrival rate A
(and hence the load p = A/pu) and record in Fig. 6.6 the average number of users
in the system at any time for different choice of 7. Given v, the average number
of users in the system will increase to infinity as the offered load p approaches a
certain limit. This limit can then be viewed as the capacity of the system. From
Fig. 6.6, we observe that the capacity of the system is not significantly affected
when v is reduced from 1.0 to 0.5. On the other hand, the number of time-slots that
new perfect schedules have to be computed is reduced to less than 1% of the total
number of time-slots when v = 0.9, and to less than 0.05% when v = 0.5. These
results confirm again the effectiveness of our cross-layered congestion control scheme
with the imperfect scheduling policy in Section 6.5.3, in reducing the computation
overhead and achieving good overall performance.

We next turn to the node-exclusive interference model in Section 6.5.2, where we

can draw a comparison with the layered approach to congestion control [114,115].
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We still use the network topology in Fig. 6.4. The capacity of each link is now fixed
at 10 units. We only report the result for the case when there are dynamic arrivals
and departures of the users. Fig. 6.7 demonstrates the average number of users in
the system versus load with different congestion control and scheduling schemes.
We label each curve with the congestion control scheme (we use “Joint” to denote
the cross-layered congestion control scheme and use “Layered” to denote the lay-
ered approach in [115]), followed by the scheduling policy. (Note that the curve
for the cross-layered congestion control scheme with GMM scheduling, labeled as
“Joint-GMM,” in fact overlaps with the curve for the optimal cross-layered conges-
tion control scheme with perfect MWM scheduling, which is the right most curve
labeled as “Joint-MWM.”) From Fig. 6.7, we observe that, regardless of the schedul-
ing policy used (either MWM, GMM, or MM), the layered approach always performs
much poorer than the corresponding cross-layered approach. The performance gap
widens even more when an imperfect scheduling policy (such as GMM) is used. In
particular, the fully distributed joint congestion control and scheduling algorithm
in Section 6.6 (with imperfect maximal matching scheduling, labeled “Joint-MM”),
actually performs even better than the layered approach with the perfect (and more
complex) MWM scheduling (labeled “Layered-MWM”). These results demonstrate
that the conservative nature of the layered approach indeed hurts the overall perfor-
mance of the system, and an appropriately designed cross-layered congestion control

scheme can perform very well in practice even with imperfect scheduling.

6.8 Conclusion

In this chapter, we study issues in cross-layer design of multihop wireless net-
works. We propose a loose-coupling approach to cross-layer design, which achieves
both modularity and efficiency. We demonstrate how a cross-layer solution with such
a loose-coupling property can be developed for the cross-layer congestion control and

scheduling problem. Our cross-layer solution only requires minimal amount of inter-
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action among the protocol layers, and is robust to imperfect decisions made at the
scheduling component. We also demonstrate how fully distributed solutions may be
built by taking advantage of the loose-coupling property.

These results constitute an important step towards designing fully distributed
cross-layered congestion control schemes for multihop wireless networks. Several
directions for future work are possible. For example, Proposition 6.5.1 may be com-
bined with a clustering scheme to design distributed cross-layered congestion-control
solutions for large networks. We can also use similar techniques as in [29] to combine
cross-layered congestion control with multipath routing. Our main result (Propo-
sition 6.5.1) can also be extended to the case with random fading. It would also
be important to study the impact of feedback delays, to address the effect of node

mobility, and to extend our results to hybrid wireless-wireline networks.
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7. SUMMARY
7.1 Summary of Contributions

In this dissertation, we have studied how to simplify the network dynamics and
control in large communication networks. We have taken two orthogonal approaches

to this problem. Next, we summarize our main contributions through each approach.

7.1.1 Exploiting the Largeness of the System to Simplify Control

In the first approach, we seek simplicity through exploiting the largeness of the
network. We first studied the pricing-based network control problem and the Quality-
of-Service routing problem in large-capacity wire-line networks. We showed that
simple static control policies can approach the performance of the optimal (but com-
plex) dynamic control policy when the capacity of the system is large. Further, the
near-optimal static control parameters can be determined from a simple non-linear
programming problem that depends only on the average statistics of the network.
We have established this result under very general network settings, first for a non-
Markovian network with fixed topology and routing, then in the case when the
network supports dynamic routing, and also in the case where the topology of the
network becomes increasingly complex as its capacity grows.

These results indicates that significant simplicity in control can be achieved in
large-capacity networks. Compared with the optimal dynamic scheme, the static
scheme has several desirable features. The static schemes are much easier to obtain
because of their simple structures. They are also much easier to execute since they
do not require the collection of instantaneous load information. Hence, they intro-

duce less computation and communication overhead, and they are less sensitive to
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feedback delay. These advantages make the static scheme an attractive alternative
for controlling large networks.

For large networks, it is also imperative that the control algorithm can be im-
plemented on-line in a distributive fashion. In the second part of the dissertation,
we developed distributed control algorithms based on these static control policies.
Our distributed algorithm can adaptively track the optimal static control parameters
based on on-line measurements. We rigorously established the convergence of the
distributed algorithm to the optimal control parameters, without requiring an unre-
alistic two-level convergence structure typically in standard results. We also provided
guidelines on how to choose the parameters of the algorithm to ensure efficient con-
trol. This algorithm can then be applied to a number of networking problems, such
as multi-path flow control, QoS routing, and network pricing. For example, when ap-
plied to the QoS routing problem in large-capacity networks, our proposed algorithm
not only achieves near-optimal routing performance, but also substantially alleviates
the computation and communication overhead of QoS routing without sacrificing
the performance.

In the third part of the dissertation, we turned to wireless networks and we
investigated the fundamental tradeoff between the capacity and the delay in large
mobile wireless networks. By exploiting the largeness in the number of nodes in these
networks, we obtained simple scaling laws that determine the optimal achievable
capacity given delay constraints. We have developed a systematic methodology
both for finding the optimal capacity-delay tradeoff and for designing the capacity-
achieving scheme. Our methodology can be applied to a number of mobility models,
such as the i.7.d. mobility model, the random way-point mobility model, and the
Brownian motion mobility model. In each case, we have identified the limitations of
existing works, obtained sharper results under more general settings, and provided
new insights on the fundamental capacity-delay tradeoffs. In particular, under the
1.7.d. mobility model, our study allows us to develop a scheme that can exploit

mobility and achieve a provably larger per-node capacity than that of the static
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networks even with delay that does not grow with the number of nodes. This is the

first such result of its kind in the literature.

7.1.2 Designing Appropriate System Architecture to Simplify Control

In the second approach, we seek simplicity by designing an appropriate control
architecture such that complex interactions within the system can be structured into
layers that are only weakly dependent on each other through a judiciously chosen
set of control parameters. In particular, we investigated the cross-layer congestion
control and scheduling problem in multi-hop wireless networks. We have developed a
loose-coupling approach to this problem. By loose-coupling, we mean that the cross-
layer solution only requires a minimal amount of interaction between the layers, and
is robust to imperfect decisions at each layer. We showed that the optimal solution
to the cross-layer congestion control and scheduling problem can be decomposed into
a congestion control component and a scheduling component. Both components act
independently on the queue lengths of the system. They are then coupled by the
update of the queue length at each link. Further, if one replaces the scheduling com-
ponent by an imperfect scheduling policy that only computes suboptimal schedules
at each time, we can still quantify the impact on the overall system performance
fairly easily for a large class of imperfect scheduling policies. These results allow us
to use imperfect, but simpler and potentially distributed, algorithms for cross-layer
control of large wireless networks. Under the node-exclusive interference model, we
have successfully developed the first fully distributed cross-layer congestion control

and scheduling algorithm in the literature.

7.2 Suggestions for Future Research

In this dissertation, we have presented a number of scenarios where simplicity

arises in large communication networks. These scenarios are certainly not the only
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ones where simplicity can be obtained. Next, we give a few examples that illustrate

the multitude of possible future research directions.

7.2.1 Dynamics of TCP in Large-Capacity Networks

In Chapters 2 and 3, we have mainly studied the simplification of network dy-
namics in large-capacity networks where the data rates of the users are pre-chosen.
Even though we have considered users with elastic data rates in Section 2.4 of Chap-
ter 2, there we still assume that the amount of time that the user will remain in
the system is independent of the data rate. While these assumptions are suitable
for video/audio streaming traffic with fixed or adaptive data rates, they are not for
typical data traffic in the Internet, such as file transfers and HTTP traffic. For these
types of data traffic in the current Internet, the data rates of the flows are regulated
by TCP, and a flow will terminate as soon as a fixed amount of data is transferred
through the network. Hence, the amount of time that the flow remains in the system
is a function of its data rate.

Therefore, it remains an interesting problem to study the dynamics of TCP in
large-capacity networks. There are two paradigms we can consider. In the first
paradigm, we can consider a network with a large but fixed number of TCP users.
This has been the model taken in [121-123]. The authors there show that the
dynamics of the system will converge to that of a fluid system when the number of
users is large. A key assumption in these works is that the buffer size at the bottle
neck router also grows proportionally to the number of users. Hence, the per-user
buffer size remains fixed. Lately, it has been shown in [36] that, as long as the
capacity and the number of users in the system is large, one can in fact reduce the
per-user buffer size aggressively, while still maintaining high link-utilization and low
packet losses. Note that more aggressive buffer provisioning could translate into huge
savings in the cost of high-speed buffers in backbone routers in the Internet. These

result illustrates the possibility of exploiting new dynamics of TCP in a network with
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large capacity. The work in [36] has assumed that the system can be modeled as
a doubly-stochastic processes. It would be interesting to study whether the results
hold under more general assumptions.

In the second paradigm, the number of TCP users in the system can also change
according to certain stochastic processes. Previous works in [108,124] have shown
that some of the conclusions drawn from such a dynamic settings can be very different
from those draw from a static setting (where the number of users is fixed). Thus, it
would be interesting to study whether the results in [36] also hold for networks with

a dynamic set of TCP users.

7.2.2 Scaling Laws in Wireless Networks

The techniques in Chapter 5 can be very powerful in obtaining first-order insights
regarding various quantities of interest in wireless networks. Other than capacity and
delay, another metric that is of great concern in many wireless systems (including
sensor networks) is energy. Problems of interest include: What is the most energy-
efficient way that the network should operate given capacity and delay constraints?
What is the difference between the most energy-efficient centralized solution com-
pared with the most energy-efficient distributed solution? Using the techniques in
Chapter 5, one may find simple answers to these questions, which will greatly en-

hance our understanding for the design of energy-efficient wireless networks.

7.2.3 TCP for Wireless Networks

In Chapter 6, we have provided a framework for cross-layer congestion control
and scheduling in multihop wireless networks. Note that the congestion control
component in our solution is not TCP yet. Nonetheless, there is a striking similarity
between our congestion control component and the modern understanding of TCP
based on the optimization framework [14-16,41,61,106]. In the latter group of

work, a TCP flow is also viewed as carrying out a local net-utility maximization.
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Thus, the framework we provided in Chapter 6 offers great hope for the design of
practical congestion control protocols in wireless networks. We may be able to use
the insights obtained there to make minimal changes to TCP and make it work

efficiently in wireless networks.

7.2.4 Combining Scaling Laws with Loose-Coupling

In Chapter 6, we have developed a fully distributed cross-layer control solution
for the node-exclusive interference model. For more general interference models, fully
distributed solution remains an open problem. The main difficulty still lies upon the
complexity of the scheduling component. It would be interesting to study whether
we can use the insights from scaling laws (as in Chapter 5) to further simplify the
scheduling component, and eventually develop efficient distributed solutions for more

general interference models.
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APPENDICES
Appendix A: Supporting Results for Chapter 2
A.1 Proof of Proposition 2.2.1

Let us first focus on the case of a single link with users coming from a single
class 7. To develop the result, we need to take a different but equivalent view of the
original model in Section 2.2. In the original system, the arrival rate is a function of
the current price. In the new but equivalent system, the arrival rate is constant but
the arrivals are “thinned” by a probability as a function of the price. Specifically,
in the new model, the arrivals are Poisson with constant rate \y. Each arrival
now carries a value v that is independently distributed, with distribution function
P{v > a} = \i(a)/\o for all a > 0. The value v of each arrival is independent of the
arrival process and the service times. If v < u, where u is the current price charged
to the incoming call at the time of arrival, the call will not enter the system. It is
easy to verify that the model is equivalent to the original model since the arrivals at
price u (after “thinning”) is still Poisson with rate A\gP{v > u} = \;(u).

In order to show stationarity and ergodicity, we will construct a regenerative event
A; as follows. Let d time units denote the length of the finite amount of past history
used in the prediction (d = 0 if no prediction is performed). Let 77, 77, and v; be the
[-th arrival’s interarrival time, service time, and value, respectively, —oo < [ < o0
(note this is the arrival of the Poisson process before “thinning”). Define “epoch {”

to be the time of the [-th arrival. Let

Ql - 1{7’f_1§’rle—d}+1{Tl5_2§7'f+7'f_1—d}

+...+1{Tls_k§2k71 _d}—i_...’

e
j=0 Ti—j
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and let A, = {Q; = 0}. Note that A; can be interpreted as the event that “all
potential arrivals (i.e., those before ‘thinning’) have cleared the system d time units
before epoch [.” The event A; is a regenerative event, that is, if event A; occurs, then
after epoch [, the system will evolve independently from the past (this is true because
we assume that the price is only dependent on the current state of the network, or a
finite amount of past history with length d). The events A; are stationary. Precisely,
we can define T as the shift operator [125, p13] such that T{{7;, 7, v} € B;,i =
Lok} = {7 07 v41) € Biyi = 1.k} for an arbitrary collection of indices
l1,...,lx and Borel sets By, ..., By. Then A; = T!Ap,and P{A4;} = P{4y}. Now to

proceed with the proof, we need the following lemma.

Lemma A.1 Let the sequence of service times 7° be ii.d., and E[T*] < oo, then

Proof We follow [125, p205]. For any a > 0,m > 1, we have,

P{A,} > P{{TSZ@—I—d}ﬁn{Tfkga}

A fre 5 )

k=m+1 j=—k+1

= P{rf >a+d} x [[P{r*; < a}

k=1

o] —1
w{ A fre 5l
k=m+1 j=—kt1

The above relationship can be interpreted as follows: A is the event that {Qy = 0},
i.e., all potential arrivals have cleared the system d time units before epoch 0. The
event on the right hand side of the inequality above says that, of all potential arrivals
before epoch 0, the last arrival arrives before a time interval of a+d (7§ > a+d); the
last m arrivals all have service time less than a; and finally, the rest of the arrivals

leave the system before epoch —1. Obviously this is a smaller event than Aq.
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We shall now focus on this smaller event. Choose a such that P{7%, <a}=¢q >

0. Since the interarrival times are exponential, we also have p = P{rf > a+d} > 0.
Thus,

P{AO}qumP{ ﬁ {Tikg i T;}}

k=m+1 j=—k+1
Let B denote the event inside the outer bracket on the right hand side. Choose

b < E{7}. We have

P{BC}:P{ 0 {> 5 }}

k=m+1 j=—k+1
0o —1
< P{ U { > 7‘]-6<b(/€—1)}
k=m+1 \j=—k+1
U {Tikzbuf—l)}}
k=m-+1
<

o 015 seue)]
+ P{ G {Tskzb(k—l)}}.

k=m+1

As m — oo, the first term goes to

~1
P { Z 77 < b(k — 1) infinitely often} =0

j=—k+1
by the Strong Law of Large Numbers (since b < E{7}). On the other hand, as

m — o0, the second term is bounded by

o0

> P >b(k—1)} -0

k=m+1

since E{7} < co. Therefore, we can choose m large enough such that P{B¢} < 1/2,
and thus P{Ay} > p¢™P{B} > 0. u

Now we invoke Borovkov’s Ergodic Theorem [126]. Since by Lemma A.1 the re-

generative events A; occur with positive probability, the distribution of the stochastic
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process 7i(t) (i.e., the vector of the number of flows of each class in the system) con-
verges as t — oo to the distribution of the stationary process. Ergodicity follows

from the lemma below.

