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ABSTRACT

Motivated by edge computing with artificial intelligence, in this
paper we study a bandit-learning problem with switching costs. Ex-

isting results in the literature either incur ®(T%) regret with bandit
feedback, or rely on free full-feedback in order to reduce the regret
to O(\/T ). In contrast, we expand our study to incorporate two new
factors. First, full feedback could incur a cost. Second, the player
may choose 2 (or more) arms at a time, in which case she is free
to use any one of the chosen arms to calculate loss, and switching
costs are incurred only when she changes the set of chosen arms.
For the setting where the player pulls only one arm at a time, our
new regret lower-bound shows that, even when costly full-feedback

is added, the @(T%) regret still cannot be improved. However, the
dependence on the number of arms may be improved when the
full-feedback cost is small. In contrast, for the setting where the
player can choose 2 (or more) arms at a time, we provide a novel
online learning algorithm that achieves a lower O(VT) regret. Fur-
ther, our new algorithm does not need any full feedback at all. This
sharp difference therefore reveals the surprising power of choosing
2 (or more) arms for this type of bandit-learning problems with
switching costs. Both our new algorithm and regret analysis involve
several new ideas in choosing the primary and secondary arms,
tuning the weight decay parameter within and across episodes, and
using the loss differences in the weight updates, which may be of
independent interest.
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1 INTRODUCTION

In this paper, we are interested in bandit learning with switching
costs, which can be used to model many practical decision-making
problems that not only face significant uncertainty, but also incur
costs for changing decisions. Consider edge computing with artifi-
cial intelligence (Edge Al) [7] as an example, where an edge server
close to the end users downloads machine learning (ML) models
from the cloud to process incoming inference requests. As the un-
derlying ground-truth model of the data changes in uncertain ways
(which is often referred to as concept drift [13]), the best ML model
also changes in time. However, because of the limited capability
of the edge server, it can often only accommodate a small number
of ML models. Thus, the edge server needs to learn which subset
of ML models should be used, based on the feedback (e.g., infer-
ence losses) observed. Further, downloading an ML model (which
is not currently on the edge server) from the cloud incurs commu-
nication overhead, which can be modelled by a switching cost .
Hence, the edge server has to carefully select the ML models to
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reduce the total inference losses and switching costs in the long
run, which thus corresponds to a bandit-learning problem with
switching costs. Other examples of such problems can be found in
transportation networks [2], data-center networks [19], wireless
communication [4] and cyber-physical systems [15], etc.

In the online learning literature, it is well-known that the ex-
istence of switching costs significantly changes the nature of the
regret. Specifically, in an adversarial setting (which we will focus
on in this paper), for bandit learning without switching costs, the
Exp3 algorithm can attain O(NT) regret over a time-horizon T [3].
However, once the switching cost is added, the regret (for the set-
ting where only one arm can be pulled at each time) increases

substantially to G)(T%) [1]. A matching lower bound in [10] sug-
gests that such an increased regret is unavoidable. While this result
may be somewhat discouraging, it leaves many important open
questions, as we explained below. Note that since ML models in
Edge Al corresponds to arms in bandit learning, we use the word
“model” and “arm” interchangeably in the rest of the paper.

First, in practice, in addition to pulling one arm, there are often
other ways to obtain feedback. For example, in Edge AI, the edge
server could send the data to the cloud for analysis. In this case, the
feedback from all ML models can be obtained, beyond the model
already deployed on the edge server. This is somewhat analogous
to the full-feedback setting studied in [14]. Reference [14] shows
that, if the full feedback can be obtained with zero costs, the regret
for bandit learning with switching costs will remain at O(VT),
which would have been much lower than that of [1] where only
bandit feedback is available. However, in practice, feedback from
the cloud also incurs non-negative costs due to multiple reasons,
e.g., communication costs, latency and privacy issues [7]. Thus, the
regret for bandit learning with both switching costs and full-feedback
costs remains an open problem.

Second, instead of holding only one ML model at each time, in
Edge Al the edge server can usually accommodate M > 2 ML
models at each time. In this setting, using any of these M models
for inference does not incur a switching/downloading cost, and at
each time the feedback from all these M models (currently on the
edge server) can be observed. This setting is thus most similar to
a bandit-learning problem with limited advice [18], where M > 2
arms can be chosen at each time. However, [18] only studied the
case without switching costs, where the regret is O(VT) regardless
of whether one (M = 1) or more (M > 2) arms are chosen at each
time. Our setting is also related to bandit-learning problems with
semi-bandit feedback [8] and side information [2]. The studies for
semi-bandit feedback [8] typically do not consider switching costs
either. Although the side-information setting [2] has been studied
with switching costs, it is somewhat different from ours because
switching within the M > 2 arms also incur switching costs there.

Partly due to this difference, the regret [2] remains at G)(T%). In
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summary, it remains an open problem whether in our setting, choosing
M > 2 arms can improve the regret.

In this paper, we provide new answers to the above-mentioned
two open problems. First, we study the case when M = 1, i.e., only
one arm can be pulled at each time, and there is a switching cost $;
to change the arm and a full-feedback cost S to obtain feedback
from all arms. As we discussed earlier, the latter action corresponds
to the edge server sending data to the cloud for analysis. We provide

a lower bound of the regret, which grows as @(T% ). In other words,
when only one arm can be pulled (M = 1), adding costly full-
feedback will not fundamentally change how regret depends on T.
However, our lower bound does suggest that utilizing costly full-
feedback may change the multiplication factor in front of T5.In
some settings, this factor can be reduced from O(K% ) to O((InK) 3 ),
where K is the total number of arms. This lower bound is obtained
by constructing two new type of adversaries (please see Sec. 3.2)
that forces any online learning algorithm to either switch arms

or use costly full-feedback for at least Q(Té) number of times, in
order to obtain a loss no greater than the optimal static loss plus

O(T% ). The proof of the lower bound involves an analysis of the
Kullback-Leibler (KL) divergence (i.e., relative entropy) on a hidden
Markov model, which is of independent interest. Moreover, we
provide an algorithm called Randomized Online Learning With
Costly Full-Feedback (ROCF) that achieves a regret that matches
the lower bound (please see Sec. 3.3).

Second, we study the setting when M > 2, i.e., more than one
arm can be chosen at each time and one of them is used to incur the
loss, while there are still switching costs and full-feedback costs.
Surprisingly, here we provide a new online learning algorithm,
called Randomized Online Learning With Working Groups (ROW),
that can achieve a regret of O(VT) without even using full feedback

(see Theorem 4.1), which significantly improves the G)(T%) regret
for M = 1. In other words, having the flexibility to accommodate
one additional model (i.e., M = 2) almost brings comparable benefit
as having free full-feedback [14]. To the best of our knowledge, this
sharp transition from M = 1 to M > 2 has never be reported in the lit-
erature for bandit learning with switching costs'. This may be seen as
somewhat analogous to the “power-of-2” routing in load balancing
[16] (where sampling two queues can attain comparable reduction
to delay as sampling all queues), which is why we refer to it as
the “power-of-2-arms”. As M increases, the regret of ROW further
decreases. Using a trivial lower bound for bandit learning with free
full-feedback [5, 14], we conclude that the dependence of the regret
of ROW on T must be optimal.

To achieve the improved O(VT) regret, ROW employs several
new ideas. First, since M > 2 arms can be chosen at each time, in
addition to choosing the “best” arm that has been observed so far
(which we refer to as the primary arm), ROW also has the flexibility
to choose M — 1 other arms (which we refer to as the secondary
arms). We refer to the union of primary and secondary arms as the
working group. In order to fully utilize such flexibility at minimal
switching costs, the first idea of ROW is to fix a primary arm over
O(\/T ) time-slots (which we refer to as an episode), and switch

!Note that for bandit learning without switching costs, choosing M > 2 arms will
improve the regret, but it cannot alter the dependence on T [18].
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the secondary arms [1\%] times during an episode, each time to

a new subset of secondary arms that have not yet been chosen in
this episode. In other words, each episode is divided into [%]
number of sub-episodes, and switching only occurs at the end of
each sub-episode. In this way, ROW only makes a constant number
of switches within each episode (and ©( VT) switches for all the
time), but it can obtain not only the feedback of the primary arm
for the entire episode, but also the feedback of every other arms

for ﬁ fraction of the episode. Intuitively, this way of obtaining

feedback incurs much lower costs than using costly full-feedback

to obtain the same amount of feedback (for any K and f2 > 0
independent of T), which is also the reason that ROW does not use
costly full-feedback at all. Note that such saving is only possible
when M > 2. As we have discussed earlier, for M = 1, either the
switching cost or the full-feedback cost has to be Q(T%) to attain
low losses.

However, just using the above idea alone is insufficient to pro-
duce the O(VT) regret. The reason is that the feedback obtained is
highly correlated in time. This is because each subset of secondary
arms is retained for the whole sub-episode (whose length is also
O(VT)). 1t is known that such correlation tends to increase the
regret. Indeed, we can construct two counter-examples (please see
Sec. 4.1) to show that, if we merely use episodic versions of existing
bandit-learning algorithms, e.g., Exp3 [3], the regret will still be very
high. ROW utilizes a second crucial idea to overcome this difficulty.
Our key observation is that, whenever such a sub-episode with
highly-correlated feedback occurs, one of arms in the current work-
ing group (either the primary arm or a secondary arm) will likely be
consistently better than other arms. Then, ROW will try to switch
to the better arm more quickly within the sub-episode, and thus
improve the regret. Specifically, recall that in Exp3 [3], each new

feedback [ (t) reduces the weight of an arm by a factor e~ (1) The
parameter 7 thus determines how fast Exp3 responds to new feed-
back information, and it must be set to a particular value to achieve
the minimum O(VT) regret (for bandit learning without switching
costs). To accomplish this faster switching within a sub-episode, our
proposed ROW algorithm will use a larger weight-decay parameter
n2 within each sub-episode, while using a smaller parameter 71
across episodes. However, 7, cannot be too large either. Otherwise,
the regret will be poor for sub-episodes where the feedback is not
correlated in time. In Sec. 4.2.2, we give a sufficient condition on
how much 52 should be larger than 7; to strike the right balance. We
note that this idea of using two different weight-decay parameters
is new and may be of independent interest.

Finally, since in each episode the primary arm will receive much
more feedback than the secondary arms, this creates a bias in the
overall quality of feedback at the end of each episode. This bias
issue is resolved by using instead the loss differences between the
primary and secondary arms (please see our Idea 3 in Sec. 4.1). Our
proof for the O(VT) regret carefully captures the effect of the above
ideas by utilizing several new techniques (please see Sec. 4.2 for
details).
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2 PROBLEM FORMULATION

In this section, we provide the problem formulation for our bandit-
learning problem with switching costs and full-feedback costs.
Moreover, we present a motivating example based on edge com-
puting with artificial intelligence (Edge AI), which has received
extensive attention recently [7, 23]. Finally, we introduce the per-
formance metric.

2.1 Bandit Learning With Switching Costs and
Full-Feedback Costs

A player interacts with the adversary/environment sequentially in
time. Let K = {1, 2, ..., K} denote the set of all arms and let M be
an integer, 1 < M < K. In each time-slot t = 1,..., T, first the player
chooses M arms among all K arms. Let k(t) denote the set of the M
arms chosen at time ¢. The player uses one of the arms in k(t) as the
active arm, which is denoted by k(). The loss of this arm, f(;) (t),
will be used to calculate the loss and regret later. In addition, the
losses [ (t) of all arms k € k(t) are observed by the player. The loss
I;.(t) can be any arbitrary value in [0, 1]. In this paper, we study
both the cases when M = 1and 2 < M < K. When M = 1, ]l%(t)
only contains the active arm k() and only the loss of this arm is
observed. In this case, we simply say that the player “pulls” the
single arm k(t) at time ¢. On the other hand, when 2 < M < K in
addition to the loss of the active arm k(t), the losses of other M — 1
arms in k(t) are also observed.

Next, for every arm that is newly added to the set k(t), a switch-
ing cost 1 > 0 will be incurred. Thus, the switching cost at time
tis fq Zke]&(t) l{ké]fg(t—l)}’ where 1f is an indicator function (i.e.,
1g = 1if the event E is true, and 1g = 0 otherwise). As typically
assumed in bandit-learning problems [2, 3, 10, 14, 21], we assume
that k(0) = @ is empty. In addition to the feedback from the M arms
ink(1), at each time ¢, the player can choose to obtain full feedback
of time ¢ for all the arms (including those not in ﬂ%(t)) at a cost f.
Let z(t) = 1 if the player chooses to obtain the full feedback at time
t, and z(t) = 0 otherwise. Therefore, the total cost is

T
Cost(1:T) 2 3" 1ty +B1 D, Vipip)y +Be(D)
=1 kek(z)

1
2.2 An Example Motivated by Edge Al

We consider an Edge Al setting where an edge server collaborates
with a remote cloud. The edge server runs machine learning (ML)
models on an online stream of input data to predict their labels.
(For example, in an E-commerce recommendation system, the input
data at each time contains the customer data, item data and web
shop transactions, etc. The input data will be used by the edge
server to return the recommendations, i.e., the predicted labels of
what the customer is interested in.) We assume that K ML models
are already trained and available in the remote cloud. However,
due to the limited capability of the edge server, only M models can
be deployed at the edge server at each time. Since it is unknown
which ML model works best, the edge server needs to use the
feedback (e.g., the actual product picked by the customer) to learn
which subset of ML models it should deploy. (In practice, both the
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underlying distribution of the input data and the mapping from
data to labels change in time due to the so-called concept drift [13].
Therefore, the best model(s) also changes in time. As a result, this
learning process may be performed again after a concept drift.)