Lemma A.2 The regenerative event A; is positive recurrent, i.e., let X; be the state

of the system at epoch 1. let Ty = inf{X; € A}, then E{T1| X, € Ao} < 0.
Proof First note that

P{X, € A, at least once} =P {U Al} )

I=1
Let T denote the shift operator defined earlier, and let B = |J;°, A;, then TB C B,
and further P{TB} = P{B} (because B is also a stationary event). Therefore, T B
and B differ by a set of measure zero, and thus B is an invariant set [125, pl4].
By the metric transitivity [125, p14] of the i.i.d. sequence {77, 77, v;}, we then have
P{B} =0 or 1. However, since P{B} > P{A,} > 0, we must have P{B} = 1, i.e.,
P{X, € A, at least once} = 1.
By [127, Prop. 6.38, p123|, we thus have
B{T1|Xo € Ao} = —— < oc.
P{Ao}

Since the regenerative event is positive recurrent, the stochastic process 7i(t) is
asymptotically stationary and the stationary version is ergodic [128, Theorem 2.7,
p50].

For the case of multiple classes and multiple links, we can construct the equivalent
system in the following way: Assuming there are I classes, we first construct Poisson
arrivals with rate I\g. Each of these arrivals is assigned to class ¢ with probability
1/1, and each of these assignments is independent of each other. The service time
is then generated according to the service time distribution of class 7. Each class 7

arrival carries a value v that is independently distributed, with distribution function
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P;{v > w;} = \i(u;)/Xo. The value v of each arrival is independent of the arrival
process and the service times. If v < w; where w; is the current price for class i at
the time of the arrival, the call will not enter the system. Following the same idea as
in the first paragraph of the proof, it is easy to show that such a constructed system
is equivalent to the original system.

The initial Poisson arrivals with rate /Ay can be interpreted as “all potential
arrivals from all classes.” Let {75, 75} be the n-th arrival’s interarrival time and
service time respectively. It then follows that the sequence of service times 7, is
again i.i.d. with finite mean, and it is independent of the arrivals. Hence, we can
construct the event A as before, which is now the event that “all potential arrivals

9

from all classes have cleared the system d time units before epoch n.” Again this
event is the “regenerative event” for the system, and we can show that P{Ay} > 0,
and Ay is positive recurrent. Therefore, the system is asymptotically stationary and

the stationary version is ergodic.

A.2 Proof of Lemma 2.2.1

The key idea is to use an insensitivity result from [129]. In [129], Burman et. al.
investigate a blocking network model, where a call instantaneously seizes channels
along a route between the originating and terminating node, holds the channels for
a randomly distributed length of time, and frees them instantaneously at the end
of the call. If no channels are available, the call is blocked. When the arrivals are
Poisson and the holding time distributions are general, the authors in [129] show
that the blocking probabilities are still in product form, and are insensitive to the
call holding-time distributions. This means that they depend on the call duration
only through its mean.

When the static prices are given, our system is a special case of [129]. Hence,
we can reuse results for loss networks with Poisson arrivals and exponential holding-

times. If we assume that the bandwidth requirements r; are integers with greatest
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common divisor being 1, an upper bound on the blocking probability for calls of

class 7 is given by [130, Proposition 2. 1]'

e—cli(R) 1 _ c—riu
Py <2F [1+0—] Al
l CZI \/W 1 —e—u (\/’) ( )
where y; is the unique solution of
I
Ai .
- Z ZpemumiCl (A.2)
=1 i

and

Lo
F? = E —lrfe_yl”C'f
, i

I
i _
L(RY = ) L= e UrCl— y R
i=1

From (A.2), it is easy to verify that y; < 0 if Z A rl(]l < R' andy; = 0 if Z A T,Cl
R!. Note that —y; is also the minimizer of Al( ) in (2.3) over w > 0, and thus

Il(Rl) = — inf Al(w)

w>0

Hence, if the load at each resource is less than or equal to 1, i.e.,
Y

Z “rC < R for all [,

=1 1

then 3 < 0 and I;(R') > 0 for all I. We have,

1— e miv 1
< of 1+0(—=)],
lossz — ZCZ \/m 1 — e [ + (\/E>:|

= O(\/%) On the other hand, when the load of all the links that class 4

ie., P¢

loss,i

traverses is strictly less than 1, then y; < 1 and [;(R') > 0 for all link [ that class i

traverses. Hence, the exponential terms in (A.1) dominate. We thus have,

lim sup — logPlOSSZ < max —[;(R)

c—00 l:C’f:l

= max inf Aj(w) < 0.
1:Cl=1w>0

The above techniques (and that of [130]) can easily be generalized to the case when
the bandwidth requirements r; are positive real numbers. For a more elementary

proof that does not use the result of [130], see [18].
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A.3 Proof of Proposition 2.2.5

We first focus on the c-th network. To simplify notation, we will drop the index
¢ when there is no source of confusion. Let \;,7 =1, ..., I denote the solution of the
upper bound (2.2). Let € be a positive real number smaller than 1. Let A\ = (1 —¢€)\;

and u§ = u;(AS) for all i. Then the static revenue at static prices ug,i = 1,..., 1 is

I
c,e € 51 €
‘]57 = Zul()\z))\z_(l_ loss,i)
i—1 Hi
1

> 301w (1 = Py

i=1 i

€
loss,i

where P is the blocking probability of users of class ¢ at static price u§,i = 1,..., I,
and we have used the property that u;(-) is decreasing. Thus the relative difference
between JO¢ and Jg, is

c o Joe
Tub "5 < e+ max P (A.3)

c — - loss,i*
Jub i=1,...,1

€

Next we estimate Pj, ;.

Let n; be the random variable that represents the
number of flows of class j that are in the system. We now consider another network
with the same topology and the same demand A;. However, each link in the new
network has infinite capacity. Let n7® be the random variable that represents the

number of flows of class j that are in the infinite capacity system. By a sample path

argument, n; < ng°. Therefore,

i — P{There exists [ such that C! =1

loss,i

I
and anrjcjl- > R —r;}

j=1

I
S Z P{Z anjle- Z Rl — T’i}

cl=1  Jj=l1

1
< )P aFrC >R -1} (A.4)

cl=1  Jj=1
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In the new system with infinite capacity, n;°,j = 1,...,I are independent Poisson
random variables (by well known M /G /oo results). We can calculate their moment

generating functions as

€

Elexp(0nj°)] = exp[ﬁ(eg —1)] for >0 .

ey

Fix i and [ such that C! = 1. By invoking Markov Inequality, we have,

I
s E[exp(. lerjnj‘?"C})]
P ©r.Ct> R — ) < =

{Z nrC; > R ri} < pl0(R —17)]

Y
= e} O = 1) = 0(R )
< eXp[Z %er]l- S](;) (eeRl/S(c) —1)—0(R —r,)]
oR! OR!
< exp[(1—¢€)S(c)(es@ —1) — %(5(0) - 1)), (A.5)

where in the last two inequalities we have used the definition of the scale S(c) such

that, for all j with le. = 1, we have

and thus,
e@rj -1 eGRl/S(c) -1

n S RSO

and we have used the assumption that,

Y I \.
Z jrj0§ = Z(l - e)—]'rqu» < (1-eR.
=1 j =1 ILL]

Taking infimum of (A.5) over all § > 0, we have

P neriCl2 B -r} < explf(S(0) (A6)
where
f(s)=1inf [(1—e)s(e” —1) — (s —1)]. (A.7)

0>0
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Note that the inequality (A.6) holds for all ¢ and [ such that C! = 1. Substituting
(A.6) into (A.4), we have,

Pl < Y explf | < Mexp[f(5(c))]; (A.8)
1Ct=1
where M is the maximum number of hops for all routes by Assumption B of scaling

(S2). Note that the right hand side is uniform for all class i. Substituting (A.8) into
(A.3), we have,

% < e+ Mexp[f(S(c))).
ub

The function f(s) can be evaluated analytically. We can easily show that

lim Js) = e+In(1—e).

§——+400 S

Since € € (0,1), e +1In(1 — ¢€) < 0. Hence, lim, ., f(s) = —oo. Now by Assumption

A of scaling (S2), S(c) — oo as ¢ — oo. Fix € and let ¢ — oo, we have

im 22— < i fe 4+ Mexp[f(S(e)]} = e

c—00 ‘]ub c—00
Note that J&¢ is always no greater than the optimal static revenue J¢. Hence,

o Je JC
lim “bc 5 <e

c—00 -
ub

This holds for any € € (0,1). Letting ¢ — 0 and noting that J¢ < J*¢ < J¢,, the

ub?

result then follows.
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Appendix B: Supporting Results for Chapter 3
B.1 Proof of Proposition 3.2.1

We will focus on the case when the performance objective is the total utility. The
case when the performance objective is the total revenue then follows as a special
case where the utility function is the identify function.

When the performance objective is the total utility, the definition of J*, Jy, Js
and J,, needs to be modified accordingly. Given any dynamic routing policy g,
one can show that the system under g will converge to a stationary version and
the stationary version is ergodic (see Proposition 2.2.1 in Chapter 2). Let N;(0,1)
denote the number of arrivals of class ¢ that arrive to the system from time 0 to t.
Let N;;(0,t) denote the number of arrivals that are admitted and routed to path j
from time 0 to t. Let
N;;(0,1)

= lim ————=.
t

t—o0

A

]
The quantity \;; denotes the average rate of flows of class i routed to path j. It
is well defined under a given policy g due to the stationary and ergodicity of the

system. By definition

N,
t—o0 t
Further,
0(4)
0(i) > Nij(0,1)
SO iy
A t—oo Ni(0,1)

is the average proportions of flows of class ¢ that are admitted.

Define the performance of policy g as the weighted total utility:
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Note that this performance objective is equivalent to the average revenue when the

utility function is the identify function, i.e., U;(p) = p, Precisely, when U;(p) = p,

then
I 0(7) I 0(i)
S| L) = >
o Hi j=1 " i=1 j=1 Hi
I 0(i)
= D> Eynylu,
i=1 j=1

where n;; is the random variable that denotes the number of flows of class ¢ routed
to path j that are in the system at any time, and E, denote the expectation taken
with respect to the stationary distribution under policy g. The last equality is by
the Little’s Law

o

e 2%

When U;(p) is a concave function, it represents the “utility” when the average ad-
mission probability of class i is p, and U](p) represents the marginal utility lost if
the admission probability for class ¢ is further reduced from p.

The performance of the optimal dynamic scheme is defined as

J* = max “o,U; s
9 =1 Ai

Note that A;; is a function of g in the above formula.

The following Proposition establishs an upper bound for J*.

Proposition B.1 Let J; be the solution of the following optimization problem:

I 0(i

)
s
Jup = max o U; (Y pij) (B.2)
I 03 A
subject to Z Z —ZpijriHilj < R for all l.
— T i
i=1 j=1

Then
J* S Jub-
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Proof Fix a routing policy g. Let

Aij
Pij = /\—:
Then
0(i)
0 <p;; <1and Zpij <1
j=1
Hence, p e Q.

Let n;; be the random variable that denotes the number of flows of class ¢ routed
to path j that are in the system at any time. Let E, denote the expectation taken
with respect to the stationary distribution under policy ¢g. By Little’s Law,

i
Jng] ==
Hence,
i Ais
P = M—: = Egy[ni;],
and

pzm Z Z E,[n;;]r:H

zl]lz i=1 j=1

By definition of n;;, at any time

1 00)
Z Z nijriHZ-lj S Rl.

i=1 j=1

Therefore,
0(i

1
Ai
Z]Z: m “pigriHy; < R,

i=1 v

)
1
i.e., p'satisfies the constraint of (B.2). Therefore,

LY 66) !
3 Mg (350 = 52 S ) <

i=1 7" j=1 " i—1 Hi

Since this is true for any policy g, we thus have,

J* S Jub-
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The performance of a static policy can be defined analogously to (B.1). That is,
let p" denote the static policy, the weighted utility under p'is

I 0(1)

Jo = Z &Uz’Ui Zpij<1 —Prossij) |,

=1 Hi =1

where P45 is the blocking probability of flows of class ¢ routed to path j. Let
Js denote the performance of the static policy induced by the solution to the upper
bound, i.e., when p'is the optimal point of (B.2).

Finally, we scale the capacity and the demand proportionally by ¢ > 1, i.e., in
the c-scaled network, the capacity at each link [ is R*¢ = cR', and the arrival rate of
each class 7 is A\{ = c);. Let J*¢ and J¢ be the utility of the optimal dynamic scheme
and the utility of the static scheme induced by the solution to the upper bound,
respectively, in the c-scaled system, We can now use Lemma 2.2.1 in Chapter 2 to

proceed with the main proof of Proposition 3.2.1.

Proof [of Proposition 3.2.1] Firstly, note that the upper bound in the c-scaled
system is obtained by

1

6(3)
C)\i
max > Uiy pi)
j=1

=1 M

1 0(i)
Ai
subject to Z Z C—pijrinj < ¢R! for all I.
Hi

i=1 j=1
Hence, the upper bound is equal to ¢J,, where J, is the upper bound for the base
system (i.e., ¢ = 1). Further, the optimal point is independent of c.

Now consider J¢. Note that

Y X
TE= U [ (1 =P |
=1 M j=1
where p' = [p;;,i = 1,...,1,j = 1,...,0(¢)] is the solution to the upper bound, and
¢ ..:: 18 the blocking probability of flows of class 7 on path j in the c-scaled system.

Loss,ij

Since the arrivals of each class ¢ are Poisson with rate \;, the flows that are routed
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to path j by the static policy p’ also form a Poisson process with rate A;p;; and are
independent of flows that are routed to other paths. Since p satisfies the constraint
n (B.2), the load at each link is less that 1. Hence, by Lemma 2.2.1, the blocking
probability Pf ... goes to zero as ¢ — oo. Note that U; is continuous due to

concavity, therefore,

. JS
Cli)l'go ?S = clirgo Z Uz i pr Eoss,ij)
I 0(7)
- X LU pr
i—1 M
- Jub-
Finally, since J$ < J*¢ < cJy, the result then follows. [ |

B.2 An Efficient Algorithm for Solving the Local Subproblem (3.8)

Given the implicit costs ¢, each class i solves its local subproblem (3.8) to obtain
the routing probabilities. Recall that the local subproblem is:
6(3) 6(3) 6(3)

Bi(@,%) = max Ui(>_ pij)vi anmqm—Zz(pw yij) v ¢, (B.3)
7 1 ]:1 _

where
0(i)
j=1
Let L; be the Lagrangian multiplier for the constraint p;; > 0, and let Ly be the
0(i)
Lagrangian multiplier for the constraint ) p;; < 1. Then, the Karush-Kuhn-Tucker
j=1
condition becomes:

LO Z O,LJ Z O,] - 1, ,G(Z),
0(3)

Jj=1

Lipij =0, Ly szg —0,j=1,..,00),
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0(i)
U;(Z pij)vi — 1iqi; — Vi(Pij — Yij)vi + Lj — Lo = 0.

i=1

Let Qi; = v3y;;v; — 1:g;5. The last equation becomes:

0(7)
U{(sz‘j)vi — ViUipij + Qij + Lj — Ly =0. (B4)
=1

Without loss of generality, assume that the alternate paths are ordered such that
Qi1 = Qiz > ... > Q). Then we can show the following:

Lemma B.3 For any 1 <k <j <0(i), pix > pij-

Proof The result trivially holds if p;; = 0. If p;; > 0, we have L; = 0. Then for

any k < j,
6(7)
U;(Z Pij) Vi — Vivipij + Qi — Lo = 0, and
j=1
0(7)
U;(Z Pij)Vi — ViviPir + Qua + Ly — Lo = 0.
j=1
Hence,
vivi(pik — Pij) = (Qir — Qi) + Ly, > 0,
ie.,

Dik = Dij-

By the above Lemma, there must exists a number J such that
pi; > 0 for any j < J, and p;; = 0 for any j > J.