This learning process can be modelled as the bandit-learning
problem described above. Each arm corresponds to one of the K
ML models. At each time ¢, the edge server chooses the subset k(t)
of M models, which correspond to the M arms chosen in bandit
learning. This subset ]lAg(t) may be the same as the subset ]li((t -1)
chosen at last time ¢ — 1, or it may differ, in which case a switching
cost f1 Zkeﬂfg([) l{keﬂ%(t—l)} for downloading the ML models that
are not currently on the edge server will be incurred. Note that this
switching cost is assumed to be proportional to the number of ML
models (which are not currently on the edge server) downloaded
at time ¢. Then, the input data X (t) is revealed. The edge server
will use the models in k(¢) to infer the label of X (t). Further, it will
use the result ?Il(t) (t) of one of the models k(t) € ﬂ%(t), to return
to the end user. This model k(t) then corresponds to the active
arm in bandit learning. Next, the true label ?(t) of X (t) is revealed.
The edge server can then calculate the inference loss I (¢) for each
ML model k € ]lAg(t), based on the difference between the inferred
label 17];(t) and the true label 17(t), e.g., using the squared loss (i.e.,
L(t) = 1Y (1) - Y (0)]1%) [11].

At the end of time ¢, the edge server may also choose to consult
the cloud for the quality of all ML models. In that case, it sends the
data X () to the cloud. After the cloud processes this data with all
ML models k € K, the edge server can retrieve the inference-loss
Ii.(t) of all the ML models. Clearly, it incurs additional computa-
tion/communication overhead to obtain such feedback from the
cloud, which we model by the full-feedback cost f2.

2.3 Performance Metric

We use the regret [1, 3, 10, 14, 20] as the performance metric. For
an online learning algorithm s, its total cost Cost™ (1 : T) is given
by (1), which includes both switching costs and full-feedback costs.
For the optimal static solution OPT, it knows the future losses in
advance, and hence can choose only one arm/model throughout the
time-horizon. The cost of OPT is then given by CostO?T(1: T) =
Ircni;} Zthl Ii. (t)+ p1, where there is only one switching cost f; at the
€

beginning of the time-horizon, and there is no full-feedback cost.
The regret of algorithm 7 is defined to be the worst-case difference
between the expected total cost of algorithm 7 and the total cost of
OPT, ie.,

R™(T) 2 sup {Eﬂ [Cost™ (1: T)] = CostPT (1 : T)} )
L.x (1:T)
where the expectation is taken over the possible randomness of
the algorithm 7, and I3.x (1 : T) denotes the losses I (¢) of all arms
k € [1,K] for all time ¢ € [1,T]. Our goal is to design an online
learning algorithm with a regret as low as possible.

3 THECASEOFM =1

In this section, we focus on the case when M = 1, i.e., the player
(e.g., edge-server) can pull only one arm (e.g., model) at each time.
We are interested in studying whether adding full feedback with a
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cost 2 can alter the regret of bandit learning with switching costs.
Recall that in this case, the active arm k(t) is the only arm in ]1:((t).
As we mentioned in the introduction, when full feedback is free,
it has been shown in [14] that using full feedback will improve
the regret from @(T%) to O(VT). However, since in our model the
full feedback incurs a cost, it is no longer clear whether the regret
can still be improved. In this section, we first give a lower bound
on the regret when the cost of full feedback is considered. Second,
we provide an algorithm called Randomized Online Learning With
Costly Full-Feedback (ROCF), which attains a regret that matches
the lower bound. Our main conclusion is that adding costly full-
feedback will not change the dependence of the regret on T, but
may change the multiplication factor as a function of K.

3.1 A Lower Bound on the Regret (M=1)
We first present a lower bound on the regret of any online algorithm.
THEOREM 3.1. Consider bandit learning with switching costs and

full-feedback costs introduced in Sec. 2.1. When M = 1, the regret of
any online algorithm m must be lower-bounded as follows,

2

R™(T) > R*(T) % max {Clﬁé (logy K)3 T3, 2[357‘3} (3)

Wi

where

Pa = min{gﬁl,ﬁg}, Py = min{ZKﬂl,ﬁg},

=4 L ! and
9In2 72 (log, T - log, log, K)’
o 4 1
"N olnz 72log, T’

We can see from Theorem 3.1 that, even when the costly full-
feedback is added, as long as M = 1, @(T%) is still the optimal
regret for bandit learning with switching costs. This is in sharp
contrast to the case of free full-feedback [14], where the regret
can be improved to O(VT). While this result may be somewhat
discouraging, the costly full-feedback does play some role in the

multiplication factor in front of Tg, which depends on the relative
magnitude of $; and f. Intuitively, when the full-feedback cost S,
is large, the online learning algorithm would rather switch to obtain
feedback than using costly full-feedback. On the other hand, when
P2 is small, the online learning algorithm should avoid switching
and obtain feedback from costly full-feedback. Thus, we expect that
costly full-feedback will be more useful in the latter case than in the
former case. The conclusion of Theorem 3.1 shows this difference
precisely. Specifically, we can make the following observations.
(i) When fp > %Kﬁl, the lower bound R”(T) in (3) is equal to

max {Cl (gﬁl) (logy K)3 T T} ,Cy (zﬂl)SKiTg} (4)

As K increases, the second term in (4) quickly dominates. This
means that, when the full-feedback cost f is high, the regret of any

Wi

online learning algorithm 7 will at least increase as 3 K3T3. Note
that this expression is the same as the regret (for bandit learning
with switching costs) when there is no full feedback at all [10]. This
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Algorithm 1 The Multivariate Hidden Markov (MHM) adversary

Parameters: Choose € and o according to (12).
Initialization: Choose k* uniformly from K.
fort=1:Tdo

Step 1: Generate the value of G(t) according to (7).

Step 2: Generate the losses of each arm k € K as follows,

KD =G0+ 5 =€ Tgcse + 1o, ©

where yi (t) ~ N(0,0?) are i.i.d. Gaussian random variables
with zero-mean and ¢?-variance.

end for

observation is consistent with our intuition that, when S is large,
the online algorithm cannot benefit from costly full-feedback.
(if) When S, < %K f1, the lower bound R™(T) in (3) is equal to

2

T5,C2f; T“} ®)

Wi

1
max {clﬁg (log, K)3 T

As K increases, the first term in (5) quickly dominates. This means
that, when the full-feedback cost f is not hlgh the regret of any

online algorithm 7 will at least increase as ﬁa (InK)3 3T5. If in

addition f < 3, we have /)’a (InK)3 T3 = ﬂ2 (InK)3 T3, which

1 9
is smaller than ﬁf K3T3. Compared with the earlier case (with large
P2), our regret expression here has the same dependence on T, but
now increases more slowly as a function of the total number K of
arms. This observation is also consistent with our intuition that,
when f3 is small, the online algorithm can benefit from costly
full-feedback more.

Finally, we note that the division of the two cases depends on
the value of Kf; and f2. The intuition is that, with K switches,
an online algorithm may also attain the feedback from all K arms.
Thus, it makes sense to compare Kf; with f to determine which
type of feedback is more effective.

3.2 Lower Bound Analysis

To prove Theorem 3.1, we design two important adversaries, which
are shown in Sec. 3.2.1 and Sec. 3.2.2. The first adversary captures
the dependence of the regret on T. The second adversary uses the
first adversary as a building block, which allows us to refine the
dependence of the regret on K. For both adversaries, we make use
of Yao’s principle [22] that the worst-case expected regret R (T)
of a randomized online algorithm 7 is lower-bounded by the ex-
pected regret of the best deterministic online algorithm against a
randomized adversary. Thus, in the following we focus on designing
randomized adversaries, and studying the regret of deterministic
online algorithms. Recall that K = {1, ..., K}.

3.2.1 Multivariate Hidden Markov (MHM) Adversary. In this sec-
tion, we provide the first randomized adversary, called Multivari-
ate Hidden Markov (MHM) adversary, which generalizes the idea
in [10]. Please see Algorithm 1.

Specifically, Step 1 in Algorithm 1 is the same as that used by
the adversary introduced in [10]. That is, for each time ¢, define the
parent time of t as p(t) =t — 29() | where 6(t) Zmax{d |t =0
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(mod 2%)}. The main reason that the parent time p(t) is 25(1) time-
slot ahead of time ¢ is to guarantee that with high probability, the
generated losses [ (t) are in [0, 1]. Please see Appendix E for the
concrete proof of this guarantee. Then, Step 1 of MHM generates a
Gaussian process G(t) in the following way,

G(t) = G(p(t)) + &(t), for all time ¢t € [1,T], 7)

where G(0) = 0, and £(t) ~ N(0,¢?) are i.i.d. Gaussian random
variables with zero-mean and o%-variance. As in [10], this process
G(t) creates a common uncertainty across all arms. As a result, if
an online algorithm does not switch arms, it will have a difficult
time figuring out whether the losses experienced on the chosen
arms are due to this common process G(t), or due to the chosen
arms being inferior to other arms. In Step 2, the first three terms?
in (6) are also the same as that used in [10]. However, (6) differs
from the adversary of [10] in the fourth term. This additional term
adds a Gaussian noise y () to the loss I () of each arm at each
time. This additional noise is critical because our online algorithm
s can use costly full-feedback, which is not considered in [10].
Intuitively, without this noise yi (¢), by using one round of costly
full-feedback, the online algorithm can know the losses of all arms
in the same time-slot. Then, the online algorithm will immediately
know which arm is the optimal one (i.e., the arm with a loss that
is € lower). In contrast, the additional noise in (6) eliminates the
possibility for such a trivial solution. We refer to this adversary
as Multivariate Hidden Markov (MHM) because the hidden loss
[hi(y) & he(t) (1) = yi(r) (t) satisfies the Markov property.

As we explain below, this additional noise yi (¢) causes new dif-
ficulties in the proof of the lower bound. We follow the approach
in [10] to derive the regret lower-bound of any deterministic online
algorithm 7 against the MHM adversary. Specifically, let P« (-)
denote the probability measure under the setting where one opti-
mal arm k* incurs € lower cost than other arms, as in (6). Let Po(-)
denotes the probability measure when € = 0, i.e., the arm k* is
statistically the same as other arms. In addition, let 1°b(.) denote
the observed losses of the online learning algorithm. Then, the
analysis in [10] focuses on estimating the Kullback-Leibler (KL)
divergence Dip (Pp- (1°° (1 : T))||Po(I°° (1 : T)), which then leads
to the lower bound on the regret. However, for our MHM adversary,
the additional noise yj (¢) incurs a new difficulty. Recall that p(¢) is
the parent (time) of ¢, and thus ¢ is the child (time) of p(¢). Let p(t)
denote the set of the predecessors of time t, i.e. its parent, parent’s
parent, etc. Similarly, let p(t) denote the set of the descendants

of time t. Note that without y (), the observed loss 1° (1) would
have been a Gaussian process G(t) plus a fixed constant % or % —e€.
Thus, [°P(t) would have satisfied a form of Markov property [12,
p- 235], i.e., conditioned on current observed losses, the conditional
probability distribution of future losses at a descendant time in p(t)
is independent of past losses at any predecessor time in 5(t). Then,
the proof could use the chain rule of KL divergence [9, p. 23]. In
contrast, with the additional noise yi (t), the observed loss 1°b (1)
does not satisfy the Markov property any more. This is because,
conditioned on the observed losses at time ¢, past observed losses
still provide information for the statistics of the future losses. For

“The first three terms in (6) guarantees that the expected values of the losses are %
and § — € for the sub-optimal arms k # k* and the optimal arm k*, respectively.
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example, by taking the average of the losses observed at all pre-
decessors in p(t), we can average out yi (¢) across time, and thus
estimate the mean value of the loss at a descendant time in p(t)
with a higher accuracy. Therefore, we cannot use the chain rule
directly, and must find a new way to bound the KL divergence.

To overcome this new difficulty, we develop a result on the KL
divergence of hidden Markov models [9, p. 69]. Specifically, notice
that the hidden loss [P (¢) 2 Ie(r) (1) = Yi(r) (1), Le., the loss in (6)
but with yi(;)(t) removed, satisfies the Markov property. Then,
using the chain rule of probability, we can show that

Dit, (Pie (0 (12 1), (15 T IR (1P (1 ), 1751 : 7))
= Dyt (Pae (P (L T (1 )P0 (P (1: DI (1: 7))
4D (P (1 D) IR (12 7)), ®)
where the conditional KL divergence is defined to be [9, p. 22]

Dxt, (P (10 (1 TR (L TP (1P (1 DI (1 7))

= Ep. (hi(1:7)) | By (10 (1) |1 (1:7))

©)

[ Pre (I°°(1: T)|M(1: T))
In -
Po(19D(1 : T)|Ihi(1 : T))

My . T)]

Similarly, we can show that
Di, (P (1P (1 1), 51 T IR0 (1°0 (15 T), 191 7))
= D, (P (1 DI (L )P (1 TIP(1: 7))
+Dge (Pie (PP (15 TP (1P (15 T))
> Dt (Pie (PP (1 D) IR0 (%0 (1: 7)) (10)

where the inequality is because the KL divergence is always non-
negative [9, p. 26]. Combining (8) and (10), we have that

Dyt (Pe (1P (1 THIRo (P (1: 7))
< D (P (10 (15 T (1 ) [P (1P (1 TY M (15 7))
+ D (Pre (M1 TP (15 T)) ). (11)

The first term on the right-hand-side of (11) can be easily calcu-
lated at each time, since conditioned on the hidden loss lhi(t), the
observed loss l°b(t) is only due to i.i.d. Gaussian variables yg(t).
The second term on the right-hand-side of (11) can be calculated
by using the chain rule of the KL divergence, since the hidden loss
1M (1) satisfies the Markov property. We can then obtain Lemma 3.2
below for the regret lower-bound against the MHM adversary.

LEMMA 3.2. Consider bandit learning with switching costs and
full-feedback costs introduced in Sec. 2.1. When M = 1, by choosing

i L st and : (12)
€= - : sando = ,
9ln2 9log, T "? 9log, T
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Algorithm 2 The Dividing Set (DS) adversary

Initialization: A strictly positive integer n € Z**, the total
number of arms K = 2", and the set k* of optimal arms that
begins with all arms, i.e., ]1%*(0) =K.
forj=1:ndo
Step 1: Shrink the set of optimal arms randomly by half. Specif-
ically, form the universe of the optimal arm set (with half size)

as follows,
{]1:(*

where |k*| denotes the cardinality of the set k*, Then, choose
k*()) uniformly from A(j).
Step 2: Restart and run a subroutine ¥ (X, k*(j), %) to generate
the losses in the j-th episode..

end for

1>

kK Ck(j-1), [k =

(14)

AG) e - 1)|}’

the regret of any online learning algorithm n against the MHM ad-
versary is lower-bounded as follows: for T > max {fp, 6K},

JT 4 3 3
RAT) 2 N oIz 7210g T Py T (13)

where f;, = min {%Kﬁl,ﬁz}.

Please see Appendix A for the complete proof of Lemma 3.2.
From Lemma 3.2, we can see that the regret lower-bound produced
by MHM corresponds to the second term in (3). Note that it correctly
captures the dependence of the regret on T, but the dependence on
K still needs to be refined.

3.2.2 The Dividing Set (DS) Adversary. To further refine the de-
pendence on K, in this section we provide the second randomized
adversary, called Dividing Set (DS). Please see Algorithm 2. We
note that this “dividing set” idea could be used to produce sharper
regret lower-bounds (in terms of their dependence on K) for other
bandit-learning problems, and thus may also be of independent
interest.

Specifically, the DS adversary starts with K = 2" arms, where n
is a strictly positive integer. DS initializes the set of optimal arms
to be k* (0) = K. Next, DS divides the entire time-horizon into n
episodes, each with % time-slots®. At the beginning of the j-th
(j = 1,...,n) episode, the DS adversary uniformly chooses half of
the arms from the last optimal-arm set k* (j = 1) to form the new
optimal-arm set k* (j) (i-e., Step 1 in Algorithm 2). Then, DS restarts
and runs a subroutine ¥ (K, k* () %) (i.e., Step 2 in Algorithm 2)
with K = 2 (treating the two halves of the arms as K = 2 arms).
This subroutine generates adversarial losses for K = 2 arms over
% time-slots, and it uses the arms in k*(j) as the optimal arms.
In particular, we will use the MHM adversary for this sub-routine
later. Suppose that the subroutine adversary ¥ (K, k* () %) incurs
a regret lower-bound of O(T?) for each episode. Lemma 3.3 below
provides a regret lower-bound for the entire time.

3For ease of exposition, we assume that T is divisible by n. All results can trivially be
extended to the case when T is not divisible by n.
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LEMMA 3.3. Suppose that a subroutine ¥ (K, k*,T) can generate
adversarial losses over T time-slots for a bandit problem with K arms
and the set of optimal arms given by k*. Further, suppose that for any
online algorithm n, ¥ (K, k*,T) can produce a regret lower-bound of
f(log, T) - T¢ (0 < { < 1). Then, the DS adversary guarantees that
the regret of any online algorithm r is lower-bounded as follows,

R™(T) > flo T ) (log, k)¢ 7€
82 1og, K (log, K) (15)

Please see Appendix F for the complete proof of Lemma 3.3.
As we discussed earlier, for our setting we will simply use the
MHM adversary as the subroutine for DS. In particular, MHM places
all arms into two categories. All arms in the optimal-arm set k* are
viewed as a single optimal arm, i.e., [ (1) = G(¢) + % —e+y1(t) for
all k € k*, and all arms outside the optimal-arm set k* are viewed
as a single sub-optimal arm, i.e., [ (t) = G(t) + % + y2(t) for all
k¢ k*. In other words, effectively there are only two arms, K = 2,
for MHM in each episode of DS. In this case, f;, in (13) is equal to

PBa = min {%ﬂl /32} Thus, combining Lemma 3.2 and Lemma 3.3,
we then get the regret lower-bound as

RE(T) > ¢ L !
9Iln2 7210g2(

The result of Theorem 3.1 then follows by combining (13) and (16).

2

] i (log, )3 TE,  (16)

T
log, K

3.3 Randomized Online Learning With Costly
Full-Feedback (ROCF)

According to our discussion in Sec. 3.1, to match the lower bound
R™(T) in Theorem 3.1, we should achieve a regret R” (T), such that

cl1ﬂ1 K3 T*
azﬁz (an)3 T3

if B2 > 3Kpi,

R™(T) <
if p2 < 2K P,

(17)

where a; and ay are positive constants. In this section, we provide
an algorithm called Randomized Online Learning With Costly Full-
Feedback (ROCF). Please see Algorithm 3. ROCF divides time into
{%] episodes of length 7. One arm is chosen at the beginning of an
episode, and is kept throughout the episode. Across episodes, de-
pending on the values of 1 and f2, ROCF either apply the decision
of Exp3 [3] without asking for costly full-feedback, or use the costly
full-feedback in one random time-slot within each episode and ap-
ply the decision of the “shrinking dartboard” algorithm of [14].

Specifically, (i) when the full-feedback cost f; is large, i.e., f2 >
%K B1, ROCF applies the Exp3 algorithm [3] across episodes. More
specifically, at the end of the last time-slot of the u-th episode,
ROCF computes the losses as follows,

Ly [u] ifk = kROCF [u], (18)
]

EEOCF [u] — piom [u] 5
0, if k # kKROCF [y

where Li [u] = :’;Z_l It (1), and kROCF 4] is the active arm used

in the u-th episode. Next, using the computed losses, ROCF updates
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Algorithm 3 Randomized Online Learning With Costly Full-
Feedback (ROCF)

Parameters: Choose 5 and 7 according to (22).
Initialization: WEOCF[I] =1and piOCF[l] =L forallk € K.
foru=1: H] (The u-th episode starts from ¢, = (u —1)7+1 to
ty+7—1)do
Step 1: At the beginning of the first time-slot #,,, pick an arm
for the entire episode as follows.
if u == 1 (i.e,, the first episode) then
Pick an arm kROCF[1] from all arms k € K according to the
probability piOCF [1].
else
if f > 3Kp then
Pick an arm kROCF[] from all arms k € K according to
the probability p%OCF [u].
else

OCF[]

With probability p™$[u] = MB{;(C“;—‘[L:], keep the previ-
lu=1]

ous arm, i.e., KROCF [u] = kROCF [u — 1]. With probability
1 — p™[u], pick an arm kROCF[y] from all arms k € K

according to the probability piOCF [u].
end if
end if

Step 2: Uniformly choose a time £[u] from [t,, t, + 7 — 1].
Step 3: (Inside each episode.)
fort=1t,:t,+7—1do

Pull the arm kROF[4] and use it as the active arm.

if B < 3Kp; and t == i[u] then

Ask for full feedback.

end if
end for
Step 4: At the end of the last time-slot of the u-th episode,
compute the losses for all arms k € K according to (18) (if
Ba = 3Kp) or (21) (if B2 < %Kﬂl). Then, update the weights
W/I:OCF [u + 1] and probabilities piOCF [u + 1] according to (19)
and (20), respectively.

end for

the weights and probabilities for all arms k € K as follows,
WﬁOCF [u + 1] — W]]:OCF [u] . e—ﬂi}EOCF[u]) (19)
w}:‘OCF [u+1]

ROCF
PO 1] =
Shoy w0 [u+1]

(20)
where 7 is a tunable parameter (i.e., Step 4 in Algorithm 3). Then,
at the beginning of the first time-slot of the (u + 1)-th episode,

according to the updated probabilities pﬁOCF [u+1], ROCEF picks an

arm kROCF [y + 1] from all arms k € K (ie., Step 1 in Algorithm 3).

(ii) When the full-feedback cost f7 is small, i.e., f2 < %Kﬁl,
ROCEF asks for the costly full-feedback in one random time-slot
within each episode and applies the decision of the “shrinking
dartboard” algorithm of [14]. More specifically, in the u-th episode,
ROCEF asks for full feedback at time #[u], which is uniformly chosen
in the episode (i.e., Step 2 and Step 3 in Algorithm 3). Then, at the
end of the last time-slot of the u-th episode, ROCF computes the
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losses using only the full feedback, i.e.,
iEOCF [u] = I (£[u]), for all arm k € K. (21)

Next, ROCF updates the weights and probabilities according to
(19) and (20), while using (21) for the loss LROF[u] (i.e., Step 4
in Algorithm 3). Further, at the beginning of the first time-slot of
. . ce s Wi ]
the (u + 1)-th episode, with probability p™[u + 1] = W,
ROCF keeps the arm kROCF [4], i.e., KROCF [+ 1] = kKROCF[4]. With
probability 1 — p™®[u+ 1], ROCF picks an arm KROCF [ 4 1] from all

arms k € K according to the updated probabilities piOCF [u+1].

For both cases, ROCF keeps using the arm kROCF [y + 1] as the
active arm for all time-slots in the (u + 1)-th episode (i.e., Step 3 in
Algorithm 3).

3.4 Regret Analysis

In Theorem 3.4 below, we show the upper bound of the regret
attained by ROCF.

THEOREM 3.4. Consider bandit learning with switching costs and
costly full-feedback introduced in Sec. 2.1. Choose

1
3

n= (min {ZKﬁl, ﬁg}) (InK)3 T3, and (222)

= |(FB ) mE)STH ], (22b)

where f(f1, f2) = %: if B2 = 2K B, and f(B1, f2) = ﬁg otherwise.

ForT > max {%, S}BLZK } the regret of ROCF is upper-bounded
1 2

as follows,

1
bif? (KInK)3 TS, if fo = 3Kpi,
1

RROCF(T) < 1 -
IR (INK)3TS +by,  if fo < 3Kpy,

(23)

where by = (%f/§+2 3 %) and by = f1 InK (1+2/f2).

By comparing (17) and Theorem 3.4, we can see that the regret
of ROCF matches the lower bound R (T) up to a (InK )% factor. In
particular, when the full-feedback cost f is small, i.e., fz < %K B,
the regret is indeed improved from O(K%Té) to O((an)% T%).
Please see Appendix G for the complete proof of Theorem 3.4.

4 THE POWER-OF-2-ARMS (M > 2)

In this section, we proceed to the case when M > 2. In contrast
to the previous section where we show that adding costly full-
feedback does not change the G)(Tg) regret, here we provide a new
algorithm that utilizes the flexibility of having 2 (or more) arms and
successfully improves the regret to O(VT).

4.1 Randomized Online Learning With Working
Groups (ROW)
We call our new algorithm Randomized Online Learning With

Working Groups (ROW). Please see Algorithm 4. We start with de-
scribing the high-level skeleton of ROW. Recall that K = {1, ..., K}.
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Algorithm 4 Randomized Online Learning With Working Groups
(ROW)

Parameters: Choose 132, 72, 171 and 77 according to (46).