This number J is important because once J is known, the routing probabilities p;;
can be easily found. To see this, let L; = 0 and sum (B.4) for all j < .J. We have,
0(i) 0(i) J
JU{(ZPU)%‘ — ViU szj + ZQij — JLo =0,
j=1 j=1 j=1

0(7) 0(i)

j=1 j=1
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9(i)

Let f(z) = JU](z)v; — vu;x. To find the value of ) p;;, it is equivalent to solve x
j=1

and Lg such that

J
f@)+> Qi — JLo =0, (B.5)
j=1

where either x = 1 and Ly > 0, or Ly = 0 and 0 < x < 1. Note that f(z) is

decreasing in x due the concavity of U;. If
J

F)+) Qi <0,
j=1

then the solution to (B.5) should be some x < 1 with Ly = 0, in which case z is the

solution of ;
fl@)+> Qi =0.
j=1
Otherwise, x should be equal to 1, and

J .
Lo = f(l) + ?j:l QU.

0(3)

In both cases, we can find the values of z = ) p;; and Ly easily. Once these values
j=1

are found, we can solve the routing probabilities p;; via (B.4), i.e.,

Ul(x)vi+Qij—Lo lfj < J
Pij = e . (B.6)
0 if j>J

We have just shown that, once the number J is know, the routing probabilities
pi; can be easily computed. It remains to find the correct value of J. We use a linear
search for finding J. We start the search by assuming J = 6(i). We then verify
whether the current value of J is correct by solving p;; via the procedure described
earlier. If the values of p;; are all non-negative, then J is correct. If fact, since the
solution for p;; computed in (B.6) is decreasing in j, we only need to ensure that
pi,s is non-negative. On the other hand, if the verification fails, we reduce J by 1,
and verify again; until either a correct value of J is found, or J = 0 and hence all
pi; should be zero.

We summarize below the algorithm for solving the subproblem (3.8):
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1. Sort the index j such that @);; is in decreasing order.
2. Let J = 0(i) and Q = 30 Q.

3. If JU!(1)v; — vv; + Q < 0, then solve
JU!(x)v; — viuue +Q =0

for 2 and let Ly = 0. Otherwise, let z = 1 and

Ly 7

4. Compute

Uj(x)vi + Qi,5 — Lo
Dig = .
Viv;

(a) If p; ; > 0, then the correct value of J is found. Compute p;; as

GlelorQuzlo ¢ 5 <

pij = e o
0 if j>J

and the algorithm terminates.

(b) Otherwise, let J <= J —1 and let Q < Q — Q; j4+1. If J > 1, go to step 3.

If J =0, set p;j =0 for all j and terminate.

We now summarize the complexity of the above algorithm. All steps except Step 1
and Step 4(a) are O(1), and they may need to be executed (i) times in the worst
case. The Step 4(a) is O(6(1)) but it only needs to be executed once. Sorting @); ; in
Step 1 can be executed in O(#(7)log6(i)) time using an efficient sorting algorithm

such as quicksort. Hence, the overall complexity is at most O(6(i) log (7)).

B.3 Properties of the Stationary Point of Algorithm A

From the definition of the stationary point of algorithm A, one can establish the
following properties that characterize any stationary point towards which algorithm

A converges:

'With the choice of the utility function in Section 3.5, the solution can be written explicitly.
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Proposition B.2 Let (pj‘, q_;‘) be a stationary point of algorithm A. Define the cost
of path j of class i to be the sum of the implicit costs over all links along the path,
o QG = Z q"*. Let ¢io = Minj=1__ G 9 denote the minimum cost among all

alternate paths of class i. Then:
1. p;; > 0=qj; =qio for all i, .

2. Further, if the functions U; are strictly concave, then for any two stationary

=1 %1 .2 %2

points (P, ') and (p™°, ), we have

( 0(i)
Zp:]’-l = Zp;f for all i, and (B.7)
j=1 =1
*,1 *,2 . 0(3) %1
Q%o = Gip for all i such that 0 < lepw < 1. (B.8)
]:

Proof To prove Part 1, assume in the contrary that there exists a pj;, > 0 and there
exists another path k of the same class ¢ such that the cost of path k is lower than

that of path h, i.e., g};, > ¢},. Consider a small perturbation p; around p; such that:

Pin = p;kh _5a
Dir = pzsk+57

Dbij = pz} if j # h and j # k,

6(3) 6(4)
where 0 < 0 < pj;,. Then > p;; = Z P Pi € (4 and
j=1

0(7) 0(7) 0(7)

Zij - Zpquzj Z (p’bj p:(j)2vi

0(i) 0(i)

szj —Ti meqw Z (pw _pz]) {

= 7”1'5%;1 - Ti5qik - Vz'5 (%%

which is positive for small enough ¢. This contradicts with the definition that p;}

should maximize
0(i)

(i)
Ui(zpij) Tzzngqw Z ~(pij — p;‘kj>2vi
j=1

7j=1
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over all p; € ;. This proves Part 1.
To prove Part 2, let ' be a convex combination of p*! and p*?2, i.e., let 0 < § < 1
and let
- =%, 2
p=0p" + (1 —0)p™".

Then ' also satisfies the constraints of the upper bound (3.3) and

0(i) 0(i) 0(i)
sz'j = 52]9:}1 +(1-9) ZPZQ
j=1 j=1 j=1

Let ug be the optimal value of (3.3), which is achieved at both p*!' and p*? by
definition. Due to the concavity of U;, we have

0(7)

I\ 6(i) I I
LTI RREE) SET) DS RRNIEL) W) D
i=1 7" j=1 i=1 i—1 M

However, since ug is the optimal value, only equality can hold. Hence

1 0(7)

Lo & Lo & Y
Z— pr 52 jUi<Zp:jl)Ui +(1 —5)2—%(]1‘(22?:}2)%-
=1 Hi j=1 i=1 " j=1

i=1 j=1
Since U; is strictly concave, the above equality is possible only if

0(7)

0(i)
pr prz for all i,
j=1

which proves (B.7).
Finally, to show (B.8), note again that p*' optimizes

0(3)

0(3) 0(3)
*, Vl *,
Uz(z Dij)vi — Ti Zpijqijl - Z E(pij - pijl)Qvi
j=1 J=1

j=1

0(3)
over all p e Q. If 0 < Z Pi 1 < 1, then there exists some k such that p3' > 0.

Taking derivative of the above function with respect to p;, at p*!, and setting the

derivative to zero, we have

0(7)
Ui ot — gt = 0.
j=1
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0)
(No Lagrangian multipliers are needed here because p;‘,’cl > 0 and Z p;-‘]’-l < 1.) Hence,

J=1
0(i) v
*,1 *,1\ Vi
Qi = U{(szj )r_
=1 ‘

Since p:,;l > 0, by the result in Part 1, qf,;l is also equal to the minimum cost among

all paths of class i, i.e.,

0(3)
*, *,1 Uy
qi,()l = Uf(sz’j )r_
j=1 ‘

0(i) 0(i)
Since S p;]zl =3 p;il by (B.7), we thus have qZ’Ol = qZ’O2. u
= j=1
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Appendix C: Supporting Results for Chapter 4

C.1 Proof of Lemma 4.3.2

I 0()
We need to use the fact that f(Z) is of the form > fi(> x;;), and that the
=1 j=1

Lagrangian L(Z,q, %) is given by (4.6). The maximization of the Lagrangian (in
(4.7)) is taken over z; € C; for all . Since C; is of the form in (4.3), we can
incorporate the constraint 3(31) x;j € [m;, M;] into the definition of the function f;
by setting fi(z) = —o0 wh]ejllx ¢ [m;, M;]. Then the function f; is still concave,
and the maximization of the Lagrangian L(Z,q,¥) can be taken over all ¥ > 0.
Given ¢ and ¢, we associate a Lagrange multiplier L?j for each constraint x;; > 0
in the maximization of L(Z,q,¥), and let 20 = argmaxzq L(7,q,7). Using the
Karush-Kuhn-Tucker condition, we can conclude that, for each ¢, there must exist a
subgradient 0 fi(gl’ij,o) of f; at %(l:ixij,o such that, for all 7,
= j=

0(7)
afz(z Iijo Z E’Uq .CC'”O yzg) + LO = 0 and LO 371]0 = 0 (Cl)

Similarly, let (y*,¢*) denote a stationary point of algorithm A. Then
y* = argmax;o L(7, ¢*,y*). Associate a Lagrange multiplier L}; for each constraint

x;; > 0 in the maximization of L(Z, ¢*,y*). Then, for all 4, j,

i L
8]}(2 Yi;) — Z Ef b 4 Li; =0, and Lj;y;; = 0. (C.2)
= -1

Comparing (C.1) and (C.2) with (4.21) and (4.22), we see that

0(3)
[VE(20)];; = 3fz(z Tijo) + L?j for all 1, 7,

=1
and

[VE(y*))i; = 06> uy;) + Ly, for all 4, j,
=1

where [-];; is the element in [-] that corresponds to x;;.
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We can now proceed with the proof of Lemma 4.3.2. Let

7 = rgmaxwo L(Z,¢,,y) and Zp = argmaxg, L(Z, q}, %). Analogously to L{; and
0(i 0(7)
afl(z Tijo), define L;; 1, (3fl(z xi;1) and Ly, 8fl(z x;;2) for the case when the

Jj= Jj=
1mp1101t cost vectors are ¢; and qg, respectively. Then,

0(i) 0(i)

— Z afz(wal aszyU wag Zyw (C.3)

+ Z Z(Lijvl = L) (g2 = yi5)- (C.4)

i=1 j=1

Lemma 4.3.2 will follow if we can show that both of the two terms (C.3) and
I 6(i) 2
(C.4) are bounded by 5~ Z > [Z (b — qll)} . We will first bound the term

i=1j=
(C.3). Apply equation (C.1) for q1 and ¢5, respectively, and take difference. We

have, for each 1, j,

L
>
=1
0(7)

= |0 _win) - Of; Z%ﬂ — ci(@iy2 — @i51) + Lij2 — Lija. (C.5)
=1

Now fix 7. Let J; denote the set {j : ;52 > 0 or x;;; > 0}. Note that if z;;5 > 0 and

Tij1 = 0, then Lij,2 = (0 and Lij,l 2 0. Hence, Tij2 — Tij > (0 and Lij’g — Lij,l S 0.

Let
Lo — Ly
i & =22 2L >,
Ci(xij,2 - $z‘j,1)
then,
L 0(4)
ZEI (q - Q1) = 8fz(z xij,Z afz mel 1 +71])Cz(x1]2 xij,l)-
=1 j=1

(C.6)
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Similarly, we can show that (C.6) holds for any j € J; with some appropriate choice
of 7;; > 0. Multiplying (C.6) by 1/(1 + 7;;) and summing over all j € J;, we have,

for all i,

L
Z - C]1
=1
0(1) (@) 6(2)

= io afz ZxUQ afz(z xij,l) - Cz ZxUQ lejl (07)
j=1

1
Zje]i 1+745

Z

where 7 = , and we have used the fact that z;;o = x;;; = 0 for j ¢ J,.

Let
0(7) 0(7)

0(3) 0(:)
=0f; qul —0f; Zyw Qg = afi(zxijz) —3fi(zy;}),
= oy
0( i) (i)

Z Tij1 — Z yz]? Z Lij2 — Z ylj

Since the function f; is concave, we have a1b; < 0 and asby < 0. Let ~; £ _

0
Ci7; b1
il >,

_0) 2
(The term (C.3) will be bounded by 7= >~ >° {Z (b — qll)} trivially if a; = 0.)
i=175=1 Li=1
Then
(L+7)aiby = (a1 — c;7b1)be

= [(a1 — az) — c7; (by — ba)]ba + (a2 — ¢7]b2)]bs

] N -] 07
(b

—ci)by y asby < 0)
% RS 2
S ZE;(qz—qn”
ac {jeJi L7 15
(by completing the square)
{z el s e )
< — ( @ — 4
dei jed; L+ jed; Li=1
(by Cauchy-Schwarz)
2
< —
< 53 [Srw-a)
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where in the last inequality we have used

%Q {Z( 1 )2} _ ZjeJi(vaj) <.

eJ; 1+ ZJ'GJi T+i4

Since 1 + 7; > 1, the term (C.3) (i.e.,, aiby) is then bounded
I 0(7) 2
by &k S 2 [ ELG )]
i=1j
To bound the term (C.4), note that x;;, > 0, Lijj1 > 0,Lf; > 0 and Ljy;; =

Lij,Q'rij,Q = Lij,lxij,l =0. Therefore,
* *
(Lija — Lij)(wije — yi;) < wijaLlijn < xijiLlije + TijaLlija
= —(Lija — Lija)(wij2 — ija).

We thus have,

0(i)

> (Lija = L) (i — u5;)

j—l

s - Z i2 — Lijn)(wij2 — @ij1)

0(7) i o(i)
S - Z afl(z xij,Q) - afZ(Z %’j,l) + Lij,Z — Lij,l (xij,Q _ 'Iij,l)

j=1 7=1 j=1

(by the concavity of df;)

0(4)
= Z Z — 1) + il = l’ij,1)] (ije — @i1)  (by (C.5))

j_

1 ‘9(1) 2

< 4¢; g g E; (by completing the square).

The result of Lemma 4.3.2 then follows.

C.2 Proof of Proposition 4.3.2 for K =0 or 1 < K < o

The following lemma will be quite convenient later on.
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Lemma C.4 If

a »
maxoz < = m1n ¢; for some positive number a,

SL

then
aV > ETAE and aA~' > EV'ET.

Proof To show the first part, let © be any vector,

L I 0(%) 2

F'ETAEF =Y o' |Y Y Bl
7=1

=1 i=1 j=

0@

IN

'j

L I 6(i) 1
09 91D 90 ST B w wi b ol

)
i=1 j=1 i=1 j=1 i=1 j=1

163
S,leax ol Z Z .

i=1 j=1

IN

Hence a sufficient condition for aV — ET AE to be positive definite is

max o < — mm C;.