Initialization: W]I:OW[I] =1and piow[l] = % for all k € K.

foru=1: L—Tl-‘ (The u-th episode starts from t, = (u — 1)71 + 1
tot, +71 —1.)do
Step 1: At the beginning of the first time-slot #,, according to

probability pgow [u] calculated in (24), choose a primary arm

k(l){OW [u] from all arms k € K for the entire episode.
foro=1: % (The v-th sub-episode starts from t;,, = (u —
Do+ @-1)+1tot,y+m—1.)do
Step 2: At the beginning of the first time-slot t,,
uniformly choose the set ]1?(540_\?'[14, o] of M — 1 sec-

ondary arms from the not-yet-been-chosen arms in K —
o—

1.
U kﬁ?_\?][u,v’] U{kgow[u]} . Then, form the work-

ing group by the primary arm and secondary arms, i.e.,
KROW [y, 0] = {kROW[u]} UEROW [y, 0].
Step 3: Initialize the weights Wgow(tu,v) and probabilities

ﬁgow(tu,z,) of all arms k € kROW [u,v] according to (25)
and (26), respectively.
fort=t,,:typy+12—1do

Step 4: Use an arm k € H%Row[u, v] as the active arm

according to the updated probability ﬁzow(t).

Step 5: Update the weights Wﬁow(t) and probabilities

ﬁEOW(t) of all arms k € kROW [y, o] according to (27)
and (26), respectively.
end for
end for
Step 6: At the end of the last time-slot of the u-th episode,
update the weights wgow [u+1] and probabilities pEOW [u+1]
of all arms k € K according to (29) and (24), respectively.
end for

Idea 1: Note that in order to obtain the O(VT) regret, we can
switch or use costly full-feedback at most O(VT) number of times.
The first idea of ROW is thus to design an effective way to rotate a
working group (of M arms) through all K arms, so that plenty of
feedback can be obtained for all the arms, while incurring O(VT)

switching costs and zero full-feedback costs. Specifically, ROW di-
T

vides the entire time-horizon into U = [T—l-‘ episodes, each with

71 = O(VT) time-slots. In the first time-slot #, = (u — 1)1y + 1
of the u-th (u = 1,..,U) episode, ROW chooses a primary arm
kgow [u]. This primary arm kgow [u] will be fixed for all 7; time-
slots in the u-th episode. In addition, ROW divides each episode
into V = [Il\fr_:ll-' sub-episodes, each with 7, = % time-slots. In
the rest of this paper, we refer to the v-th sub-episode in the u-th
episode as sub-episode (u,v). At the beginning of the first time-slot
tup = (u—1)71+ (v —1)72+ 1 of sub-episode (u, v), ROW uniformly
chooses M — 1 secondary arms from the arms that have not yet
been chosen in the u-th episode? (i.e., Step 2 in Algorithm 4). We let

4When K — 1 is not divisible by M — 1, the number of the remaining unchosen arms
in the last (i.e., V-th) sub-episode may be less than M — 1. In this case, after choosing
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ﬂ%ﬁq\?’[u, v] denote the set of the M — 1 secondary arms chosen in
sub-episode (u,v). Let ]l:(ROW[u, 0] = {k(l)QOW [u]} ﬂ%ﬁf_vy [u,v] de-
note the working group formed by the primary arm and secondary
arms. The working group KROW [, o] will be fixed for the whole
sub-episode (u,v).

Notice that by using this idea, ROW only switches at the bound-
aries of sub-episodes and never uses full feedback. Therefore, by
tuning 7, to be ®(VT), the total switching cost is guaranteed to be
©(VT), and the total full-feedback cost is 0. More importantly, with
this idea, we not only have the feedback for the primary arm for the
entire episode, but also have the feedback for each secondary arm
for % fraction of each episode. Intuitively, this way of obtaining
feedback incurs much lower costs than using costly full-feedback.
For example, if we want to obtain the same amount of feedback
by using costly full-feedback alone, we would have to incur a full-
feedback cost equal to ©(VT) in every episode! This is also the
reason that ROW does not use full feedback at all.

We now describe the rest of the details of ROW. At the beginning
of the first time-slot of the u-th (u = 1,...,U) episode, each arm

k € K is associated with a weight WEOW [u], which is initialized to
be WEOW[I] = 1 (we will describe how to update WEOW [u] from

w,ljow [u — 1] shortly). Then, from all arms k € K, ROW chooses a

primary arm k(I){OW [u] with probability (i.e., Step 1 in Algorithm 4)

PV lul = U (24)
’ T iV Il
Then, at the beginning of the first time-slot of each sub-episode
(u,v), the M — 1 secondary arms ﬂ?(RMO_V{ [u, v] are chosen uniformly
and rotated through all of the rest K — 1 arms as we described earlier
(i.e., Step 2 in Algorithm 4).

Further, within each sub-episode (u, v) we solve a bandit-learning
problem with the set of arms restricted to the chosen working group.
Note that this restricted version of the bandit-learning problem has
no switching cost (since any arm k € kROW [y, 4] can be used as
the active arm without incurring switching costs), and also has full
feedback (from all the arms k € KROW [u, 0]). Thus, we can directly
use the full-feedback version of the Exp3 algorithm inside each sub-
episode (u,v). Specifically, in the first time-slot t,, , of sub-episode
(u,v), ROW initializes the weights of all the arms k € K as follows
(i-e., Step 3 in Algorithm 4),

WOV (t,0) = wOW [u], (25)

i.e., to be the values of the weights at the beginning of the entire
episode u. Then, for each time t = t,, 4, ..., ty o + 72 — 1, each arm
k € kROW [, 0] is used as the active arm kROW (¢) with probability
(i-e., Step 4 and Step 5 in Algorithm 4)

WOW (1)

ROV (1) = (26)

R ~ROW :
ZkekROW[u,v] Wy ()

After the losses I (t) of all the arms k € kROW [y, 4] are obtained
for time ¢, ROW updates their weights with a tunable parameter

all those unchosen arms, ROW uniformly chooses the secondary arms from the arms
that have not yet been chosen for the V-th sub-episode.
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(a) Trace in counter-example 1 (i.i.d. across

arms k and sub-episodes [u, v]). every 2 time-slots).

(b) Trace in counter-example 2 (repeats

(c) Trace in counter-example 3 (repeats
every episode u).

Figure 1: One realization of the counter-example traces in one episode.

n2 as follows (i.e., Step 5 in Algorithm 4),

‘;V]I:ow(t+ 1) = WEOW(t) e mehe(t) (27)

and then proceeds to the next time-slot ¢ + 1. Note that the weights
Vv}jow(t) are reset by (25) in the first time-slot t = t,,, of each
sub-episode (u, v).

Finally, at the end of the last time-slot of the entire episode u,
ROW collects all the feedback received during the episode. Next,
during the sub-episodes that arm k was chosen for the working
group, ROW subtracts the loss of the primary arm from the cor-
responding loss of this arm k. Then, the resulting value is divided
by the conditional probability that k is chosen as a secondary arm

(conditioned on k not being the primary arm), i.e., % Precisely,
we let v, (k) 2 Jjo|o=1,..,V, ke kROW[u, U]} denote the sub-
episodes (u,v) when the arm k was chosen in the working group.

Let Ly [u, v, (k)] = X Zi’;;’”z_z I (t) denote the sum of the
( u,0

vev, (k
losses of arm k in sub-episodes (u,v) (except the last time-slot
t =ty + 1 — 1) forall v € v, (k). Then, ROW computes the loss
difference of each arm k € K as follows,

) Li[w,0u (k)] = Lizow 1 [u,0u (k)]

M-1
K-1

LROW[u] (28)

Note that for the primary arm k(l)lOW [u], the loss difference is

NEI%%[M] [u] = 0, which is also consistent with (28). Then, ROW up-
0

dates the weights for all the arms k € K with a tunable parameter
11 as follows (i.e., Step 6 in Algorithm 4),

WROW [y 4 1] = wROW ] . emmbelu], (29)

which becomes the initial weights for the next episode u + 1. In (46),
we give the values of all parameters of ROW, i.e., n1, 112, 71 and 72.
Readers familiar with bandit-learning algorithms may have al-
ready noticed two other crucial differences in ROW. First, a different
weight-decay parameter 12 is used to update weights in (27) within
the episode, compared with the parameter 71 that is used in (29)
across episodes. Second, when updating the weights across episodes
in (29), we use the difference between the loss of an arm and that
of the primary arm, instead of using the absolute loss of the arm
directly. In the following, we explain why these two differences (i.e.,
our idea 2 and idea 3) are crucial for achieving the O(VT) regret.

Idea 2: Use different weight-decay parameters 7, and 7. Re-
call that in every episode, ROW can obtain at least % fraction of
feedback from every arm. We would have hoped that this amount
of feedback is sufficient for attaining a low O(VT) regret. Indeed,
consider an alternate bandit-learning problem where the feedback
of each arm is obtained independently with probability % in every
time-slot. It is not difficult to show that Exp3 [3] using this amount
of feedback will attain the O(VT) regret.

However, compared with the above alternate problem, the dif-
ficulty we are facing here is that in ROW the feedback becomes
highly correlated in time. Indeed, the secondary arms are fixed
during the whole sub-episode. Thus, we either have all feedback
of an arm, or have none for the whole sub-episode. Below, we con-
struct two counter-examples to illustrate the difficulties in dealing
with such correlation. For ease of exposition, we use I(t : tp) =
[I(t), forall t = t1,21 + 1, ..., 2] to collect I(¢) from t = #; to t = t3.

Counter-example 1: Consider K = 4 arms and M = 2. For each
arm k, in each sub-episode (u,v), I (ty0 : tuoy + 72 — 1) = 0 with
probability %, and I (ty,0 : tyup + 72 — 1) = 1 with probability %
The losses are independent across arms k and across sub-episodes
[u, v]. Please see Fig. 1a for this loss trace in one episode. Using this
counter-example, we show why existing bandit-learning method,
Exp3 [1], could lead to a poor regret. Let us consider the optimal
static loss. First, the expected total loss of each arm is trivially
E[L] = % Second, let us estimate the variance of the total loss
of each arm. Since the loss is a constant within a sub-episode, the
higher correlation in time leads to a higher variance in the total
loss of each arm. Specifically, for each arm, the variance of its total
loss in a sub-episode® is @(r%). Thus the variance of its total loss
across T time-slots is Var(L) = TIZ . @(122) = @(T%). Thus, one of
the K arms may incur a total loss that is smaller than the average by
©(+/Var(L)). As a result, the total loss of the optimal static decision
OPTisE[L] - G)(\/\T(L)) = % - G)(T% ). (This estimate can also be
obtained by applying the random walk analysis [21, p. 111].) Next,
we consider the total loss of the episodic version of Exp3 [1]. Such
version of Exp3 picks an arm k at the beginning of an episode,
and use it as the active arm for the entire episode. Since the loss in
each episode is independent, the total loss of such Exp3 will be the

3In contrast, if the losses were i.i.d. in time, the variance should have been O (7).
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average loss of each arm in this counter-example, i.e., % Therefore,

the regret would be @(T% ).

Counter-example 1 clearly illustrates why the higher correlation
in time leads to a higher regret for the episodic version of Exp3.
To overcome this difficulty, we make an important observation. In
this setting with highly correlated losses, we observe that one arm
(with losses 0) will be consistently better than the other arms (with
losses 1) in each sub-episode. We may then beat the average loss
by switching to the better arm within a sub-episode. Indeed, with
M = 2, the chance that one of the two arms incurs zero loss is %.
Thus, if we can switch to the better arm (with losses 0) quickly
within a sub-episode, we may attain a total loss approximately
equals to %, which would have beaten the optimal static decision
OPT. This counter-example thus suggests why it is important to use
Exp3 [3] inside each sub-episode (in addition to across episodes).

However, it is still highly non-trivial to choose the parameter 5
of Exp3 within each sub-episode. One possible thought is that, we
can think of each sub-episode as a bandit-learning problem with
79 = O(VT) time-slots. Then, if we view the better arm within
the sub-episode as the static optimal arm, we would have to use
n=06(T" %) in order to attain the minimal regret against the better
arm. However, this choice of 7 would have been too large, as can
be seen in the counter-example below.

Counter-example 2: Consider K = 4 arms and M = 2. For arms
k =1,2,1;(t) = 0 for all odd time-slots ¢, and . (¢) = 1 for all even
time-slots t. For arms k = 3,4, [ (t) = 1 for all odd time-slots ¢,
and I (t) = 0 for all even time-slots ¢. Please see Fig. 1b for this
loss trace in one episode. Using this counter-example, we can see
why using Exp3 [3] with a parameter n = @(Tfi) could lead to
a poor regret. Let us consider the optimal static loss. Since the
total loss of every arm is % the optimal static loss is % Next, we
consider the total loss of Exp3. Notice that the probability of each
arm is initialized to be the same, i.e., % at time t = 1. Then, at
each time, suppose that all arms have been observed almost the
same number of times. Thus, the probabilities of all arms would be
about the same. However, whenever an arm with loss i (¢) = 0
and an arm with loss I, (t) = 1 are observed simultaneously, at the
next time ¢ + 1 Exp3 will use the arm k; as the active arm with a
probability higher by approximately ©(1). According to counter-
example 2, [ (¢t + 1) = 1. Thus, Exp3 will suffer an additional loss
©(n) approximately at each time. Hence, the total loss of Exp3 will
be % +0(nT) = % + @(T%)A Therefore, the regret would be ®(T%).

Counter-example 2 clearly indicates that, in order to attain the
O(NT) regret, the parameter 75 should be no larger than O(T_%).
However, since a sub-episode is of length much smaller than T,
we conjecture that 7 still needs to be larger than 7 (the latter is
used across episodes), so that ROW converges fast to the better
arm inside the chosen working group. Lemma 4.4 in Sec. 4.2.2 will
provide the exact condition on how 72 and 17 should be tuned to
obtain the O(VT) regret.

Idea 3: Use the loss difference from the primary arm to update
weights across episodes. We next describe why it is also crucial to
use the loss difference in (28) instead of the absolute loss of each arm.
Recall that at the end of each episode, we receive 7; feedback from
the primary arm, but only 7, = § feedback from each secondary
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arm. Intuitively, this bias will also increase the variance of the total
losses accumulated in the past, which again leads to a higher regret.
The following counter-example illustrates this difficulty.
Counter-example 3: Consider K = 4 arms and M = 2. In the first
sub-episode of each episode, the loss of each arm at each time is 0.
For all subsequent sub-episodes of each episode, the loss of each
arm at each time is 1. Please see Fig. 1c for this loss trace in one
episode. In the literature, the standard way to deal with this bias
in the amount of feedback is to divide the observed loss by the
probability that the arm is observed [1, 3, 5]. For each arm, this
probability is py [u]+(1—pg [u]) %, where py [u] is the probability
that arm k is chosen as the primary arm, and (1 — pg [u])% is
the probability that arm k is chosen as the secondary arm in a sub-
episode. With this mechanism, the estimated losses will be Ly [u] =

m when k is the primary arm, L [u] = 0 when k
is a secondary arm that is chosen in the first (v = 1) sub-episode,

and L [u] = m when k is a secondary arms that
is chosen in the subsequent (v = 2, 3) sub-episodes. Suppose that
prlul = % is the same across all arms. Then, the denominator is
actually the same across all arms, but the numerator will still lead
to a significant variance. Indeed. since the primary arm is chosen
randomly with probability py [u] = % it is not hard to verify that
the total estimated loss of each arm over an episode will have a
variance of @(7‘22). In contrast, if full feedback was available, all
arms would have a total loss equal to 272 in an episode, and the
variance would have been zero. It is easy to show that, with this
additional @(Tg) gap in the variance, the regret of Exp3 [1] is still

O(T%), which is much larger than O(VT).

Counter-example 3 thus suggests that, instead of dividing the
loss by the probability of observing an arm, we need some new ways
to deal with the above bias issue. Precisely, in (28), ROW updates
the estimated loss by the difference of the loss of each secondary
arm and that of the primary arm. In addition, the loss difference of
the primary arm is simply 0. Returning to counter-example 3, the
new estimated loss will then be Ly [u] = 0 for all the arms k € K.
Thus, the additional variance G)(rzz) of the estimated losses has been

eliminated, which is also crucial for attaining the O(VT) regret.

4.2 Regret Analysis

In Theorem 4.1 below, we show the upper bound of the regret
attained by ROW. For ease of exposition, we focus on the case
when K — 1 is divisible by M — 1. (It is not difficult to extend to the
case when K — 1 is not divisible by M — 1. Please see Appendix L
for details.)

THEOREM 4.1. Consider bandit learning with switching costs and
full-feedback costs introduced in Sec. 2.1. When M > 2, the regret of

ROW can be upper-bounded as follows, for T > %,
2 1

K-1
RROW(T) < 8b, Y VInKVT + by, (30)

where by = /3 +2b3p1, by = b3py + 1 and by = min {M,K — M}.
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In Sec. 3 when M = 1, the optimal regret is G)(Té) for bandit
learning with switching costs and full-feedback costs. In sharp con-
trast, now with M > 2, ROW achieves a significantly lower regret
equals to O(VT). Moreover, ROW never uses full feedback. Further,
as M increases, the regret of ROW can be further reduced. To the best
of our knowledge, this is the first result in the literature to utilize the
flexibility of choosing M > 2 arms to improved the regret to O(NT)
for bandit learning with switching costs. Furthermore, using a trivial
lower bound for bandit learning with free full-feedback [5, 14], we
can conclude that the O(VT) regret cannot be further improved.

The rest of this section is devoted to the proof of Theorem 4.1.

Due to the three new ideas in ROW, new analytical techniques are
needed to capture the evolution of the weights, which are also of
independent interest. In order to relate the loss of ROW to that of
the optimal static loss, our analysis below is carried out in three
steps. First, inside each sub-episode, we relate the total loss of
ROW in each sub-episode to a log-sum-exp function gz [u, v] of the
parameter 72 and the feedback from the chosen working group.
Second, at the end of each episode, we relate ga[u,v] of all sub-
episodes to another log-sum-exp function g [u] of the parameter
n1 and the loss difference i}:ow [u]. Third, across all episodes, we
relate gq [u] to the optimal static loss. Combining these three steps,
the total loss of ROW will then be related to the optimal static loss.
In the following, we let H [u — 1] denotes the o-algebra generated
by the observation of ROW from time ¢t = 1 to t = (u — 1)77. Let
Lilw,0] = 2% (1),
4.2.1 Inside each sub-episode. We start by relating the expected
loss of ROW inside each sub-episode (u,v) to a log-sum-exp func-
tion g2[u, v] (see Lemma 4.2). This function gz[u, v] will then be
further related to the variance of the feedback from the chosen
working group KROW [y, 0] in the sub-episode (see Lemma 4.3). Re-
call that in (25), the weights W}:OW(tu,v) in the first time-slots of
all sub-episodes are initialized to be the weights WIEOW [u] at the
beginning of the episode u. Thus, given a same working group, the
probabilities ﬁEOW(tulv) are also the same at the beginning of all
sub-episode v in an episode u. We let

ROW
SROW[. 1 » we o lul

kekROW [4,0]
denote this common probability.
LEMMA 4.2. For each sub-episode (u, v), given the history H[u—1]
and the chosen working group k[u,v], we have
tuyv+‘l'2—1 1
> D YW (t) < galu,v] + Smm 1 (32)
=luo  kekROW[y,0]

where

1
g2lu,0] = ——1In

; D, A Iule el (33)
2

kekROW[y,0]

On the left-hand-side of (32), the probability ﬁﬁow(t) is the
probability of using arm k as the active arm. Thus, the left-hand-
side of (32) represents the conditional (conditioned on the working
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group kROW [y, o] and history H[u — 1]) expected loss of ROW in
sub-episode (u,v). Hence, (32) upper-bounds the conditional ex-
pected loss of ROW by a log-sum-exp function g3 [u, v] and the
term %17212 + 1. We make two important comments. First, the value
of g2 [u, v] is approximated dominated by the arm with the smallest
loss Ly [u,v] (whenever the corresponding probability ﬁiow[u]
is non-zero). (32) thus confirms that ROW is trying to switch to
the “better” arm in the working group. Second, the gap %7721'2 is
much smaller than the gap %171'22 incurred by the episodic version
of Exp3 [1]. Note that the above-mentioned two conclusions pre-
cisely capture our ideas 1 and 2, which together allow ROW to
converge quickly to the better arm in the working group. Please
see Appendix H for the complete proof of Lemma 4.2.

The following lemma then relates g2 [u, v] to the expectation and
variance of the feedback from the chosen working group in the
sub-episode, which will be useful when we move to the second-step
of studying the weight updates at the end of each episode.

LEMMA 4.3. For each sub-episode (u,v), given the history H[u—1]
and the chosen working group kROW[u,v], if nars < In2, we have

g2lu,0] <E [L[u, v]|‘H[u - 1],]}&ROW[u, U]]

- %2 : Var(L[u, o] | H[u - 1],1&ROW[u,a]), (34)
where the expectation is taken with regard to the randomness in
AROW| ;

P [u], ie.,

B[l ol M- 16" o)) = 3 pRO [l [w0],

kekROW[y,0]

Var (L[u, o] |H [u - 1], k2w, 0]) 2 Z ﬁfow[u]

kekROW[y,0]
. (Lk [u,0] - E [L[u,v]\?([u - 1],ﬂ%ROW[u,v]])2 .

Notice that the expectation and variance on the right-hand-side
of (34) are for the feedback from the working group H%Row[u, v].
Thus, Lemma 4.3 shows that the log-sum-exp function g2 [u,v] can
be related to the expectation and variance of the feedback from
the chosen working group. Given the working group KROW [ 0],
Lemma 4.3 is proved by applying the Taylor expansion of the e™™
function to gz[u, v]. Please see Appendix I for the complete proof
of Lemma 4.3.

4.2.2  Relating the loss upper-bound at the end of a sub-episode to
the weights across episodes. Lemma 4.2 provides an upper bound
on the loss of ROW at the end of each sub-episode (u, v). Note that
this upper bound depends on 7;. On the other hand, at the end of
each episode u, we calculate the weights according to (29). Notice
that not only is igOW [u] in (29) different from Ly [u, v] in (33), the
parameter 7 is also different from #;. Thus, we need a way to
convert the loss upper-bound in Lemma 4.2 for each sub-episode
to a form that depends on the weights calculated by (29). This is
accomplished by Lemma 4.4 below. Further, this lemma gives a
sufficient condition on how to tune the parameters n2 and 7;.
Specifically, notice that the loss difference I:gow [u] calculated
in (28) is a difference from the loss of the primary arm kgow [u].
We let g2 [u] denote the sum of g2 [u, v] for all sub-episodes v, minus
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a term that corresponds to the loss of the primary arm, i.e.,

|4 |4
g 3 astuo] -3 g e
v=1 0=1
1 Y ROW
= __Zln Z p,leW[u]e—ryz[lk [wol | (35)
o5l | keirow [y,o]

where LEOW[H’ o] = L [u,0] — Lk(I}OW[u] [u,0].

LEMMA 4.4. If the parameters 12, 12, n1 and 1 satisfy that

2
K
n2 = 16 (m) ‘N1, 22 <In2 and g <In2,  (36)

we have
E]&ROW[M,I:V] [gz [u] “H[u — 1]]
< E]&ROW[uJ:VJ [g1 [u] |‘H[u — 1]] , (37)

where the expectation is taken with respect to the randomness in the
working groups, and

9l =——ln(ZpROW e~ lul). (38)

The log-sum-exp function gz [u] on the left-hand-side of (37) is
related to g [u, v] through (35), which is then related to the loss of
ROW in each sub-episode through (32). The log-sum-exp function
g1[u] on the right-hand-side of (37) is related to the weights cal-
culated at the end of the episode. Thus, Lemma 4.4 relates the loss
upper-bound at the end of each sub-episode to the weights across
episodes, and (36) confirms our conjecture that 72 should be larger
than 7;.

Please see Appendix M for the complete proof of Lemma 4.4. In
the following, we sketch the key steps (Step 1 - Step 3 below) for
proving Lemma 4.4, which may also be of independent interest.

Sketch of proof of Lemma 4.4:

Step-1: Similar to Lemma 4.3, we can derive a lower bound of
g1lu] by relating it to the expectation and variance of the loss
differences.

LEMMA 4.5. For each episode u, given the history H[u — 1] and
the chosen working groups kROW[u,1: V], if i1 < In2, we have

g1[u] > B [£ROW[u]

[u—1],EROW[y, 1 V]]
— - Var (iROW[u] |7‘{[u ~ 1], KROW [ 1 - V]) . (39)

where the expectation is taken with regard to the randomness in
POV ul, ie,

K
SLEFOY w1 V]| £ ) ROV ROV,
k=1

E [EROW[u] |7—([u

Var(I:ROW[u]|‘H[u 1], kROW [u,1:V] ) ZpROW

(LROW _E [LROW |“H 1], EROW [y 1 - V]])Z.
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Please see Appendix J for the complete proof of Lemma 4.5.

Step-2: Lemma 4.4 is then proved by mainly comparing the
expectations of (34) and (39) with regard to the randomness in the
working groups. Here, we use the help of a fictitious “full feedback”
system, where we assume that there is an oracle who knows the
losses from all arms in all time-slots during the episode. Further, this
oracle assigns the probability distribution pROW [u] on the arms.