SE

The second part can be shown analogously. [ |

Now we can proceed with the proof of Proposition 4.3.2 for K =ocoor 1 < K <

The Case with K = oco:

We only need to show that the step Al converges. The convergence of the en-
tire algorithm A then follows the standard results on Proximal Optimization Al-
gorithms [64, p233]. Fix (t). Let ¢y denote a stationary point of (4.10) in step
Al. Let 20 be the corresponding prime variables. Note that 20 is unique and
20 = argmax; L(Z, o, y(t)). Using the property of the projection mapping [64,
Proposition 3.2(c), p211], we have
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(¢, k + 1) — Gol]a
+ . - +
- [ (t.k) + A(EZ(t, k) — R)] - [qo + A(Egd — R)] 4
< l[dtt. k) + ABEE B) - B)| - |3+ ABS = B)] |14
= [|[q(t, k) — Go] + AE(E(t, k) — 20)||a
= |lq(t. k) — Golla + (Z(t. k) — 20) ETAE(&(t, k) — )
+2(q(t, k) — G@o)" E(&(t, k) — ).
By Lemma 4.3.1, part 1,
(q@(t. k) — @) E(&(t, k) —a¥) < —(&(t, k) — 2TV (Z(t, k) — V).
Hence, if we can ensure that
Co=2V — ETAE

is positive definite, then

10k + 1) = dolla <1108 k) = dolla — (@(tF) = 2¥) ol (t, k) —a0)  (C8)
< |lq(t, k) — dol |-

Therefore, ||q(t, k) — qo||a, k = 1,2, ... is a nonnegative and decreasing sequence, and

hence must have a limit. Then by (C.8), Z(t, k) — a0 as k — co. By Lemma C.4, a

sufficient condition for Cy to be positive definite is

2
max o < = mm G;.

SC

The Case with K > 1:

Let (y*,¢*) be any stationary point of algorithm .A. We only need to show that
the following inequality holds: for sufficiently small step-sizes o!,l =1, ..., L,

13t + 1) = *||a + K||g(t +1) = y*|lsv — (1d¢) — ¢*|la + K]|5(t) — | |5v)
< —(qt+1) = q(t) " Ca(qlt + 1) — q(6) — |I157(t) — Z(t)l|v (C.9)



278

for some positive definite matrix Cy. This corresponds to the inequality (4.44) for

the case when K = 1. The proof then follows along the same line as the case when
K=1.
To show (C.9), we start from (4.35). For each k =0,1,..K,

14, & +1) — ¢*[|a — (13, k) — ][4

< —|lqt, k+1) — gt k)||a+2(q(t, k+ 1) — qﬁ*)T(Ef(t, k) — R). (C.10)
Since for any k < K — 2,

K-1

m=k+1

where 7, reflects the “truncation” when the implicit costs are projected to R™ and

0 <vn < 1. Hence,

2(q(t, k +1) — ¢ (BZ(t, k) — R) (C.11)
= 2(q(t, K) — ¢))T(EZ(t, k) — R) — 2 Z Ym(EZ(t,m) — R)YTA(EZ(t, k) — R).

If we choose a! such that

1
max ol < KSL miin Ci, (C.12)
then by Lemma C.4, ETAE < +V. Hence,
K—1
—2 Ym(EZ(t,m) — R)TA(EZ(t, k) — R)
m=k+1
| K
< 3 Y (Z(t,m) — (¢, k)" ETAB(Z(t,m) — Z(t, k))
m=k+1
| K
< 5 3 1l m) — 70 Rly
m=k+1
| K
< 5g (q(t,m) — q(t. k))"EV'E(q(t,m) — q(t. k), (C.13)
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where in the last step we have used the result in part 2 of Lemma 4.3.1. Further,
since (y*, ¢*) is a stationary point of algorithm A, Ey* — R < 0 and q?*T(ngk—R) =0.
Combining this, (C.11) and (C.13) into (C.10), we have,

13,k +1) = ¢*[|a — (13, k) — ¢*[]a

< =tk +1) = gt k)l + 204, K) = ¢ B(E(t ) — y)

K-1

o S (altm) — dlt, k)T EV B m) — it k).

m=k+1

Summing over all £k =0,1,...K — 1, we have

14(t, K) — |4 — llg(t,0) - ¢* HA

K-1

=3 litt o+ 1 _qtk|yA+zz 1t K) = ) B(#(t k) = 5°)

k=0

1 K-2 K-1

o q(t, k)" EVLET(q(t, m) — (L, k).
k=0 m= +1

Therefore, using (4.37) and (4.40), we have,

14(t, K) = ¢*[|a = [14(t,0) = ¢[|a + K (|5t + 1) — y*[[sv — |5(t) — y*[[5v)

< ZII (t, k+1) = q(t,k)|]a
+ 4 K[|2(t) — v)llv — K||7(t) —va—2Z TV (&(t, k) — )}
(C.14)
+2) (VE(Z(t) = VE) T (Z(t k) — ) (C.15)

_l’_

DO

= 5
]
)

j(t,m) — q(t, k)" BV ET(q(t,m) — qlt, k).
The second term (C.14) on the right hand side can be bounded by

K||Z(t) = y)llv — Klg(t) —yllv—225 g V@t k) - )

K-1

= ||Z(¢, k) — gt ||v+2|| ) =2t F)llv

k=0
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T

< |Z(t, k) — gt |v+z q(t, k)" EVIET(q(t, K) — gt k),

e
I

where in the last step we have used the result in part 2 of Lemma 4.3.1. For the

third term (C.15), by Lemma 4.3.2,

K—

2y (Vt VE(y)) (@t k) — )
k=

0

,_.

=

<y (@l k) = dtt, K))TEV BT (@0, ) - . )

Substituting them back to (C.14) and (C.15), we have

1q(t, K) — ¢*||4 — 1|G(t,0) — ¢* HA+K(H j(t+1) — y*|lsv — [15(t) — v*[|5v)

< - I\J(t,k+1)—§(t,k)!\A—Z!!f(t,k)—z](t)\lv
+2 Z_((j(t, k) —qt, K)Y'EVET (q(t, k) — q(t, K)) (C.16)
1 K-2 K-1

>
—~
=

7(t,m) — qt, k)" EVET(q(t,m) — q(t, k)). (C.17)

Note that
K-1

it K) —qt.k) = > _ qlt,m+1) — q(t,m).

m=k
Using the Cauchy-Schwarz inequality, we can show that the term in (C.16) is equal

to

2 (gt k) — qlt, K)TEVET (q(t, k) — q(t, K))

=

k=0

< 22_: qt,m+1) — qt,m)) " EVET(qt,m + 1) — ¢(t,m))
k=0 m:k

= 2 - Z ] 7(t,m +1) — qt,m))" EVET(qt,m + 1) — q(t,m))

IN

K(K + Z (t,m + 1) — q(t,m))" EVET (q(t,m + 1) — q(t,m)).

m=0
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Similarly, the term in (C.17) is equal to

(q(t,m) — q(t,k))" EV'E" (q(t,m) — q(t, k)

—_

m—

(@t,n+1) —qt,n)) "BV E(Gt,n + 1) — ¢(t,n))

IA
=| -
(]
3
=

[ g (m — k)] (@t,n +1) — qt,n)) ' EVET (q(t,n + 1) — ¢(t,n))

< %:g@(ww 1)~ e, ) BV B, n 1) — ()
< K(K4+ D= (et m 4+ 1) — gl ) EV-UET (@ 4 1) — dit.m).
Hence, _
10, 5) — s — 1706,0) — lLa + KA+ 1) — lov — 170) — llov)
< —§||(j(t,k+1)—J(t,k:)||A—I’:Z;Hf(t,k)—gj(t)ﬂv
) St m -+ 1) (e, m))TEV-E(d(t,m + 1) = i m).

Therefore, in order to have

14(t, K) = ¢*[la = 11d(¢,0) = ¢*[la + K(17(t + 1) = o*|[sv = [17(t) = *[[sv) <0,

it is sufficient to let
SK(K +1)
4

be positive definite and to satisfy (C.12). By Lemma C.4, a sufficient condition is

Cy=A"'— EV'ET

4
max o' < mm i,
!

5K (K +1)SL

which also satisfies (C.12) automatically.
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C.3 Proof of Proposition 4.4.1

For the sake of brevity, we will drop the subscripts and write matrices A, B instead
of Ay, By. We will follow the line of proof of Proposition 4.3.2 as in Section 4.3. Since
(4.10) is replaced by (4.48), the inequality (4.34) should also be replaced by

(q(t +1) — g")TATH (Gt + 1) — [q(t) +n A(BZ(t) — R+ N(1))]) < 0.
Hence, following the techniques in the proof of Proposition 4.3.2, we have,

14t +1) = ¢*|la

= |Ig(t) — ¢*l|a — N1q(t + 1) = q@(t)||a +2(q(t + 1) — ¢*)" ANt + 1) — q(t))
< @) = ¢la = gt + 1) — @E)||a + 2m(q(t + 1) — ¢)" (EZ(t) — R)
+2m(q(t +1) — ¢)"N (1)

AN

< @) = ¢lla — 1qt + 1) — @E)||a + 2m(q(t + 1) — )" EB(Z(t) — y*)
+2n,(q(t + 1) — ¢ )T N(). (C.18)

Let F; be the o-algebra generated by Z(s), 7(s) and ¢(s) for all s < ¢. Then

E[(¢'(t +1) — ¢")n'(t)| 7]

I 0(i)
— E [q +ma' ()Y Elwy(t ] — g p ()| F
=1 j5=1
+E [ ‘|‘77t05 ZZ =sz Rl +7704”()r
i=1 j=1
— [0 + ma 35 Bl - ®)] " b1
=1 j=1

By (4.49), the first expectation is zero. Hence,
E(¢'(t+1) — ¢’ ()| F] < Elpa(n'(1)*| 7).
Combining (4.37-4.43) and (C.18), we have,

E[||q(t + 1) = ¢*[la + [|§(t + 1) = ¥ |pv 7]
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< E[ldt) = ¢*lla+115(t) = y*llsv
—(q(t +1) = qt)"(A™" = 2, EVTIET)(q(t + 1) — q(1))

—mul|g(t) = Z@)|lv +m (Gt +1) — ") N ()| F] -

Without loss of generality, we can assume that 7, is small enough such that A= —

2, EV1ET is positive definite. Therefore,

E[|q(t +1) = ¢*lla+ [[7(t + 1) = y*[|sv|F]

< 1dt) = ¢ lla+ 117(t) = y*l|sv + 0B[N () TAN(£)|7].

By condition (4.50),
> E[N(t)"AN(t)] < oo.
t

Hence, by [131, Lemma 1.10, p9], there exists a non-negative number Vy < oo such

that
1q(t) = ¢ l|a + 7)) = v¥l sy — W, (C.19)

as t — oo.

It remains to show that 1V, = 0 for some choice of the stationary point (y_;‘, q_’;).
Analogous to the proof of Proposition 4.3.2 in Section 4.3, we need to show that there
exists a limit point of (y(t),q(t)) that is also a stationary point of the algorithm.
The existence of such a limit point is unfortunately harder to establish than in
Proposition 4.3.2. The reason is that, when A in (4.46) is replaced by n; A, the
properties in (4.47) no longer necessarily hold. To circumvent this difficulty, we use

t—1

the techniques of [66] to find such a limit point. Let s; = Y~ 7, and define the

functions ¢%(s) and ¢°(s) by
70(s) = (1) and §°(s) = (1) if s = s,

and by linear interpolation for all other value of s. Define the left-shifted process

(47"(s),q"(s)) by

g's) = §°(s+s) and §'(s) = 7 (s + s1).
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Then (7%(s),q"(s)) defines a sequence of continuous functions of s. Following [66],
we can show that there exists a subsequence (7' (s), ¢ (s)) that converges uniformly
on finite intervals to a continuous function (§(s), ¢(s)), which satisfies the ordinary
differential equations (4.14) and (4.15). By Proposition 4.3.1, (§(s), ¢(s)) converges
to a stationary point of the algorithm as s — oo. Let (%, ¢o) denote this stationary
point. Then the fact that (5" (s), ¢ (s)) converges to (g(s), 5(5)) uniformly on finite
intervals implies that (4, q) is also a limit point of the sequence (y(t),q(t)),t =
2,... We can then replace (y*,¢*) by (4, @) in (C.19) and obtain

1q(t) = qolla + [[7(t) — Gol|sv — 0.

The result then follows.

C.4 The Transfer Function from N(t) to Z(t)

Without loss of generality, assume that z;;(t) > 0 for all 4, j, and ¢'(¢) > 0 for all

l. Since
0(7) 0(7) 0(7) ‘.
Zi(t) = argmax fi Zx” Zx”qm Z 51(3313 Yij t)? ¢,
j=1 j=1
we have,
Z 25 (1)) — qij(t) — ¢; (@ (t) — yi;(t)) = 0 for all 4, 5. (C.20)

Assume that the problem (4.1) has a unique solution. Linearize the system around

this stationary point, i.e.,

zii(t) = yi; +2y(),
yii(t) = i+ 0i(t),

() = ¢ +d(0), and
I 6(3) I 6(3)

Gi(t) = q+at)=>_ Y ELd"+> Y ELd¢)

=1 j=1 =1 j=1
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We obtain,
0(i) 0(i)

// Z ylj Z 171] qu — G ("%U (t) ylﬂ (t)) 0.

Summing over all 7, we have

0(i) 0(i) 0(i) 0(i) 0(4)
0 £/ yi) > E(t) Z Gij(t) — (D y(t) = Y3 (t)
Jj=1 Jj=1 j=1 j=1
Therefore,
o) 0l)
0(i) 2 i (t) —ci 1 Jij (t)
~ 1= 1=
Z zij(t) = o(0)
= 0(0) f7' (22 vi;) — ci
j=1

We can then solve for each Z;;(t) by
1 0(i) 0(3)
Tij(t) = (1) + o Fi( Zyzj wa — Gt
i Z_)l vij) 6)
9](5 Z Gij(t) — ¢ Z Ui () | — G (t)
011 7) — )\

N 1
Yij () + o

7

(C.21)

When there is measurement noise n'(t) at each link [, we can get the linearization

of (4.14) and (4.15) as

Si() = Z By(0) + (1) (.22)

=

Sa0) = Bles(t) - 30 (©.23)

Let Q(s), Y(s), X(s), N (s) denote the Laplace transforms of the perturbation of (),
y(t), Z(t), and the noise N(t), respectively Taking Laplace transform of (C.21-C.23),
and using the fact that g;;(t) = Z Z ELq\(t), we have,

i=1j=

sQ(s) = A(EX(s)+N(s))
sY(s) = B(X(s)—V(s))
X(s) = Y(s)+V ' [GET'Q-VY) - E"Q],
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where G = diag{G;,i = 1,...,1}, and each G; is a (i) x (i) matrix whose terms
are all
, 0(2)
i (Z y;j)
gi = = :

0(i)
9(i)f{’(;y2}) — ¢

From the above set of equations, we can solve for X'(s) as

with

~ -1
ETAE . .
B(sT + B)}

S

H(s) = —{B—lsz+G+v—1<z—G)

. . ETA
x B Y sIT+ BV HT-G) ,

S

I I
where 7 is the > 0(i) x > 0(i) identity matrix.

=1 =1



287

Appendix D: Supporting Results for Chapter 5
D.1 Proof of Proposition 5.4.1

We will need the following lemma on the minimum distance from the mobile
relays to the destination at any time slot. Fix a bit b that enters into the system
at time slot to(b). At each time slot t > ty(b), recall that r,(¢) is the number of
mobile relays holding the bit b at the beginning of the time slot. Among these r(¢)
mobile relays, there is one mobile relay whose distance to the destination of bit b is

the smallest. Let Ly(t) denote this minimum distance, and let
1 -
Ly(t) = max{ﬁ, Ly(t)}. (D.1)
Lemma D.5 Under the i.i.d. mobility model, if n > 3, then

1
E|l——— < 1 Ut >ty(h).
[L%(t)rb(t)|Ft 1} < 8mlogn for allt > ty(b)

Proof Let I4 be the indicator function on the set A. By the definition of L,(t), we

have,

1 4
B | = Bl ol
1

+E |[——1 Fi .
By o>l ]

Since the nodes move on a unit square, ib(t) < v/2. Hence,

1
1 F,
L3(t) 0> - 1]

\/51 ~
- / LAP(L(1) < ulFiy]

n2

1. - s [V 1
— PO < uF )T - [P < A

u n2 .
1 - 1 V2 9
= nPlL) < glFi +/1 2 PIL) < ulFosJdu

n2



288

Hence,

B %’Ftil - §+ 4 @P[Lb@)gu‘frl]du.

Let p, be the distance from any one mobile node to the destination of the bit b.

Then, due to the i.i.d. mobility model, we have,

Plpy < u|Fi 1] < mu?,

and,
P[Ly(t) < u|Fy] < 1—(1—mu?)®
< Ty (t)u?
Therefore,
E L\f 1y ﬁzP[i (t) < u|lF1)d
Lg(t) t—1 5 4 03 b Ul —1du

IA

= — +27m(t) log u|‘_/1§

1
= 3 + 2773(t) (log V2 + 2log n)

< 8nry(t) logm,

when n > 3. Finally, since ry(t) is F;_j-measurable, we have

) - e e
< S8rlogn.

Proof [of Proposition 5.4.1] Let

t

1
Vi =8mlognt —to(b)] — ml{ms):ua
s=to(b)+1 0\7TP
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Then for all t > to(b), V; is also Fi-measurable and Viowy = 0. By Lemma D.5, we

have
E[V; — Vie1|Fi]
= 8mlogn —E {ml{gb(ﬂlﬂﬂ_l]
> 8rlogn — E {mu—tl}
> 0.
Hence,

E[Vi|Fi1] = Vi,

i.e., V; is a sub-martingale. Recall that s, = min{t : t > to(b) and Cy(t) = 1} denotes
the first time when a successful capture for bit b occurs. Since s, is a stopping time,
by appropriately invoking the Optional Stopping Theorem [88, p249, Theorem 4.1],

we have,

E[V,] > 0.

Hence, substituting Dy £ s, —to(b), Ry = 73(s), Cy(sp) = 1 and Cy(t) = 0 for t < sy,
we have,

1
StloenEID)| >E | ——— | .
mlognE|Di] 2 {Lg(Sb)RJ

Using Hélder’s Inequality [88, p15],

1 1
we thus have,
StlognE[D,] > B ]—
Lb(slb) E[R,)]

> .

— E?[Lu(sp)|E[Ry)]
Finally, recall that [, = l~b(sb) denotes the distance from the last mobile relay node
to the destination. By definition (D.1),

~ 1
I = lp(sp) > Lp(sp) — ol
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therefore,

1
8mlognE[D,] > ElL]~ LB

D.2 Proof of Proposition 5.4.3

The next Lemma will be wused frequently in the proof of
Propositions 5.4.3 and 5.6.1. Consider an experiment where we randomly throw
n balls into m < n urns. The probability that each ball j enters urn 7 is £ and is
independent of the position of other balls. Thus, p < 1 is the success probability that
the ball is thrown into any one of the urns. Let B;,7 = 1,...m be the number of balls
in urn ¢ after n balls are thrown. It is obvious that E[B;] = “2. The following Lemma

shows that, when n is large, the probability that any B; deviates substantially from

its mean will be very small.

Lemma D.6 Asn — oo,

1) If 22 > clogn and c > 8, then

P[B; =0 for any i] = O(%)

2) If "2 > clogn and ¢ > 16, then
np , 1
P[B; > 2— for any i] < —.
m n

8) If 2 < clogn and c > 16, then

1
P[B; > 2clogn for any i] < —.
n

4) If 22 < cn®, where ¢ > 0 and o > 0, then

1
P[B; > 2en® for any i) = O(—).
n
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Proof To prove part 1, note that for any i,

P[B, =0] = '1—£]n
L m
< 1_810gn}
I n
- _1 8logn] Feen 18"
B n

1/x

Since lim,_o(1 — 2)"/* = 1/e, we have

logn]®een 1
[1 — 8 ogn} < — for large n
n e
Hence, for large n,
1 8logn 1
P[B;, =0 — =—.
50 < || -5
Therefore,
, 1 1
P[B;=0foranyi] < no = O(ﬁ)

To prove the other parts, we use known results on the characteristic function of

Bernoulli random variables. For any 6 > 0, we have

E[e’P] = [602 +(1-— %)r

< exp [@(69 - 1)} for all urn 1,
m
where in the last step we have used the inequality that
(1—1—:(:)% < e for z > 0.

Using the Markov Inequality [88, p15], for any y > 0,
E[e?Pi]
ety

< exp [@(69 —1)—0y|.
m

P[Bi > y]
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Hence, by the union bound
. np, g
P[B; > y for any i] < mnexp [—(e -1) - Qy] :
m
To prove part 2, let y = 272, hence
. np . o
P[B; > y for any i] < nexp [—(e —-1)— Hy}
m
= nexp [@(69 -1- 29)} :
m
Let 6 = log 2, then
1
e —1-20=—(2log2 —1) = —0.386 < -7 (D.2)

Hence, when % > clogn and ¢ > 16, we have
P[B; > y for any i] < nexp [—2 log n]
To prove part 3, let y = 2clogn. Since * < clogn and 6 > 0, we have,
P[B; > y for any i| < nexp [%(ee -1) - Oy}
< nexp [clog n(e? =1 — 20)] .
Let 0 = log 2, then using (D.2), we have
P[B; > y for any i] < nexp [—2 log n]

To prove part 4, let y = 2cn®. Since

P[B; > y for any i] < nexp [@<69 —1) - Oy}

Let 6 = log 2, then using (D.2), we have

P[B; > y for any i] < nexp [—gna] < O(—=).
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Proof [of Proposition 5.4.3] At each time slot ¢, an opportunistic broadcast
scheme has to determine how to replicate each bit b to a larger number of mobile
nodes. Some of the mobile nodes that already have the bit b have to be selected to
transmit the bit b, and some of the other mobile nodes have to be selected to receive
the bit.

Let v,(t,4) be the distance from a node ¢ that is chosen to transmit the bit b at
time slot ¢, to the furthest node that is chosen to receive the bit directly from node
i (vp(t,7) = 0 if node i is not chosen to transmit the bit or if the bit b has cleared
the system). Let u,(¢,7) be the number of mobile nodes that are chosen to receive
the bit b directly from node ¢ and that do not have the bit b prior to time slot ¢
(up(t,i) = 0 if vp(t,7) = 0). Then uy(¢,4) is bounded from above by the number of

nodes covered by a disk of radius vy (t,7) centered at node i. It is easy to verify that

Ry—1= Zzn:ub(t,i).

=1 i=1

Fix a time slot t. We next bound the number of nodes that are covered by each

disk of radius wvy(t,47) centered at node i. We divide the unit square into g4(n) =
1

L<1612gn)§J2 cells (in y/gs(n) rows and \/gs(n) columns). Each cell is a square

of area 1/g4(n). Let B; be the number of nodes in cell i, i = 1,...,g4(n). Then

E[B;] = —"~. When n is large, we have

ga(n)’
n
16logn < < 32logn
9a(n)
Let A be the event that
B; < foralli =1, ..., g4(n).

g4(n)
By part 2 of Lemma D.6, P[A] < 1/n3, Now consider each disk of radius vy(t,17).

We need at most
2
20(t,0)V/gan) + 2|

cells to completely cover the disk. Hence, if event A occurs, the number of nodes in

the disk of radius wvy(t,4) will be bounded from above by
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[va(tyi)\/mju 2}2 942(7;) < 160wy (L) + %

< 16nvi(t,i) + 5121ogn.

Note that the above relationship holds for all b and i. Let ¢; = 16/7, and cg = 512.
Since uy(t,4) is no greater than the number of nodes covered by the disk of radius
up(t, ), we have,

ub<t’ Z)
n

1 1
P > crmup(t, i) + cg B for any b,i| < P[A°] < —
n?

Fix a bit b. Let B be the event that

t,1 1
ot ) < crmup(t,i) + cg %8 for all i and t = to(b), ..., to(b) + con?.
n
Then,
c 1 2 C2
[B ] S $C2n n .

Since uy(t,7) < n, we have

E[“"(t’i)l — E{“bt’i)l{g}}+E[“*’i’i>1{gc}}

n

IN

1
E lcwrvg(t,z') + cg Oin} + P[B]

log n

IN

crmE[vi(t,1)] + cs —l— —

n
logn

IN

crmE[vi (t,1)] + (cg + 1)

when n > max{ Ny, exp(ca)},

We now use the idea in Section 5.4 that disks of radius % times the transmission
range centered at the transmitter are disjoint from each other. For each unicast
transmission (i.e., the transmission over each hop SJ'), the transmission range is just
St For broadcast, the transmission range is the distance from the transmitter to
the furthest node that can successfully receive the bit, i.e. vy(t,4). By counting the

area covered by all the disks, we have

T n T hy

ZZZ”_% (t,7) ZZ Wf (Sp)> <WT. (D.3)

n
b=1 t=1 i=1 1 h=1
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Since there are at most n nodes that can serve as transmitters at any time, we have

T n
Z Z Lo, ti)>0y < WTn.

b=1 t=1 i=1

nT

Hence,

b=1 t=1 i=1
T T n
< onm |33 i)
b=1 t=1 i=1
T T n logn
o B[ 32325 0
=1 =1 i=1
T T n
< o7E ZZZ”%’Z) + (cs + YW T logn. (D.4)
b=1 t=1 i=1
Substituting (D.4) into (D.3), we have
nT T hy
A?E[Ry) — 1 A?
e S e
b=1 b=1 h=1
T T n AQ T hy 7TA2
< {om[S05 SR ZZTE[<S?>21}
b=1 t=1 i=1 b=1 h=1
1)A?
+%WTlogn
1)A?
< @WT—}-MWTlogn
2)A?
4
when n > max{No, exp(c2), exp(5F)}. [

D.3 Proof of Lemma 5.6.1

We can group all cells into ¢y, = |2A + 62 lattices. Each lattice consists of nodes
that are |2A + 6] /m apart along the X-axis or the Y-axis (see Fig.5.2). The cells of

each lattice can be active at the same time since

e the transmission range from a node to a neighboring node is at most 2/m, and
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e any interfering transmitters are at least (2A + 2)/m distance away from the

receiver.

We can schedule the ¢, lattices in a round-robin fashion and each lattice is active for

1/c4 amount of time.

D.4 Proof of Proposition 5.6.1

We only need to show that the probabilities of errors of all types will go to zero
as n — 00. We first study Type-I errors that may occur in the odd super-frame. Fix
a sending time slot ¢ in the odd super-frame, ¢ = 1,..., |n¢]. Let z;(t) denote the
number of nodes in the sending cell j at the sending time slot ¢, j = 1,...,¢1(n). Let

p1(t) be the probability that a Type-I error occurs at time slot t, i.e.,
pi(t) = Plz;(t) > 64n "D 3 logn for any j.

Equivalently, we can consider the experiment that we throw n balls into g;(n) urns
with success probability p = 1 (see Lemma D.6). Since the average number of nodes
in each sending cell is

n

< 320193 Jogn, when n is large,
g1(n)

using part 4 of Lemma D.6, we have,

m(t) = Plz; > 64n1"D3logn for any j

< O(1/n?).

Finally, the probability p; that Type-I errors occurs at any of the |n?| sending time

slots in the odd super-frame is
< [n?pi(t) < O(1/n?).

We next study errors of Type-II. Fix a packet k. Let S(k) and T'(k) denote

the source node and the destination node, respectively, of packet k. Let ¢ denote
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the sending time slot at which packet k is broadcasted into the system. Pick any
mobile relay node i # S(k), T (k). The probability that node i holds the packet k,
i.e., node i resides in the same sending cell as the source node S(k) at sending time
slot ¢, is 1/g1(n). Conditioned on the event that node ¢ holds the packet k, for any
receiving time slot ¢’ in the even super-frame, the probability that node i captures
the destination node T'(k) of packet k at time slot ¢/, i.e., node 7 resides in the same
receiving cell as the destination node T'(k) at time slot ¢/, is 1/¢g2(n). Note that
there are [n?| receiving time slots and the distribution of the position of node i is
independent across receiving time slots. Hence, the probability that node ¢ captures

the destination node T'(k) of packet k in any of the |n?| receiving time slots is

b= glzn) [1 - (1 - 922@) Lndj] ' D

]

g2(n)

|nd]
1
1— (1 _ W)

[n?]
g2(n)

Since d < 1 and

— 0, as n — oo,

it is easy to show that,

— 1, as n — oo.

Hence, when n is large,
2 |nd]
P25
3g1(n)g2(n)
Further, there are (n — 2) nodes (other than S(k) and T'(k)) that can potentially

serve as mobile relays for packet k, and the distribution of the positions of these
(n — 2) nodes are again independent from each other. Let py(k) be the probability
that a Type-II error occurs for packet k, i.e., pri(k) is the probability that none of
these (n — 2) nodes capture the destination node T'(k) of packet k in any of the |n¢]
receiving time slots. Equivalently, we can consider the experiment that we throw
(n—2) balls into one urn with success probability p given by (D.5). When n is large,

the average number of balls in the urn is

(1+d)

——— > 8logn.
g1(n)ga(n)

1
—Np > =
(n )p_2
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Hence, by part 1 of Lemma D.6, the probability pyi(k) that the urn is empty is

Since there are a total of n|n?| distinct packets in every two super-frames, the

probability pr; that Type-II errors occur for any of these packets is
p < n|nt]O(1/n?) < O(1/n).

Hence, with probability (1 — p; — prr) approaching one as n — oo, each packet
will have at least one opportunity to be carried into the same receiving cell as its
destination node. We now show that these packets can then be delivered successfully
to their destination nodes by eliminating Type-III errors with high probability. Let
pir denote the probability that Type-III errors occur at any of the receiving cells
in any of the [n?| receiving time slots. We need to specify how to schedule the
hop-by-hop transmissions from the mobile relays to the destination nodes within
each receiving cell. Fix a receiving time slot ¢, and fix a receiving cell j. Let
Y;(t) denote the set of packets that meet the criteria for capture in the receiving
cell j at receiving time slot ¢. We will refer to these packets in the set Y;(t) as
the active packets in receliving cell 7 at time slot t. We divide the receiving cell j
into gs(n) = L("(;l_o 2;:1/3>§j2 mini-cells (in /gs(n) rows and /gs(n) columns, see

Fig. 5.5). Each mini-cell is a square of area 1/(g2(n)g3(n)). By Lemma 5.6.1, there

exists a scheduling scheme where each mini-cell can be active for é amount of time.
When each mini-cell is active, it forwards an active packet (or a part of the packet)
to one other node in the neighboring mini-cell. If the destination of the active packet
is in the neighboring cell, the packet is forwarded directly to the destination node.
The active packets from each mobile relay are first forwarded towards neighboring
cells along the X-axis, then to their destination nodes along the Y-axis (see Fig. 5.5).