It is easy to show that the expectations of both working-group
feedback and the loss differences are related to the expectation of the
fictitious “full feedback”. Further, Lemma 4.6 and Lemma 4.7 below
show that the variances of both the working-group feedback and
loss differences can also be related to the variance of full feedback,
given by Var (L[u, v]|H [u — 1]) in the lemma below.

LEMMA 4.6. For each sub-episode (u,v), given the history H [u—1],
we have

Bgrow (0] [Var (Llw, U]|11§ROW[u,o]) |7{[u ~ 1]]

=

>

:11 Var (L[w o] [H[u - 1]), (40)

=

where

Var (L[u,v]|H[u-1])

K 2
éZﬁWm( ZMW md»
k=1

The variance on the left-hand-side of (40) is for the losses from
the feedback in the working group kROW [y, 0]. The outside ex-
pectation is taken over all possible working groups. The variance
on the right-hand-side of (40) is for the fictitious “full feedback”.
Intuitively, if the right-hand-side of (40) is strictly positive, there
must be some difference among the losses of the arms. Then, even
when a random subset of arms is chosen into the working group,
we should still see some variance. That is the intuition why the
left-hand-side of (40) must also be strictly positive, which is the
conclusion in Lemma 4.6. Moreover, as M increases, the constant
factor % increases to be closer to 1. This is one of the reasons
that the regret of ROW decreases with M. In sharp contrast, when
M =1, we have ]I\g = 0. Indeed, in this case, no matter how large
the variance of full feedback is, the variance on the left-hand-side
of (40) will always be equal to 0. This is one of the reasons for the
sharp transition from the O(T%) regret when M = 1 to the O(NT)
regret when M > 2. Please see Appendix K for the complete proof
of Lemma 4.6.

Step-3: However, the fictitious “full feedback” is not available to
the online learning algorithm. Hence, Lemma 4.6 is not very useful
unless we can related the full feedback to the loss difference that
we design in (28). This is exactly the purpose of Lemma 4.7 below.

LEmMA 4.7. For each episode u, given the history H[u — 1], we
have

M-1

Z Var (L[u,0]|H [u—-1]) > 2K=D

Egrowp iy | Var (EFO [l RO [w,1: v]) )w[u -1
(41)
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Different from Lemma 4.6, Lemma 4.7 focuses on the variance
of the loss differences LROW [4], as in the right-hand-side of (41).
Moreover, the expectation is taken over all possible sequences of
the working groups for the whole episode. Thus, the variance of
full feedback on the left-hand-side of (41) is also summed over all
sub-episodes v. Intuitively, if the right-hand-side of (41) is strictly
positive, there must exist some difference across the secondary
arms when comparing with the common primary arm. Then, the
differences among the secondary arms cannot all be 0. This means
there must be some variance of the full feedback. This is the intu-
ition why the left-hand-side of (41) must also be strictly positive,
which is the conclusion in Lemma 4.7. Similar to that in (40), as
M increases, the constant factor 3 (A;é ) increases to be closer to 1.
This is another reason that the regret of ROW decreases with M.
In sharp contrast, when M = 1, we have % = 0, which again
implies a sharp transition from M =1 to M > 2. By comparing the
constant factors in (34) and (40) with that in (39) and (41), we can

2
see that to obtain (37), 12 needs to be larger than 16 (%) 1.
Please see Appendix L for the complete proof of Lemma 4.7.

REMARK 1. Lemma 4.7 is the result of using our idea 3. In other
words, without our idea 3 for constructing the loss dlﬁ”erencesl:gow[u]
in (28), Lemma 4.7 may not hold. For example, in the counter-example
3 that we introduced in Sec. 4.1, the variance of full feedback is 0.
Without our idea 3, the variance of the absolute loss from the feedback
in all sub-episodes will be @(Tg), which would have made Lemma 4.7
invalid. In contrast, with our idea 3, the loss difference is the difference
from the loss of the primary arm, which will be 0 for all arms. Thus,
the variance of the loss differences of ROW in each episode is 0, which
is the same as the variance of full feedback.

Combining Lemma 4.3, Lemma 4.5, Lemma 4.6, and Lemma 4.7,
we can then prove Lemma 4.4. The detailed proof is available in
Appendix M.

Up to now, by combining (32), (35) and (37) for all sub-episode
v and episode u, we can relate the total loss of ROW to g1 [u] as
follows,

V tuotr2—1
~ROW
ZES‘-(u 1]{ FROW [ 1.17] Z Z Z pe (1)
v=1 t=lyy kekROW[u o]

\4
(0) = Y Lgow [ ol H [ - 1]]}
v=1

U
Z { ZROW [ 1.V7] [91 ]‘W[u—l]]}+%l72T+VU.
- (42)

In the next section, we show how to relate the first term on the
right-hand-side of (42) to the optimal static loss.

4.2.3 Relating the upper-bound of the total loss of ROW to the
optimal static loss. Lemma 4.8 below relates the sum of g1 [u] on
the right-hand-side of (42) to the optimal static loss of OPT.
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LEmMMA 4.8. We have the following inequality,

ZU: Egu-1] {Eﬂgmw[u’w] [91 [u]‘ﬂ[u - 1]”
u=1

InK
< CostOPT(1:T) + ==

U \4
= D B {E 2 Litowy [, o] [H [u = 1]}} - (43)
u=1 o=1

In (43), the term on the left-hand-side is one of the terms in the
upper bound of the total loss of ROW, i.e., the first term on the
right-hand-side of (42). The first term on the right-hand-side is the
optimal static loss. The second term on the right-hand-side of (43)
can be obtained by following the Exp3 analysis [3]. The third term
on the right-hand-side of (43) is because the loss of the primary
arm is subtracted in gz [u] (see (35)). This term also appears on the
left-hand-side of (42), which will eventually be cancelled. Please
see Appendix N for the complete proof of Lemma 4.8.

4.2.4  The final regret. Since ROW only switches at the boundaries
of the sub-episodes, the total switching cost of ROW can be upper-
bounded as follows,

T
T
Z Z ﬁlI{kgkROW(t 1)} < mln{M K- M} ﬁl" “
1=1 fckROW (¢) 2
(44)

Next, since ROW never asks for full feedback, the total full-feedback
cost of ROW is 0. Combining (42), (43) and (44), we can see that the
regret of ROW is upper-bounded as follows,

InK 1 T,
RROW(T) < == 4 —pyT 4+ min {M,K - M} - {— {_
m 2 T2 72
(45)
Then, by choosing
=g n=|22VT) (16)
B _rK-11]1
n Czc‘lﬁ, 1= [—,1] ;_CZ\/TJ ’

4(K-1)
h re c1 = ll’l—K n = we h
where ¢1 Srmin{MK—M}-2f; * dez = T ave

K-1
RROW s%\/g +min {M,K — M} - 21 VInKNT

+min {M,K — M} -y +1, (47)

448(K-1)%InK
2+21
Please see Appendix O for the complete proof of Theorem 4.1.

for T > . The result of Theorem 4.1 then follows.

5 NUMERICAL RESULTS

In this section, we present numerical results comparing our new
algorithms ROCF introduced in Sec. 3.3 (for M = 1) and ROW in-
troduced in Sec. 4.1 (for M > 2) with the episodic version of Exp3
proposed in [1]. According to [1], the theoretical regret of the

episodic version of Exp3 is ®(K% TS ).
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Figure 2: Compare the regrets of ROCF and the episodic ver-
sion of Exp3.

5.1 The Caseof M =1

In the case with M = 1, we compare the regret of ROCF (that we
proposed in Sec. 3.3) with that of the episodic version of Exp3
(proposed in [1]). As we discussed in Sec. 3.1, when f» < %Kﬁl,
ROCF improves the dependence of the regret on the number K of

arms from K3 to (InK) 5, Thus, here we focus on the case when
the full-feedback cost f, is smaller than the switching cost f.
Specifically, we let the switching cost and full-feedback cost be
f1 = 10 and B2 = 1, respectively. We use the lower-bound trace
that we designed in Sec. 3.2, where the DS adversary runs the
MHM adversary as the subroutine. We consider T = 10° time-slots.
We compare how the regret increases with the number of arms K.
Please see Fig. 2. From Fig. 2, we can see that the regret of ROCF is
much smaller than that of Exp3, especially when K is large. For
example, when K = 512, the regret of Exp3 is around 3.32 X 10°. In
contrast, the regret of ROCF is only about 2.83 X 104,

5.2 The caseof M > 2

In the case with M > 2, we compare the regret of ROW (that
we proposed in Sec. 4.1) with that of ROCF (that we proposed in
Sec. 3.3) and the episodic version of Exp3 (proposed in [1]). We
consider ROW with M = 2 and ROW with M = 3. In Fig. 3, we
use both the lower-bound trace that we designed in Sec. 3.2 and
the three counter-example traces that we designed in Sec. 4.1. We
consider K = 4 arms, the full-feedback cost f = 1 and the switching
cost f1 = 1. We compare how the regret increases with the time
length T. From Fig. 3, we can see that for all 4 traces, the regret
of ROW (with M = 2 and with M = 3) is much smaller than that
of Exp3 (and ROCF). For example, when using counter-example 3
and T = V10 x 10°, the regret of Exp3 is around 2.61 x 10%. In
contrast, the regret of ROW with M = 2 is only about 3.22 x 103,
confirming the power of using 2 arms. Moreover, we can see that
when M increases, the gap between the regret of ROW and that
of Exp3 further increases. Specifically, take the case when using
counter-example 3 and T = V10 x 10° as an example. When M
increases from 2 to 3, the regret of ROW further decreases from
about 3.22 X 103 to 945.85.
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In Fig. 3, the regret of ROCF (for M = 1) is also smaller than that
of Exp3. This is because the choice of f; = 1 and f; = 1 for Fig. 3
satisfies ffy < %Kﬁl, As we show in (3) and (23), this is the range
where costly full-feedback is helpful for reducing the regret when
M = 1. In Fig. 4, we present a different set of results when f; = 0.1.
(The other parameters are the same as in Fig. 3.) When f; decreases
to 0.1, ie., B2 > %Kﬁl, using costly full-feedback is no longer that
helpful for M = 1. Thus, we can observe that the gap between
the regret of ROCF and that of Exp3 diminishes. In contrast, since
ROW does not use full feedback, it still shows significant reduction
in regret compared with other algorithms.

6 CONCLUSION

In this paper, we investigate bandit-learning problems with switch-
ing costs and full-feedback costs. First, when only M = 1 arm is
pulled at each time, we provide a lower bound (and a matching
upper bound) of the regret. Our new bounds show that adding

costly full-feedback will not alter the G)(Tg) regret for M = 1, while
the dependence on K could be improved when the full-feedback
cost fp is small. Second, when M > 2 arms can be chosen at each
time, we provide a novel online learning algorithm ROW that im-
proves the regret to O(VT) without even using full feedback. Our
result thus reveals that having 2 (or more) arms is surprisingly as
powerful as having free full-feedback, for obtaining a low regret
in bandit-learning problems with switching costs. Our algorithm
ROW and regret analysis involve several new ideas, e.g., using dif-
ferent weight-decay parameters inside and across episodes. Our
numerical results confirm that the regret of our algorithm ROW is
much smaller than that of the episodic version of Exp3.

There are several interesting directions of future work. First,
notice that we study the static regret. It would be interesting to
extend our study to the dynamic regret, where the optimal arm
changes in time. Second, ROW assumes the knowledge of the time
length T. It would be useful to extend ROW to the setting where T
is not known in advance.
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Figure 3: Compare the regrets of ROW, ROCF and the episodic version of Exp3. (f1 = 1, iz = 1.)
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A PROOF OF LEMMA 3.2
First of all, according to Yao’s principle [6, 17, 22], we have

R™(T) 2 By, (17) [E,, [Cost™ (1 : T)] - Cost®®T (1 : T)]
=E, [EII:K(LT) [Cost”(l . T) = CostOPT(1 : T)H
> min {EII:K(I:T) [cOst”’u . T) = CostT(1 : T)]}, (48)

i.e., the worst-case expected regret R” (T) of a randomized online
algorithm 7 against an oblivious adversary is lower-bounded by
the expected regret of the best deterministic online algorithm 7’
against a randomized adversary. Thus, the regret lower-bound that
the MHM adversary provides is a lower bound of R (T).

In the following, we prove Lemma 3.2, the lower bound provided
by the MHM adversary. We first provide some notations in Sec. A.1,
followed by some supporting lemmas in Sec. A.2 that will be used
in the final proof in Sec A.3.

A.1 Notations

In the following, we use P« (-) to denote the conditional probability-
measure given the optimal arm k¥, i.e.,

P () £ Pr{ |k}, k" =1,.,K. (49)

We use P (+) to denote an auxiliary conditional probability-measure
given that there is no optimal arm (i.e., the expected losses of all
arms are the same), i.e.,

Po(-) = Pr{-|k*

0}.
We use [°P (1) to denote the observed loss by the online algorithm
T, i.e.,

(50)

if 2(t) = 0,
if 2(1) = 1.

hee) (2)s

L (), 51

1°° (1) = {
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We use IM(¢) to denote the hidden loss of the pulled arm k(#), i.e.,
I (1) £ (o (0) = vy (). (52)

A.2 Intermediate Steps
In this subsection, we relate the expected cost-difference (between
s and OPT) to the total variation distance (between Py (l°b(l : T))
and Py (l°b(l : T))).

First, we characterize the KL divergence between P (l°b(1 : T))

and P (l"b(l : T)) in Lemma A.1 below. We use D, (Q1(+)[|Q2(+))

to denote the Kullback-Leibler (KL) divergence (i.e., relative entropy)
between two probability measures Q1(-) and Q3 (+), i.e.,

Dyr, (Q1()1Q2(4)) = Ep, [ln (828)] '

LEmMMA A.1. The KL divergence between the probability mea-
sure Py (l"b(l : T)) and P« (l"b(l : T)) of the entire observed loss-
sequence 1°0(1:T) is upper-bounded as follows: for T > 2,

Dgp, (Po (lob(l : T)) ”Pk* (lOb(l : T))) < %
22, [Ni.] + 2Bp, [N 2 k| + KB, [N = 7]}
(53)

where Ep, [Ni] denotes the expected number (under the probability
measure Py) of times that the algorithm switches from or to the
optimal armk*, Ep, [NCk| # k*] denotes the expected number (under
the probability measure Py ) of times the algorithm asks for costly full-
feedback when the optimal arm k™ is not pulled, and Ep, [NCk| = k*]

denotes the expected number (under the probability measure Py ) of
times the algorithm asks for costly full-feedback when the optimal
arm k* is pulled.

Please see Appendix B for the complete proof of Lemma A.1.
From Lemma A.1, we can then characterize the total variation dis-

tance between P (l°b(l : T)) and Py (l"b(l : T)), averaged over

all k*, in Lemma A.2 below. We use Dty (Q1(+)]|Q2(+)) to denote
the total variation distance between two probability measures Q1 (-)

and Q2 (),
D1y (Q1()11Q2()) = sup [Q1(A) — Q2(A)],
AeF

where 7 denotes the o-algebra of the sample space.

LEMMA A.2. The average total-variation-distance between the
probability measure Py (l"b(l : T)) and P~ (l"b(l : T)) of the en-

tire observed loss-sequence 1°°(1 : T) is upper-bounded as follows: for
T>2,

Il(k*i_lDTV (goo (l“b(l : T)) 2% (lob(l : T)))

Vin2-e ~\/10g7' \/% “Ep, [N*] +3-Egp, [NCk], (54)
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where Ep [N®] denotes the expected number (under the probability
measure Po) of times that the algorithm switches, and Ep, [NCk]

denotes the expected number (under the probability measure o) of
times that the algorithm asks for costly full-feedback.

Please see Appendix C for the complete proof of Lemma A.2. The
above bound on total variation distance then allows us to lower-
bound the regret in Lemma A.3 below.

LEmMA A.3. The expected regret of any deterministic online algo-
rithm 5 is lower-bounded as follows,

E [Costﬂ(l : T) — CostoPT(1 : T)]

eT €T LS ob ob
> - ?k*:lpﬂ,(@o (l (1: D) P (1))

+PE[N°]| + BoE [NCk] , (55)

where the expectation E is with respect to both P+ () and the ran-
domness of choosing the optimal arm k*.

Please see Appendix D for the complete proof of Lemma A.3. In
Lemma A.4 below, we take care of the possibility that adversary
inputs I () generated by MHM may exceed the admitted range
[0, 1].

LEMMA A.4. Let l;((t) denote the clipped loss of I;. (), i.e.,
I (1) = min{max{l;(t), 0}, 1}.

Next, we use Reg’ to denote the regret of the decision sequencek(1 : T)
made by the online algorithm under the clipped loss I (1), i.e.,

T T
Reg/ = Z Ky () + BIN° = Z () - Bi.
t=1 t=1

Similarly, we use Reg to denote the regret of the same decision sequence
k(1 : T) but under the unclipped loss I (1), i.e.,

T T
Reg 2 )" li(r) () + BN = D Ik (1) = 1.
t=1 t=1

Then, we have

T
E[Reg’] > E[Reg] — %, (56)
where the expectation E is with respect to both Py (-) and the ran-

domness of choosing the optimal arm k*.

Please see Appendix E for the complete proof of Lemma A 4.

A.3 Final Steps

ProoF. In this subsection, by using Lemma A.1-Lemma A.4, we
derive the lower-bound of the regret. In the following, we first
focus on analyzing the regret of any deterministic online algorithm
satisfying the following two conditions for any loss sequence: (Ci)
the total switching-cost is less than or equal to €T, (Cii) the total
full-feedback-cost is less than or equal to eT. We will relax this as-
sumption at the end of the proof (please see the end of this section).
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First, for any deterministic online algorithm satisfying conditions
(Ci) and (Cii), we have

Ep, [NS] -E[N]
= _k*z— {E'Po —Ep [ s]}

< ﬁK ZDTV (Po (P21 D) [P (1015 D)), (57)

where the inequality holds because, under condition (Ci) above,
Ns < % In addition, we have

Ep, [N:‘] ~E [N“k]
= & 2 {2 [N =B [N}

< ﬁez_TK kil D1v (7’0 (lOb(l : T)) ||Pk* (IOb(l : T)))’ 8)

where the inequality holds because, under condition (Cii) above,
ch < €T
<%
Next, combining (55)-(58), we have

E[cOst”u £ T) = Cost®PT(1: T)|lk (1) € [0,1],

forall k € [1,K],t € [l,T]]

T2 K

> €L _ T DTV(PO(IOb(l:T))HPk*(lob(l:T)))

k*=1

+pE [NS] + fE [NCk] - %

> % - % 2 DTV (SDO (z°b(1 : T)) [P (z°b(1 : T)))
+ ﬂlE% [N°] + B, [N (59)

where the first inequality is because of (55) and (56), the second
inequality is because of (57) and (58). Then, according to (54), we
have

E[Cost™ (1 : T) — CostPT(1: T)| (1) € [0, 1],

forall k € [1,K],t € [1,T]]
€T 3VIn2ylog, T - Té?
> 37 Py X -Ep [NS] +3-Ep, [NCk]
+ PiEgp, [N°] + BB, [ch] . (60)

Finally, according to (48), to get the lower bound of R (T), we
only need to derive the minimal value of the right-hand-side of (60)
over all possible values of Ep [N*] and Ep, [NK], for a carefully
chosen set of € and 0. We first focus on the second to fourth terms
on the right-hand-side of (60). Consider a function

flxy) = —aqf Ii(x + 3y + f1x + fay,
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3VIn 2+/log, T-T€?
Where a= ng

OIfpe = %Kﬂl, we have

f(x,y) =—a,[%x+3y+ﬂ1§ (%x+3y)+(ﬁ2— %ﬂl)y

z:ix+3y

= —a\/5+/31lz<Z+ (ﬂz - %ﬂl) y

andx,y > 0.

Then, f(x,y) is minimized at y = 0. Thus, we have, if 2 > %K/)’l,

flxy) = —avz+ B Igz

> —ﬂl—K, (61)

where the last inequality becomes an equality when z = Then,

,52 KZ
combining (60) and (61), we have

E|Cost™(1: T) — CostT(1: T)|.(¢) € [0, 1],
forall k € [1,K],t € [l,T]]

eT a?

-3 piK
£_9ln2-log2T-T2 4
3 4ﬂ1KO'Z

Using our choice of € and ¢ in (12), we have
E[Cost”(l :T) = CostOPT(1: T)|lk (¢) € [0,1],

forall k € [1,K],t €

3/ 1 1 1,2
2N\ o= ,BIKSTS
3In2 36log, T

(I) If po < %K P1, similarly, we have

(1.7

z= %x+3 y

fly = "= —a\/_+(ﬁ1——ﬂ2) +ﬁ_z

> —a\/2+ ?Zz

3a?
> -, (62)
45,

where the last inequality becomes an equality when z = 24;. Then,

ﬁ
combining (60) and (62), we have ’

E[Cost™(1: T) — Cost™ T (1: T)|l.(1) € [0,1],

forall k € [1,K],t € [1,T]]

el 3a®

-3 4P,
€T 27In2-log, T -T? ,

3 16202
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Using our choice of € and ¢ in (12), we have
E[Cost”(l - T) = CostOPT(1: T)|li (1) € [0,1],

forall k € [1,K],t € [1,T]

3/ 4 1 3.2
>\ |— " —— T3,
“Yoln2 36log, T b

Up to this point, we have proved the lower bound of the regret for
any deterministic online algorithm satisfying the two conditions:
(Ci) the total switching-cost is less than or equal to €T, (Cii) the total
full-feedback-cost is less than or equal to €T. For any algorithm not
satisfying these two conditions, similar to the conclusion in [10],
its regret can be lower-bounded by the regret of a modified version
of this algorithm that satisfies these two conditions. Specifically,
for any online algorithm 7 that violates conditions (Ci) and/or (Cii)
for some loss sequence, we can construct the modified version =’
of 7 as follows: 7’ follows  until the time when 7 has already
incurred a total switching-cost or full-feedback-cost equal to €T.
For all subsequent time-slots, 7’ uses a fixed decision. Let us now
demonstrate the relation between the expected regret of 7 and that
of /. For any loss sequence, if 7 satisfies condition (Ci) and (Cii),
the regret of #” is equal to that of 7. Otherwise, notice that the
expected difference between the loss of the optimal arm and that
of any other arm for each time-slot is at most €, conditioned on all
decisions that occur before time ¢. Thus, the regret of z’ is upper-
bounded by the regret of 7 plus €T, which is further upper-bounded
by twice of the regret of 7 (since the regret of 7 in this case must be
no smaller than either the switching cost or feedback cost, which
is at least €T). Combining these two cases together, we can draw
the conclusion that the expected regret of 7 must be lower-bound
by half of that of n’ (the latter satisfies both condition (Ci) and
condition (Cii) for any loss sequence).

m]

B PROOF OF LEMMA A.1

For the convenience of the reader, we re-state Lemma A.1 below.

LEmMMA A.1. The KL divergence between the probability mea-
sure Py (l”b(l : T)) and Py (l"b(l : T)) of the entire observed loss-
sequence 1°°(1 : T) is upper-bounded as follows: for T > 2,

log, T - €
ob(q . L (1901 - o2- ~

Dir (@0 (l (1: T)) [z (l (1: T))) <=
2B, [NL] + 28, [N # k7| + KB, [N = 7] |

(63)

where Ep, [NS*] denotes the expected number (under the probability
measure Pg) of times that the algorithm switches from or to the
optimal armk*, Ep, [NCk| # k*] denotes the expected number (under
the probability measure Py ) of times the algorithm asks for costly full-
feedback when the optimal arm k™ is not pulled, and Ep, [N“kl = k*]

denotes the expected number (under the probability measure Py) of
times the algorithm asks for costly full-feedback when the optimal
arm k* is pulled.

We now present the proof in steps.
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B.1 Initial Steps

First, we prove that (see discussion in Sec. 3 why related to the
hidden loss sequence ™ is essential)

DL (@0 (lOb(l : T)) e (1°b(1 : T)))
< Dy (7’0 (1°b(1 LT (1 T)) e (z°b(1 TRt T)))
+ Dy (700 (zhi(l : T)) [Pe (lhi(l : T))) . (64)

(Please see (9) for the definition of the conditional KL divergence.)
This is because (i)

Dxe, (Po (1015 T, 1781 1)) [Py (1901 1), (15 7)) )
(P (1°b(1 . 7), i1 : T))
Pex (l"b(l : T), Ihi(1 7))

=Egp, |log

o |l P, (lOb(l L T)|M(1 T)g Py (lhi(1 : T))

Pre (10(1: T)|Mi(1: T)) - Ppe (IMi(1: 7))

Po (10(1: DI )
Pex (l"b(l :T)|Ihi(1 : 7))

=Egp, |log

P, (lhi(1 : T))

+E 1 —_—
P8\ P (i(1: 1))

= D, (%o (l°b(1 DI D) [P (10 D))

+ Dy (PO (lhi(l : T)) e (lhi(l : T))), (65)

where the second equality is because of the linearity of the expec-
tation, and (ii)

Dxe, (Po (1015 T, 171 1)) [y (101 1), (15 7))
(P (1°b(1 . 7), (1 : T))
Pex (l°b(1 : T), Ihi(1 7))

=Egp, |log

o |l P, (lhi(l - T)|I°b(1 : T); Py (lOb(l : T))

Pre (i(1: T)IP(1: T)) - P (l°b(1 : 7))

Po (151 DI (1: 7))
Pex (lhi(l : T)|Iob(1 : 7))

=Egp, |log

P, (l°b(l : T))

+Ep |log| —
Po |98 B (191 1))

= D1 (730 (lhi(l TP (1 : T)) e (zhi(1 TP (1 : T)))
+ Dy (730 (z°b(1 : T)) [P (z°b(1 : T)))

> D, (Po (101 ) 1P (1012 D)) ). (66)
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where the last inequality is because
D1 (500 (zhi(l LTI (1 - T)) [Pe (zhi(1 ST (1 - T))) > 0.