The above scheduling scheme can successfully forward all active packets in Y;(?)
from the mobile relays to the destination nodes in the same receiving cell provided

that:
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e FEach mini-cell contains at least one node. Hence, each node can always find

some node in the neighboring mini-cell to serve as static relays.

e The number of active packets that go through any mini-cell is bounded by

4096n1-9/310g%2 n. Because each packet is of length 40966471(1_‘/5)/3 o 7T each

mini-cell thus only needs to be active for at most i amount of time, which is

always possible by Lemma 5.6.11.

In order to show that py (the probability of Type-III errors) goes to zero as
n — oo, we only need to show that, with probability approaching one, both of the
above conditions will hold for all receiving cells and for all receiving time slots. To
show this, we will take four steps.

Step 1: We first bound the number of nodes in any mini-cell. Fix a receiving

time slot ¢. Note that the average number of nodes in each mini-cell is

———— > 8logn.
g2(n)gs(n)

Let p{;(t) be the probability that any of the go(n)gs(n) mini-cells in the network are
empty at receiving time slot ¢. Equivalently, we can consider the experiment that
we throw n balls into gs(n)gs(n) urns with success probability p = 1. Then, by part
1 of Lemma D.6,

piu(t) = O(1/n%).
Hence, the probability p%; that any mini-cells are empty in any of the [n?| receiving
time slots is
pin < [n?]O(1/n’) = O(1/n?).
Step 2:  We next bound the number of nodes in each receiving cell. Fix a

receiving time slot t. Let z;(t) be the number of nodes in the receiving cell j. Then

n 2—2d

E[z;(t)] = <2n° 3 , when n is large.

LAn assumption we have used here is the separation of time scales, i.e., we assume that radio
transmissions can be scheduled at a time scale much faster than that of node mobility. Hence, each
packet can be divided into many smaller pieces and the transmissions of different pieces can be
pipelined to achieve maximum throughput [71]. We also assume that the overhead of dividing a
packet into many smaller pieces is negligible.
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2—2d
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Let pP;(¢t) be the probability that z;(t) > 4n"3 for any j. Equivalently, we can
consider the experiment that we throw n balls into g3(n) urns with success probability

= 1. Then, by part 4 of Lemma D.6,

p]IDII@) = 0(1/”3>~

Let pb; denote the probability that the number of nodes in any of the go(n) receiving

cells at any of the |n?| receiving time slots is greater than 4n*5*. Then,

pllau < L”de]IDH(t) < 0(1/”2)-

Step 3: We shall show that, with probability approaching one as n — oo, the
number of active packets that go through any mini-cell along the X-azis is bounded
by 2048n~9/310g%2n. Towards this end, we first bound the number of active
packets that each mobile relay node may carry at each receiving time slot. Fix a
receiving time slot ¢ and a receiving cell j. As in Step 2, we use z;(t) to denote the
number of nodes in the receiving cell j at time slot t. We shall condition the following
discussion on the event that z;(t) = m. For each mobile node i among the m nodes
in receiving cell j at time slot ¢, let z;;(¢) denote the number of active packets that
are held by mobile relay node 1, i.e., these packets are the ones whose destination
nodes are also in the receiving cell j at time slot . Pick any other node ¢’ that is
also in the receiving cell j at time slot t. Note that, for a given packet k destined to
node ', with probability ﬁ node ¢ holds the packet k, i.e., with probability ﬁ
node 7 was in the same sending cell as the source node of packet k when the packet
k was broadcast into the system. Further, conditioned on the event that z;(t) = m,
the event that node i holds a packet k& towards node ¢’ is independent of the event
that node ¢ holds another packet h towards node i when (k,7’) # (h,¢"). Since there
are |n?] packets destined to each of the (m — 1) nodes (other than node i) in the

receiving cell j, we have

1
gi(n)

Elay(t)|2(t) = m] = (m — 1)[n"]
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We now consider the probability that z;;(¢) > 256 logn for a given node 7 in a given

(2—2d)/3

receiving cell 7. Note that if m < 4n , we have

E[z;;(t)|z;(t) = m] < 128logn, when n is large.

Conditioned on the event that z;(t) = m, we can equivalently consider the ex-
periment that we throw (m — 1)|n?| balls into one urn with success probability
p = 1/gi1(n). Hence, by part 3 of Lemma D.6, the conditional probability that
x;;(t) > 256 log n satisfies

Plz;(t) > 256logn|z;(t) = m] < O(1/n®), if m < 4n?-24/3,

Fix a receiving time slot ¢. Let pf;(¢) be the probability that x;;(t) > 256logn for

any node i = 1, ..., z;(t) in any receiving cell j =1, ..., go(n). Then

pip(t) < Plx;;(t) > 256 logn for any i|z;(t) = m|P[z;(t) = m)]
j=1  m=1
g2(n)
+ Plzi;(t) > 2561ogn for any i|z;(t) > 4n@=29/3]
=1

xP[z;(t) > 4n2/3)

ap(2—2d)/3
< gn) > mO(1/n*)Plz(t) = m] + ga(n)P|z;(t) > 4n297%)
< ga(n)(4n 2010 )Pz (t) < 4nP72DP) 4 gy (n)piy (¢)

< O(1/n*) +0(1/n*) = O(1/n?).
Hence, the probability pfj; that z;;(t) > 256 logn for any 1, j, ¢ is

P < LndefH@) < O(1/n).

Therefore, with probability approaching one as n — oo, each mobile relay node will
serve no more than 256 log n active packets in each receiving time slot. As presented
earlier, these active packets will first be forwarded along the X-axis. Fix a receiving
time slot £. We next bound the number of mobile relay nodes whose active packets

need to go through a given mini-cell along the X-axis. Pick any mini-cell k£ in a given
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receiving cell j, k =1,...,g3(n), j = 1,...,ga(n). Let Z7,(t) be the number of mobile
relays in receiving cell j that reside at the same row with the mini-cell %, i.e., these
mobile relays are the ones whose active packets need to go through mini-cell £ along

the X-axis. Note that the mean of Z7,(t) is

n/(g2(n)\/gs(n)) < 4n =973, /logn, when n is large.

Let pt;(t) be the probability that Z5(t) > 8n(1=4/3, /logn for any mini-cell k in
any receiving cell j. Equivalently, we can consider the experiment that we throw
n balls into go(n)+/gs(n) urns with success probability p = 1. Hence, by part 4 of

Lemma D.6,

pii(t) = PJ Tr(t) > 8n1=973, /logn for any k, j ]
1
= 0O(—).

n3
Therefore, the probability pf}; that Z7, > 8n(1=9/3, /logn for any mini-cell in any

receiving time slot ¢ is
i < nfpi(t) <O /n?).

Combining the discussion above, with probability 1 — p§; — pSy, for any given
mini-cell k, there are at most 8n('~%/3,/logn mobile relays whose active packets
have to go through the mini-cell £ along the X-axis, and each of these mobile relays
will have at most 256 logn active packets. Hence, with probability approaching one
as n — 00, the number of active packets that go through any mini-cell along the

X-axis in any receiving time slot ¢ is at most
2048n1=9/3 logg'/2 n.

Step 4: Similar to Step 3, we can show that, with probability approaching
one as n — oo, the number of active packets that go through any mini-cell along
the Y-azis is bounded by 2048n(~9/310g*?n. Towards this end, let prp denote

the probability that, in any of the [n?] receiving time slots, any destination node
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needs to receive more than 256 logn active packets from the mobile relay nodes in
the same receiving cell. Let pl; denote the probability that, in any of the |n¢]
receiving time slots and for any given mini-cell k, the number of destination nodes
whose active packets need to go through the mini-cell £ along the Y-axis is greater
than 8n(!=9/3\/logn. Analogous to Step 3, we can show that p§; = O(1/n) and
pi; = O(1/n?). Hence, with probability approaching one as n — oo, the number of
packets that go through any mini-cell along the Y-axis in any receiving time slot ¢
1s at most

204801~ D/3 10g®? .
Combining Step 1-4, with probability no less than
1 — (i + P + Piu + Pin + P

the number of packets that have to go through any mini-cell at any receiving time
slot t is less than

4096n1=9/310g%? n.

Hence, the probability of Type-III errors is bounded by

a b c d e f
pur < Py + Py + P+ P+ P+ o = O(1/n).

Proposition 5.6.1 then follows.

D.5 Proof of Proposition 5.7.1

We start from inequality (5.19). Since E[l] < \/csn~'/2 for some positive con-

stant ¢;, we have,

1 (TP 1 (AnT)?
cinlogn - AnT = deynlogn D(AnT)2csn=t
P 7C5 o5 -1
1 T

4eieslogn D
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and,
nT o
E[,))? < T )2esn™!
WTnZ " < gy, AnT)en
2mes | o
= A°T.
W

Substitute the above two inequalities into (5.19). Note that when D = o(n), the

first term of (5.19) dominates the rest for large n. Hence, when n is large,

3
A2 201nlogn _AnT
D(2 bZ E[ls])?
1 anT

8cicslogn D -
We can then solve for A,

D log2 n 32cicscs W
n A2

D.6 Proof of Proposition 5.7.2

Since hy < ¢g for some positive number cg, similar to the initial steps of the proof

of Proposition 5.5.1, we have,

B8 - () E8)

b=1 h=1 b=1 h=1 1 h=1
AnT  hy
< )\nTc6ZZ Sy)7,
b=1 h=1
and,
AnT 1 AnT 2
B3 S(st 2 ME[(ZZ%)
b=1 h=1 b=1 h=1

W,
fo)
%’
/\
Mi '
HNgE
é’)
v
")

Vv

- AlnT (Z E[lb]> : (D.6)
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Substitute (5.17) and (D.6) into (5.9), we have,

anT AnT  hy
des E[Ry] —
b=1 b=1 h=1
nT 3
1 (31
> b=1
— cinlogn _ /inT 2
D(E )
b=1
- anT
E[l])* — AT
CGAnT(bzl [2])
AnT
As in the proof of Proposition 5.5.1, the case with > E[l,] > A\T'/n will again prevail.
b=1
Hence,
anT 5
1
A oy > ! ok
A? cen = cinlogn _ / T 2
D (23 i)
b=1
nT

™

CGAnT<; E[lb])Q —AT

- 1/2
2 | —————=(AnT)? —\T
4cicgnlognD

4cg T A2nT?
—WT1 > _
AZ 08N = 4cicg Dlogn

\2 D log3 n 64c; cgcﬁ w? .

n T A4
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Appendix E: Supporting Results for Chapter 6
E.1 Proof of Proposition 6.3.1

The proof of part a) is quite standard (see, for example, Theorem 3.2.8 in [132,
p44]). In fact, let #* denote the optimal solution to the primal problem (6.2), and
let 7* denote the corresponding vector of link rates that satisfies (6.6). It is easy to

verify that, given ¢,

S
max L(Z,7,q) > L(2* 22 W) forallg>0.

0<zs<M; 7F6CO(R)

To prove part a), we only need to find Lagrange multipliers ¢ > 0 such that

0<zs<M,,7eCo(R)

s
max L(Z,7,q) = Z Us(z
s=1

Towards this end, let b = [b;, 1 € £] and let
G0 =, 2 Uil

subject to Z H! s <r+bforallle L (E.1)
s=1
and  [r] € Co(R).

. S
The original problem (6.2) corresponds to b = 0 and hence G(0) = Y Ug(z¥). It
s=1

is easy to show that G(b) is a concave function of b. Hence, by Theorem 3.1.8
of [132, p36], there exists a subgradient ¢ of G(g) at b = 0. We now show that qo 18
the desired Lagrange multipliers. For any b > 0, by the concavity of G (l;), we have

-

G(b) < G(0) + Gy,

-

where [-] " denotes the transpose. Further, by the definition of G(b) in (E.1),

-,

G(0) < G(b) for all b > 0.

Hence, for any b >0,

-,

G(0) > G(b) — G'b > G(0) — gib,
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and we have,

(Totrl; > () for all 52 0.

This implies that gy > 0. Next, for any & such that z, < M, for all s, and for any
S

7€ Co(R), if we let §(Z,7) = [Z Hlv, — 1,1 € L], then (Z,7) is a feasible point
s=1

in the problem (E.1) with b = §(&,7). Hence, using the concavity of G(b) again, we

have

=
&
IA
@
=L
=
-

Choosing ¥ = x* and 7= 7", we have

S
ZUS Z _E)trg<x* _»*)7

ie.,
qrg(a*, 7)) > 0.
However, since g(z*,7*) < 0 and ¢ > 0, we must have
@9 ) =0

Finally, using (E.2) again, we obtain

L(fvﬁ%) = ZUS<xS>_%tr§(f7fj

Hence

max L(f> _)7 _E)) = L(l'_:kﬂ?*, _E)) = ZUS('CE:)?

OSZSSMSJ_"ECO(R)

i.e., there is no duality gap.
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Proof of part b): Let z* denote the optimal solution to the primal problem
(6.2), and let 7* denote the corresponding vector of link rates that satisfies (6.6).
Note that 2* is unique due to the strict concavity of Uy(z,). Given ¢, the points

(Z,7) that maximize

s L
L(z,7,q) = ZUS(xS Z ! (ZH Ty — m)

1=
must have the same component ¥ due to the strict concavity of Us(xs). Hence, in
order to show part (b), it suffices to show that for any ¢ € @, the following holds,
ngsgﬁff}’(eCo(R) L(Z,7,q) = L(z*, 7", §). (E.3)
(Note that ¢ may be different from ¢y in the proof of part (a).) Towards this end,
since ¢ € @, we have,
5

> Uday) = D)= max  L(Z,7, )

0<zs <M, F€Co(R)

L S
(¢2) =Y d <Z Ha; — 7“7) : (E4)

S

(]
J

Hence,
L s
qu (ZHéx: —7’7) > 0.
=1 s=1
S

However, since Y H'z* —r; <0 for all [ and ¢ > 0, we must have
s=1

Zq (Z Hlz* — rl*> = 0.
s=1
Substituting into (E.4), we have,

max L(f, F,C]) = Z US([E:) = L(ZE_;‘,T_')*7®,

0<zs<M,,7eCo(R)

which shows (E.3). The result of part (b) then follows.
Proof of part c¢): (This part of the proof is analogous to that of Theorem 2.3
in [109, p26]). Let A denote the L x L diagonal matrix whose [-th diagonal element is
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a?. Let H denote the L x S matrix whose (I, s)-element is H'. Then ||q]|a = §TA™'¢.
For any ¢*% € @, by (6.13), we have
1qt+1) = qlla < la(t) = °la + 2R[HZ(t) — 7(1)] "[q(t) — 7]

VRHZ(E) — 7O TA[HZ() — 7). (E.5)

Note that
5
D(q(t)) = Y Udlas(t)) — [H"qt)] "2(t) + 7" (0)q(t),
s=1
and
S
D 7,0 — Us ) — Htr—'*,O tr 2 —tr —=x,0
@) mM{Z (@) —(HETD "2 + o, 70
S
> > Ud(a(t) — (H g0 "E(t) + 7 (£)7™".
s=1
Hence,

D(g*%) = D(q(t)) = [HZ(t) - 7(t)] "[q(t) — 7).
Substituting into (E.5), we have
13t +1) = 7"l
< g(t) = @*°lla +2h[D(q*) = D(q(1))] + h*[HZ(t) — 7(t)] " A[HE(t) — 7(1)].

Fix n > 0. Let
®(n) = {71D(q) < D(7™") +n}. (E.6)

Since both Z(t) and 7(t) are bounded, there exists M < oo such that

Hi —7)"A(HT —7) < M.
Oﬁwsﬁﬁfg(ECo(R)( t F) ( z F) >

If we pick
h <n/M,

then as long as ¢(t) ¢ ®(n), we have

gt +1) = q"l.a < [1q(t) = ¢4 — .
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Hence, eventually, ¢(t) will enter the set ®(n). On the other hand, if we pick
h<n/vM,

then once ¢(t) € ®(n), we have

VIldt+1) =0l < VIIdt) = 7lla+ VIt +1) = ¢(t)]]a

< V) = q*0lla +n. (E.7)

Since the inequality (E.7) holds for any ¢*° € ® C ®(n), it implies that
d(qt+1),®) < d(q(t),®) +n,
where d(g, ®) = minges \/M- Hence, if
h < min{n/M, /v M},
then there exists time Ty such that
d(q(t),®) < &(n) for all t > Ty,
where

£(n) = max d(p, ®) + 1.
peED(n)

It is easy to show that, as n — 0,

£(n) — 0.

Hence, for any ¢ > 0, we can pick n (and h) sufficiently small such that £(n) < e,

i.e., there exists time T such that
d(q(t),®) < e for all t > Ty.

Finally, since the mapping from ¢(t) to Z(¢) is continuous, we can pick n (and h)

sufficiently small such that

|Z(t) — 2*|| < € for all t > Ty,
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E.2 Proof of Proposition 6.3.2

We need the following assumption on the queueing discipline at each link. We
assume that, when each link forwards data, data at smaller number of hops away
from their source will have priority over data at a large number of hops away from
their source. Hence, first-hop data will be forwarded before all second-hop data,
then second-hop data will be forwarded before all third-hop data, and so on. One
way to achieve such priority queueing is to have each link maintain separate queues
for data at different number of hops away from their sources.

The above assumption allows us to study the queue lengths at all links in the
network in an inductive manner. We first study all first-hop traffic in isolation
because first-hop traffic takes precedence over all other traffic. Once we compute
the contribution to the queue lengths by the first-hop traffic, we can then study the
second-hop traffic in the network, and so on.

Let z4(t, k) denote the data from user s injected at time ¢ to the link that is at
the k-th hop from the source of user s (let x4(t, k) = 0 if data of user s travels at
most ko hops, and k > ko). Let H!(k) = 1, if link [ is at the k-th hop from user
s, and let H.(k) = 0, otherwise. Let A'(t,k) denote the amount of data injected to
link [ at time ¢ by all first-hop through k-th hop traffic, i.e.,

:ZZH Yzs(t,m).

s=1 m=1
Let Q'(t,k) denote the queue length at link I contributed by all first-hop through

k-th hop traffic. Applying Loynes’ formula, we have

I I
Q'(t, k) —Orggi(t ZAuk Zrl

u=t—t’ u=t—t’

We now use induction to show that the queue lengths at all links are bounded.
The induction hypothesis is as follows.

The Induction Hypothesis:

Fix k.
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e For each user s, there exists a positive constant M(k) such that

to+t to+t
Z zs(u, k) < Z xs(u) + My(k), for all ¢y and t. (E.8)
u=tg u=tg

e The queue length Q'(¢, k) at link / contributed by all first-hop through k-th hop
traffic is bounded for all ¢.

We first show that the inequality (E.8) implies the second part of the induction
hypothesis. Assume that a; = ha). By Proposition 6.3.1, there exists some hy > 0
such that for all h < hy and any initial implicit costs ¢(0), there exists a time Tp
such that

d(q(t),®) <1 for all t > Ty.

Hence, ¢(t) is bounded for all ¢. Since

q(t—i—l +QZZH;ES — T ))
we have,
to+t S to+t 1
YD Hiz(uw) =Y () < —[¢(to+t+1) = d'(t)] -
u=tg s=1 u=to Q

Hence, the left hand side is bounded from above for all ¢y and . Let M'(0) be this

upper bound. Using (E.8), we then have,

t
Q'(t k) = Zoax ;ﬂ Al(u, k) ;t/rl(u)]
¢

- | 3 X3 o - 3 nt)

- u=t—t’' m=1 s=1 w=t—t'

s t s

< | 30 e 3 a3 it

- 7 Lu=t—t’ s=1 u=t—t' m=1 s=1

< MU0)+ 0 ST Him) M, (m)

Hence, Q'(t, k) is bounded for all ¢.
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We now use induction to show that the first part of the induction hypothesis,
i.e., the inequality (E.8), holds for all k. We first consider the case k = 1, i.e., the

first-hop traffic only. Since
zs(t, 1) = x4(t),

the inequality (E.8) trivially holds. The second part of the induction hypothesis then
follows (for k = 1).

Next, assume that the induction hypothesis holds for 1,2,...,k —1. Let M (k—1)
be the upper bound for Q'(¢t,k — 1) for all t and [, i.e.,

Mk—-1)= supmlale(t,k —1).
t

We now consider the contribution by the k-th hop traffic. Note that

to+t to+t
D wg(u k) < wg(uk— 1) + M(k - 1),
u=to u=to

where the first term on the right hand side corresponds to contribution from (k—1)-
th hop traffic of user s, and the second term corresponds to the maximum amount

of backlog at time ¢y. Since the inequality (E.8) holds for (k — 1), we have,

to+t to+t
u=to u=to

and hence the inequality (E.8) now holds for k. Again, by the discussion above, the
second part of the induction hypothesis also holds for k.
Finally, let L denote the maximum number of hops of any users. Note that the

overall queue length Q'(¢) at link [ is equal to Q'(t, L). Hence,

sup Q'(t) < 4oc for all [ € L.
t

E.3 Proof of Proposition 6.4.1

Define

v -y W
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We now show that V() is a Lyapunov function of the system. In fact, using (6.18),

we have,

L

V(e + 1) - V@) < 340 [ZH:Es—ﬁ

=1

+ B (t),

where

L

% Z oy [Z Hlz, — rl(t)] )

Since both z; and r;(t) are bounded, E(¢) is bounded for all t. Hence,

Va(qlt + 1)) = Vo(q(t)) < Z [Z Ha, —ri(t)| + EY, (E.9)

=1

for some positive constant EY. By assumption, ¥ lies strictly inside yA. Hence, there
exists some € > 0 such that

(14 €)2 € A,
ie.,

L
(1+¢€) ZHﬁxS, l e E] € 7Co(R).

1=1
By the definition of the imperfect scheduling policy S,

L L

L
l l l
max g (t) = max T 1 € t)Hx
Zq F>0re7al - 1 (1) 7FzOfGCo(R)lz_l: a i lz_;q N

Substituting into (E.9), we have,
L
Va(q(t +1)) = Vo(q Z (O)H'w, + EY.

By Theorem 2 of [113] (or Theorem 3 of [133]), the system in stable.

E.4 Proof of Proposition 6.4.3

Fix a positive number € such that

€ < min q
l:gb*#0
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Then there exists a time slot Ty such that for all ¢ > Tj

lz,(t) —2*'| < ¢ and (E.10)

') —¢)"| < e (E.11)

We shall first show that there exists a large enough 7' such that,
L l7*1T0+T L . -

;q, Tt:ZTorl(t) < lzlq ;H +O(e (E.12)
where we have used O(€) to denote the class of functions f(e) such that
limsup,_,, f(€)/e < 4+o00. Towards this end, note that for each link I € L, there
are two cases:

Case 1: If qu’* > 0, then (E.11) implies that ¢'(t) > 0 for all ¢ > Ty. Hence,

using (6.18), we have

Q (ZS: Hlz (t) — rl(t)> =q¢'(t+1)—¢'(t) for all t > Ty, (E.13)

For any T' > 0, summing (E.13) over t = Ty, To + 1, ..., Ty + T, we have,

To+T S To+T
a Z ZHﬁxS(t) - Z r(t)| = ‘ql(To +T+1)— ql(To)‘ < +e
t=Ty s=1 t=Top

We can thus pick T' large enough such that

T() +T7 S To+T

1
LS 9D Y TRURES SR
t To s=1 t:TO
Using (E.10), we have
1 To+T
Z ZH‘ 14+ O(e) (E.14)
t:T()

Multiplying both side of (E.14) by ¢** and using (E.11) again, we have

To+T S

Z Hla' + O(e). (E.15)

t=Tp s=1

Case 2: If ¢v* = 0, the inequality (E.15) also holds trivially.
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Summing (E.15) over all I € £, we thus obtain (E.12). Now, since the utility

function is logarithmic, we have,

x4(t) = min LL, M, 3 for all ¢.

L Hd'(t)

Taking limits as ¢ — oo, we have,

rP!" = min LL,MS . (E.16)
> Hlgy'
i=1

Let J = {s: 2z’ = M,}, then we have,

L To+T

1
I+
qI T Z T.l(t)
=1 t=To
L

Z Z*ZHZ *I—i-O
= ZxZ’I(ZHiq?*HO(E)
= Y w+d M, ZHZ O(e). (E.17)

s¢J sedJ

IA

Let £*7 denote the solution to the y-reduced problem. Then, fTW € A by

definition. Hence, by the definition of the imperfect schedule policy S., r;(t) must

satisfies
I L Z Hl * 'y
> dn(t) > Z
=1 =1
L s
= Z q'(t) Z Hlz*" for all t.
=1 s=1

Using (E.11) again, we obtain,

L L s
qu[’*rl(t) Zqu Z Hlz*" — O(e) for all t > Ty,
=1 =1 s=1
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Substituting into (E.17), we have,

L S
l7* l *,Y
§ : qI E : Hs‘rs
=1 s=1

L To+T

< Ydn > nl + 06
=1 t=To

< > we+ Y M, Zﬂg ¢v*) + Ole
s¢J seJ

Noting that

L S
qé,*ZHix:W_Zm*yzqul _Zwsw it —f-ZI*WZquI 7
= s=1

s¢J Ls seJ

we have,

s=1 Ts’
wsxy” wsxy"
C oy e
s¢J s seJ
L
S DI ZWZHZ e
=1 s=1 seJ seJ
L
< D wet ) (M=) Hyg,
s¢J seJ =1 sedJ

L
Since 2*7 < M, and 3. Hl¢b* < w,/M, when s € .J, we have,
=1

s=1 Ts'
< D wet > (M, —al7) +ZL;§77+O(€)
s¢J seJ S seJ s

Finally, let ¢ — 0. The result then follows.
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E.5 Proof of Proposition 6.4.4

Let A denote the L x L diagonal matrix whose [-th diagonal element is af. Let
H denote the L x S matrix whose (I, s)-element is H!. Then ||¢]|4 = ¢"A~'¢ By
(6.18), we have

gt +1) —q*°la < lg(t) — ¢""lla + 2n[HZ(t) — 7(1)] "q(t) — 7]

FRAHE®) — ()] TA[HZ() — 7(t)]. (E.18)

Note that

o—1 7€Co(R)
S
< Y Ullas(t) — [H "q(e)] "E(t) + 7 (6)q(t),
s=1
and
—x,0 — tr—»*O tr =x%,0
D) mM{ZU v~ T }t;%?ff q
Z ZU 335 Htr—»*O] trf(t)+Ftr(t)§*70.
Hence,

D(q™) = Dy(q(t)) = [HE(t) —7(t)] "[q(t) — 7).
Substituting into (E.18), we have

gt +1) = 7™l

< lg(t) = q*lla + 2h[D(q™) — Dy (q(1)] + h*[HE(t) — 7(t)] "A[HE(t) — 7(t)]

Fix n > 0. Let
®,(n) = {q1D,(q) < D(G"") +n}. (E.19)

Since both #(t) and 7(t) are bounded, there exists M < 400 such that

max  (HZ — ) "A(HZ — 7) < M.
0<zs<M,,7€Co(R)
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If we pick
h <n/M,

then as long as ¢(t) ¢ ®,(n), we have
17t +1) = q™"la < [1q() — ¢4 — .
Hence, eventually, ¢(t) will enter the set ®.(n). On the other hand, if we pick
h<n/VM,

then once ¢(t) € ®,(n), we have

VIIGE) = a0l + VIla(t +1) = q(#)l].a

< V@t) = @4 +n.

Vgt +1) — 794

IN

Hence, if

h < min{n/M,n/VM}.

then there exists a time Tj such that

VIIa(t) = =014 < &(n) for all ¢ > Ty,

where

= max 7 — g0l 4 + 1.
) e 1P —q*°|[a+n

It is easy to show that, as n — 0,

£(n) — max /[|p — ¢*°]|a.
ped

~y

The result then follows.

E.6 Proof of Proposition 6.5.1

Define
V(iT, q) = (1 + €)V,(77) + Vy(a),
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where

=Y v =Y

s=1 = ‘™M
and € is a positive constant to be chosen later. We shall show that V(-,-) is a

Lyapunov function of the system. We begin with a few lemmas. The first two

lemmas bound the changes in V,,(+).
Lemma E.7
E[V,(i((k + 1)T) = V. (A(KT))[7(KT), g(KT)]

(k+1)T
pT — / Eln, (1), (1) i (KT), GKT) dt

T

E[n; ()3 (t)|A(kT), CT(kT)]dt} + By, (E20)
where E1 is a finite positive constant.

Proof Over a small time interval ¢, we have

B [n2(e+60 ~ ni(o)] (o). at0)

= o {[(ns(t) +1)* = n ()Nt + [(ns(t) = 1)* = 03 ()] psns ()25 (80} + 0(01)

Ws

= (DAL = (B prans (£)25(1)51] + 53

As
Let ps = As/ps. We have,
ot

S
3 {W;z(t) e = () (0] + 53 e+ usns@)ws(tﬂ} +o(1)

NSOt + f1ms ()5 (£)5] + o(61)

31
~—~
~
SN—
SN—
3!
~
~~
N—
<
A
~
S—

IN

S
_ wsns(t) n () ws ns(t)zs(t) ,
= > {7% [ps = ms(t)zs(t)] + (1 + o )} +o(1) (E.21)

AN
e
/_/H
| E—— |
Il Mh
A
=
QN
—~
~
SN—
| I |
S
»
|
3
w
—~
~
SN—
S
»
—~
~
=

:L‘w(t) -2 Hﬁql(t)] o5 = 1) (%)) (E.22)
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N O L) (£.23)
4 %(1 X ns(t/))fs(t>>} (E.24)
+o(1),

where p; = A\s/ps. We shall bound the three terms (E.22-E.24). By (6.24),

x1:1(5t> = max {Z Hlg(t), ;\UJ—Z} .
Hence, the term (E.22) can be bounded by
7~ O] I = na(0)2(0)
L I=1 |
< xs(st) — ;Hiql(t) ps
-
< ZH Lt ] Ps
< w]\}’: : (E.25)
For the term (E.23), note that
{ns(t) 1
e LGt}
_ _[ - ns(t) s(t)]
pss(t)
_ b=t
B ps M '
Using
o= oty 1) 2 > PO
we have,
R [ R G0}
< _ 1 [ni(t)wi(t) _ 21
ps M 2 °

: _ {% _ ]\Z_} . (F.26)
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Finally, for the last term (E.24), we have
2(4) 72
ns(t)xs(t) < n (t)z=(t) N M,

S S

2ps = 8p M 2ps

(E.27)

Substituting (E.25-E.27) back to (E.22-E.24), we have,

E[Va (it + 6t)) — Va(ri(t))[7i(t), ¢(t)]
ot

{ [Z Hlg'(t)] [ps — ns(t)zs(1)]

we [n?(ﬂx?(t) B &] ., {1 LAGEAONN M} } +o1)

2ps M M, 2 + 8ps M 2ps

M

s=1 =1
I M,  2p,
s |= 1). E.2
+w {2+2PS+MSH+0() (E.28)

Integrating over [kT, (k + 1)T], and letting

s . 2Ps
Zws { 2pS+MJ’

the result (E.20) follows. [

Lemma E.8

B{V,(A((k + D7) = VT )F(T). 67
S (k+1)T
< 3o n (L a6 . / Eln, (1] (kT)., qUT)]dt

(k+1)T
gt | [n§<t>x§<t>|ﬁ<kT>,@(kT)]dt}+E2, (E.29)

where Es is a finite positive constant.

Proof From (E.21),
E[Va(ni(t + 0t)) — Va(7i(t))[7i(1), 4(t)]
ot
S

< {0y n o)+ o 2O o

<L p ps

S
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S
W, W, ns(t)xs(t)
< ;{mw e = (B + 51+ 220 ) o
S
_ weps ws g M)\,
— ;{LS® s s(t)] +3 (1+ o )}+ (1).

By (6.24),

L L
WsPs 11 Ws 11 Ws
= Ps H t7— S S H t .
) " maX{Z S (t) Ms} p (Z SQ()+MS>

=1 =1

Combining with (E.27), we have,

ot
S L 2 2
s t)x (t)
< S0 S HG ) — wan(t wsns ()25 (¢)
B s=1 { p =1 Sq( ) et ( )] + SpSMS
1 Ps M,
— 1). E.
4w, [2+M8—|—2p8]}+0() (E.30)

Integrating over [KT', (k + 1)T], and letting

S
1 Ps M,
B =Y wT|; ,
2T [2+AL+2m]

the result (E.29) then follows. n

The next lemma bounds the change in V,(-). For simplicity, we use the following
matrix notation. Let A denote the L x L diagonal matrix whose [-th diagonal
element is oy. Let H denote the L x S matrix whose (I, s)-element is H'. Further,

let X,(t) = ny(t)z,(t) and let X () = [X1(¢), ..., Xg(t)]. Then

—tr A—1 =2
qUATq
%(@Z 2 )

and the update on the implicit costs (6.25) can be written as
Jr

q((k+1)T) = (E.31)

(k+1)T
GkT) + A (H / X(t)dt — F(kT)T)

T
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Lemma E.9

E[Vy(q((k + 1)T) = Vy(q(kT))|7(KT), g(KT)]

IN

(k+1) .
7" (kT) H/k E[X()|n(kT), ¢(kT)|dt — F(KT)T

T

TS Z [ / e E[n2()22(0)|7(kT), gkT)|dt | + Es, (E.32)

s=1 kT

where

Olmax —r?aﬁxa L= max S max E
=1

and E3 is a finite positive constant, .
Proof By (E.31),

Vo(q((k + 1)T) = Vo (q(kT))

(DT
< G | H / K (#)dt — FRT)T
kT
1 (k+1)T i (k1T
i H / L)t — FkT)T| A |H / K (t)dt — F(kT)T
2 kT kT
(k+D)T
< qu(kT) |H / K (t)dt — F(ET)T
kT
(k+D)T tr (k+1)T
+lm / R(tydt| Alm / R (t)dt| + T2FRT)) " AFGRT),
kT kT

where [-] " denotes the transpose. Let

Opax = Max o L= max S = max g Hé.
leL ]

Then, we have,
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IN

95
T[]

8

IA
~N
[0}
M-
9
i[]e
=]
T
i:
03310
H~
A
~~
=

sS=

S ST L
= TSZ [/k;k ) ni(t)arg(t)dt] [ZOQHé]

8 (k+1)T
< TomaSL) / n2(t)x?(t)dt| .
s=1 kT
Letting
Fs = max T*"A7,
7eCo(R)
the result (E.32) then follows. n

Proof [of Proposition 6.5.1] Multiply (E.29) by € < 1 and add to (E.20). We

have

+OEVL(((k + 1)T)) = V. (A(KT))[7(KT), g(KT)]

(1+
S L (k+1)T
Z{ 1+ opt - | o () (KT, Gt

T

ZHI "(kT)
(k+1)T
e, / Eln (O171(KT), dUKT)] e

(k+1)T
4ps]\/[ /  ()]A(kT), (krT)]dt} +Ei+ B, (E.33)

Adding (E.32) to (E.33), and noting that

i { [i Hlg' (ET)

s=1

(k+1)T
/k E[ns<t>xs<t>|ﬁ<kT>,q’(kT)]dt}

T

(k+1)T
- Z (kT) ZHl / Bln(t)z:(0)[A(KT), (KT)]dt

kDT
_ qekT) |H /k ELX(0)|(T), §kT))dt | |

T
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we have
EWV(i((k +1)T),q((k +1)T)) = V(i(kT), ¢(kT))|7i(KT), (kT

ES:[ZL:H”kT

AN

(1+€)pT — g (KT)F(KT)T

s=1 LI=1

S (k+1)T
—€> w, /k E[n,(t)|7(kT), {(kT))dt

; e (k+1)T
2[4[,5 M. T“maXSL] /k E[n?(t)z2(t)|A(kT), qkT))dt  (E.34)

s=1 T
+ 05

where Ey = E) + By + E5. If (6.26) is satisfied, then

Tmax SL < for all s.

4ps
Hence, the term in (E.34) is negative. By a rearrangement of the order of the

summation, we have,

EV@((k+1)T),q((k + 1)T)) = V((ET), gkT))|7(KT), g(kT)]

< Tq™(KT)[(1+ € HF — F(kT)]
(k+1)T

—e> w, n(t)|7A(KT), {(kT)]dt + E,

s=1 kT

where p' = [p1, ..., ps]. By assumption, g lies strictly inside yA. Hence, there exists

some € > 0 such that (1 + 2¢)p € YA, i.e.,
(1+2¢)Hj € vCo(R).

Use this value of € in the definition of V(-,-). Further, by the definition of the

imperfect scheduling policy S,
gr(kT)F(kT) > ymaxq T(KT)F > (1 +2€)§™(kT)Hp.
Hence,

EV@((k+1)T),q((k + 1)T)) = V(7(kT), gkT))|(kT), ¢(kT)]
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S (k+1)T
—eTq"(KT)Hf — € Z ws/ E[ns(t)|7(kT), ¢(kT)]dt + Ey
k

s=1 T
S
< —€eTq"(KTVHF— €Y weny(kT) + Eq

s=1

IA

for some ¢ > 0. By Theorem 2 of [113] (or Theorem 3 of [133]), the result then

follows. [ |

E.7 Proof of Proposition 6.6.1

Recall that

Z qij + Z i

J:(i,9)€L J:(d)eL

denote the total cost of the links that either start from, or end at node i. Define

V(it,q) = (1 + e)Va(i) + Vo (9),

where

l\.’)

S N 2
Z R A Lot 2 (E.35)

(07

and € is a positive constant to be chosen later. (Note that the definition of V(-) is
different from that in the earlier proofs.) We shall show that V(-,-) is a Lyapunov
function of the system. In fact, analogous to Lemmas E.7 and E.8, we can show

that,

=

Va(ii((k + 1)T) = Vo (A(KT)) | (KT), (KT)]

< o 3 @)+ Q07

Cz’j

(k+1)T
pT — /k B, (t)2. ()| (kT), G0k T dt

T

(k+1)T

T 8pulM, E[n(t)x3()[(kT), J(kT)]dt} + By (E.36)
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and

E[V,(7i((k + 1)T)) = Va(@(KT))|[7(KT), ¢(KT)]

{pT[ 3 HU (kT +Qy(sz)]

(i,9)eL €ij

IN
Nt

(k+1)T
o, / En, (8)|7(kT), qkT)]dt

T

w, (k+1)T

8ps M,

E[n2(t)z%(t)|n(kT), q(kT)]dt} + E,, (E.37)

where E; and FE, are finite positive constants. Multiply (E.37) by € < 1 and add to
(E.36). We have

(1 + OEWVL(A((k + 1)T)) = Va(a(KT))|A(KT), g(kT)]

c ${ 3 wosmsom
s=1 ( v

i,j)EL

(k+1)T

(1+ T — / B0 (T, T

(k+1)T
e, / Eln, () (KT, (7))t

(k+1)T
“4p, M / v (O)|7(kT), (kT)]dt} +E + B, (E.38)

As in Lemma E.9, we shall prove the following lemma bounding the change in
Va ().
Lemma E.10 Ifa < 1/T, then

E[Vy(¢((k+1)T)) = V. (*(kT))Iﬁ(kT) q(kT))

< 2 ) a(kT) { > ZH““ / *T Efn, () (K)FKT), THT)]

C
(3,9)eL m:(i,m)eL s=1 m

S Z Hmi /’““’T Eln, (), (kD)|A(KT), 4k T)]

Cms

m:(m,i)eL s=1

LY S /<k+1>T Eln, ()2, (KT)|A(KT), gkT)] .

T Cih
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k0T B, () (kT)|7(KT), {(kT)]

h ) o
+ 0y ZHJ/ o dt —T

h:(h,j)eL s=1

S

+aEgz [ /k (TM) E[n?(t)22(t)|7(kT), ¢(kT)]dt | + Ej, (E.39)

s=

where E3 and Ey are positive constants.

Proof By the definition of the maximal matching M(kT), (i,j) € M(kT) implies
¢;;(kT) > 1. Further, since we can choose a < 1/T', the projection operator in (6.35)

is not needed. Hence,
[Qi((k + DT)]* — [Qi(kT)]?

= 2aT Z qi;(kT) + Z q;i(k

J:(ig)eL J:(GR)eL
S
1 ij (kT ns(t)xs(kT)
DO €5 Sy I
ji(ig)eL s=1 KT g
S
1 o EDT g () (KT)
3 (g [y
j:Ga)eL s=1 KT Ji
S
1 DT ne(t)xs (KT
wrrt| S (s [T Oy
sig)eL \© s=1 = J
2
(k+1)T ng(t)xg (kT
+ 2 ( ZHJZ/ BALZART) )C,,( Dt~ Xpemuny
J:(j)EL 7

Substituting into (E.35) and rearranging the terms, we have,

Vo(q((k +1)T)) = Vy(g(kT))

S [ET (D (KT
23 g | S S HT / ns()z(kT)
(1,5)eL m: (i, m)eL s=1 kT Cim
(k+1)T ) (4 LT
+ Z ZHW / ns(t)2s (KT) o,
Cmi
m:(m,i)eL s=1

(k+1) ne(t)xs (KT
s ZHJ/ ol

h:(j,h)EL s=1

dt
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+ ) ZH’U/UC+ Mdt

c
hi(h,j)eL s=1 hj

=27 > q;(kT) | D Lgmemary + >, Limoemun)
(i,5)eL m:(i,m)eL m:(m,i)eL

+ Z Limemmny + Z L hjyemem)y

h:(j,h)EL hi(h,j)eL
+E4(k), (E.40)
where
N
Ey(k) = oT*)
i=1
(k+1)T Stz (kT
> (3o [0 Dt ey
3:(6,5)eL K
( 2
k+1)T
; Stz (kT
+ > < ZHJ / no k) )C,A( La - I{(j,oeM(kT)})
jGieL \7 =1 7
Similar to the proof of Lemma E.9, we can show that
S (k4+1)T
Ey(k) < aF3) / n2(t)x?(t)dt | + B, (E.41)
s=1 kT

where F3 and Ej are positive constants. (Note that E3 can be shown to only depend

on the topology of the network.) Further, by the definition of the maximal matching
M(KT),

Z I{lmEMkT}+ Z I{szMkT)}

m:(i,m)EL m:(m,i)EL

> Lgmemary + > Lnpemony = 1,
h:(j4,h)EL h:(h,j)eL

for all (4, ) such that ¢;;(kT") > 1

Hence,

—gi;(KT) | D Lgmemory + > Lmiemeny
m:(i,m)eL m:(m,i)EL
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+ Z Limemur)y + Z Lihjyemery | < —qij(KT) +1
h:(j,h)eL h:(h,j)eL

for all (i,7) € L. (E.42)

Substituting (E.41) and (E.42) into (E.40), the result (E.39) then follows with F, =
E5 + 2LT, where L is the total number of links. [ |

Proof [of Proposition 6.6.1] Note that for all a;,s =1,..., S,

S (kT z ZH’"%

(z’j)eﬁ m:(i;m)eL s=1 Cim

_ Za Z Hzm :(4,9) eﬁ%(kT)

s=1 (i,m)eL Cim

> D im (KT)
_ ij £<m:(i,m)eL Qim
> a. ) H: » : (E.43)
5= (i,9)eL
Similarly,
S .
H"a, i Dmi(m,i gqmz(kT>
IRICIDIP I BB I
(i,5)eL m:(mji)eL s=1 mi (i,J)eL
s ; s
H!"a i 2anmyec Gn(KT)
I I D D D
(i,)EL h:(j,h)EL s=1 s=1  (i,j)eL K
s s
Jas Z“Zh: h,j ﬁth<kT)
> w(kT) > Z— = Do, o HITHREE -
(i.5)EL hi(hjeL s=1 s=1  (i,5)eL “J
(E.44)

Hence, by Lemma E.10,
E[Vy(q((k+1)T) — ‘G(i(kT))lﬁ(kT)7 q(kT)]

S gy QD U / T Bl (e R, Tt

IA
[\
Mc/:

s=1 | (ij)ec i T
(k+1)T
ST Y gy (T) +aE32 [ [ B0, qaur)
(3,9)EL

+E,. (E.45)
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Adding (E.45) to (E.38), we have
EV@((k+1)T),q((k + 1)T)) = V(#(kT), gkT))[7(kT), g(kT)]

< 2T(1+e Zps > H” (k) fQJ(kT) —2T > qy(kT)

(i,5)EL Cij (i,5)EL

S (k+1)T
—€> w /k E[n,(t)|7(kT), q(kT)]dt

[ - —QE?»] /,;MTE[ni<t>x§<t>|ﬁ<kT>,q‘(mndt

(E.46)
+E7a

where E; = Ey + Ey + E;. When « is sufficiently small, the product term in (E.46)
is negative. Further, by assumption, [p,] lies strictly inside % Hence, there exists

some positive number € such that, for all node 7,

1+20| 3 ZH S Z

ji(i,§)€L s=1 “ij Ji(Ga)eLl s=1

<1/2.

Hence, applying (E.43-E.44) again on the inequality (E.46), we have,
EV(i((k+1)T),q((k +1)T)) = V(a(kT), @(kT))|7i(kT), ¢(kT)]

im S mi
< 20 S qy(kT) ZM+ 3 Zw

C,
1 mm m:(m,i)eL s=1

S ; S ;
H{"(1+ €)ps HY7(1+ €)ps
fy oy o, 5o Bt

€ (hj)eL s=1
S (k+1)T
—e>own [ Bl (KT, AT e +
k
H Ds Hmzps
< —2Te Y q(kT) | Y Z + > Z

(3,9)EL m:(i,m)eL s=1 Cim m:(m,i)eL s=1

fy oyt s ZH%

h:(j,h)eLl s=1 Cih h:(h,j)el s=1
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S (k+1)T
—S / B[, (0)[7(kT), kTt + Br.
1 kT

S=

By Theorem 2 of [113] (or Theorem 3 of [133]), the result then follows. [
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