(This is because the KL divergence is always non-negative, i.e.,
Dk, = 0 [9, p. 26].) Combining (65) and (66), we get (64).
According to (64) we have

Dk (700 (1°b(1 : T)) P (zob(1 : T)))
Py (lOb(l LT (1 :T))
Pre- (1°°(1 = T)| (1 : T))

< Egp, log

Py (lhi(l : T))

+Ep, |log| ———=
P08 o (i1 1))

7, (1)

1=t P (1P (D)|M(1))

TPy (I (p (1))
it P B OIP(p (1))

+Ep, |log

Po (10 (1) 1M
=Z{E”° P8 B P 01 (0)

t=1

Po (1(0) (o (1))
*Er |log Pre (D)1 (p(1)))
T
- {DKL (Po (PP ) [Pie (1M (1))
t=1

+ D (Po (O (p(e)) [P (PO (o (1)) }
(67)

where the first equality is because (i) given 1hi(¢), 1°P (1) is condi-
tionally independent of I°°(¢') for all ¢’ # t, (ii) of the chain rule,
and given lhi(p(t)), i) is conditionally independent of 1hi(s)
forall t’ # p(t) and t’ < t. The second equality is because of the
linearity of the expectation.

B.2 Intermediate Steps

In this subsection, we calculate the conditional KL divergence
Dit, (Po (PO D) [Pe (P17 1))
and
Dit. (Po (PO (p(1) ) [Pie (P (I (o (1))

for each time t. We use N (¢, 62) to denote the Gaussian distribution
with mean € and variance o2. We use N (i, %) to denote the multi-
variate Gaussian distribution with K dimensions, mean vector equal
to /i, and covariance matrix equal to . We use ji;(b) to denote the
mean vector with all entries equal to b but the k*-th entry equal to
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a. We use %(c?) to denote the covariance matrix with all entries not
on the diagonal equal to 0, and all entries on the diagonal equal to
0%. We consider two cases one-by-one: the case 1 when the online
algorithm does not ask for costly full-feedback at time ¢ and the
case 2 when the online algorithm asks for costly full-feedback at
time t.

Before we elaborate on case 1, we state a standard result that,
for two Gaussian distributions N (p1, 012) and N (2, 022), we have

DL (N(M,Gf)”/\/(ﬂz, o? ) =DgL (N(O, DN (2 - 111,05)) .
(68)
This is because the KL divergence between two Gaussian distribu-
tions N (p1, 012) and N (g, ag) is
o + (1 — p2)?

2

1
205 2

Dut (MG DN G o)) =1 2 ) +
(69)

which depends on the relative difference between the means, but
not the absolute values of the means.

(i) Case 1: If the online algorithm does not ask for costly full-
feedback, i.e., z() = 0, the observed loss I°P(¢) = he(#) (t) is a scalar.
Then, we have

Dia (Po (1P @I 0) [Pe (P01 (1)
= Dt (N (0, ) IN(0,0%)) = 0,

where the first equality is because of (68) and the fact that, condi-
tioned on IM(t), I°P(¢) follows a Gaussian distribution with mean
1M () and variance o (due to the noise Yk(¢) (t)) under both proba-
bility measures Py () and P« (+).

(i.a) If k(1) = k(p(t)), i.e., the arm pulled at time ¢ is the same as
the arm pulled at time p(t), we have

Dit (Po (1 (o) [Pie (P01 (o2 ))
= D, (N0, ) IN (0, 6%) = 0,

where the first equality is because of (68) and the fact that, con-
ditioned on lhi(p(t)), 1hi(¢) follows a Gaussian distribution with
mean lhi(p(t)) and variance o2 (due to the noise #(t)) under both
probability measures Py (-) and P+ (-).

(i.b) If k(¢) # k* and k(p(t)) = k¥, i.e., the arm pulled at time ¢ is
not the optimal arm k* but the arm pulled at time p(¢) is k*, we
have,

Diw (o (PO (o0 ) [Pie (P01 p(2)))

2 2 e
= Dyt (N(0.6D)IN(e.0%)) = .

Compared with case (i.a), the difference here is that, under P (-),
there is an additional gap € (due to the additional —e when gen-
erating [« (p(t)) in (6)) in the mean of M(). As a result, the KL
divergence is not 0 any more.

(i.c) If k(t) = k* and k(p(t)) # k*, similar to case (i.b), we have
Dit, (Po (1 (o) [Pie (B (1T o2

€2

= it (N (0,62)IN (=€, %)) = <
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(i.d) If k(t) # k(p(t)), k(t) # k* and k(p(t)) # k¥, i.e., the arms
pulled at time ¢ and p(¢) are not the optimal arm and are different,
we have

Dit, (Po (O (p(1) ) [Pie (P (I (p (1))
= Dy, (N(0,6))IN(0,6) = 0,

where the first equality is because of (68) and the fact that, con-
ditioned on /M( p(1)), 1M (1) follows a Gaussian distribution with
mean [M( p(t)) and variance o2 (due to the noise £(t)) under both
probability measures Py (-) and Pp-(+).

Having checked case 1, we now move on to case 2. Before we
start, we state a standard result that, for two multi-variate Gaussian
distributions N (ji1, %1) and Nx (jiz, X2), we have

Dxr (N (i, Z1) [N (2, E2)) = Dre (N (0, Z1)||N (jiz = fir, 2)) -
(70)

This is because the KL divergence between two multi-variate Gauss-
ian distributions N (fi1,21) and Nk (fiz, Z2) is

Dy, (Nk (i1, Z1)||Ni (jiz. Z2) )

_1 22| -1 - o \Tw—1,> -
=3 [logm K+tr (22 21) (2 — )" 25" (fiz — 1) | »
(71)

which again depends on the relative difference between the means,
but not the absolute values of the means.

(ii) Case 2: If the online algorithm asks for costly full-feedback,
ie., z(t) = 1, the observed loss [°P(#) = I;.x(¢) is a K-dimension
vector. Further, note that even though M (¢) is defined based only
on the chosen arm k(t), we can immediately infer the hidden loss
of all other arms. Indeed, under Py, the hidden losses of all arms
are the same. Under $p«, there is only a —e difference between the
hidden losses of the optimal arm and that of all other arms.

(ii.a) If k(#) # k* and k(p(¢)) # k¥, i.e., the arms pulled at both
time ¢ and time p(t) are not the optimal arm, we have

Dit, (Po (PO (0)) [Pe (P17 (1))

2
= D (Nic (0.5(0%)) 1INk (e (0).3(0%))) = .
where the first equality is because of (70) and the fact that, (I) condi-
tioned on M (t), under the probability measure Py(-), 1°P(¢) follows
a multi-variate Gaussian distribution with mean ﬁlhi( £) (1M (1)) and
covariance matrix X(c?) (due to the noise yi(t)), and (II) condi-
tioned on M (), under the probability measure Pr-(-), 190 (1) fol-
lows a multi-variate Gaussian distribution with mean i (t)—e =6)
and covariance matrix X(c?) (due to the noise yx (¢) and the addi-
tional term —e in (6) for arm k*). In addition, similar to case (i.d),
we have

Dia (P (I (p(0)) [Pi (1M (o (1))

= Dyt (N (0. ) IN(0,6%)) = 0,
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(ii.b) If k(t) = k(p(t)) = k¥, i.e., the arms pulled at both time ¢ and
time p(t) are the optimal arm, we have

Dxt, (Po (P10 [Pee (P 1 (1))

= Dx1, (NK (0,2(02)) INK (ﬁo(e),Z(cz))) _ (K__l)ez

202

where the first equality is because of (70) and the fact that, (I) condi-
tioned on M (¢), under the probability measure Py (-), I °b (1) follows
a multi-variate Gaussian distribution with mean [_jlhi( £ (M(1)) and
covariance matrix %(¢?) (due to the noise yx(t)), and (II) condi-
tioned on IM(¢), under the probability measure P+ (-), 1°b(¢) fol-
lows a multi-variate Gaussian distribution with mean ﬁlhi(t) (M () +
€) and covariance matrix X(o?) (due to the noise yi () and the ad-
ditional term —e in (6) for arm k™). In addition, similar to case (i.a),
we have

Dit (Po (O (1) [Pie (BT (o2 ))
= D, (N0, ) IN (0, 6%) = 0.

(ii.c) If k(t) # k* and k(p(¢)) = k*, similar to case (ii.a), we have

Dxt, (Po (I I (0)) 194 (1 ()17 (1))

- Dy (M (0:500%) I (700 20))) = .

In addition, similar to case (i.b), we have
Dxt, (Po (PO (o)) [Pie (I (o (1))
_ 2 2\ _ €
= Dia. (N (0, 6% IN(e,0%)) = —
(ii.d) If k(¢) = k* and k(p(t)) # k*, similar to case (ii.b), we have

Dit, (Po (P OIF(®) [Pe (P01 1))

(K- 1)e?
- 202

= i, (N (0.3(6%)) 1IN (7o), 2(2)) |

>

In addition, similar to case (i.c), we have

Dxt, (Po (PO (o)) [Pi- (I (o (1))
= D, (N0, ) IN (=¢,0%)) = %

B.3 Final Steps

Now, based on the results that we obtained in Sec. B.1 and Sec B.2,
we provide the final proof of Lemma A.1.

Proor. First, we use 75(¢) to indicate whether the online algo-
rithm switches from or to the optimal arm k* from time p(t) to
t. That is, 7%(t) = 1 if the online algorithm switches from or to
the optimal arm k* from time p(¢) to ¢, and 75(¢) = 0 otherwise.
Moreover, we use 7K(¢) to indicate whether the online algorithm
asks for costly full-feedback at time t. Next, combining all above
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cases and (67), we have
D1, (Po (IOb(l T)) |Pk* (lOb(l T)))

P, (ICk(t) =0,7%(t) = 1) : 26—2

1 o?
t=
(due to cases (i.b) and (i.c))
2
+ P (ICk(t) = Lk(1) # k*) -
o
(due to cases (ii.a) and (ii.c))
L\ Ké?
+ Py (ICk(t) = Lk(r) = ) 2
(due to cases (ii.b) and (ii.d))
< 507 By Z L= 1}}
t=1
€2 L
t 2 “Ep, Z‘ 1 rek(r)=1k(t) 2k*}
=
Ke? L
+ g EPO Z l{Ick(t)=1,k(t):k*}:| 5 (72)
t=1

where 1 is an indicator function (i.e., 1 = 1 if the event E is true,
and 1g = 0 otherwise). Recall that the event {7°(t) = 1} means
that there is a switch from or to k* between time p(#) and t. In
contrast, NS counts the number of switches from or to k* between

adjacent times. To relate Z 1 7s(s)=1) to N}.., we follow the proof

e
in [10]. First, the event {I S(t) = 1} implies that there exists at least
one switch from or to k* in some adjacent time-slots between time
p(t) and t. Next, we use {Si}i=1:Ni* to denote the time-slots from 1
to T that each switching between adjacent time-slots occurs. Then,
we have

Zl{mt) 1} = Z Z L{rs(t)=1}

i=1 te[1,T]:p(t)<S;<t
N7,

< ZI{te [LT]: p(t) < Si <t}

(log2 T+1)-Np.,

where | - | denotes the cardinality of a set, and the last inequality is
because of Lemma 2 in [10]. Since T > 2, we have

Z l{IS(t)=1} < Zlogz T- N‘;c*.
t=1

T
Moreover, we have (I) Y, 1y pek(py=1k(r)k*} 18 equal to the number
t=1 ’

of times using full-feedback Nk when k* is not pulled, and (II)
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> l{Ick(t)zl k(£)=k*} is equal to the number of times using full-
t=1 ’

feedback N°¥ when k* is pulled. Hence, we have

Dit, (Po (I°(1: 1)) [Pee (101 7))

e s ¢ ck *
SlOgZT ?EPO[N]C*]‘F?EPO[N |¢k:|
Ké? ki
+ﬁEPOI:N |=k] N

which concludes the proof.

C PROOF OF LEMMA A.2

For the convenience of the reader, we re-state Lemma A.2 below.

LEMMA A.2. The average total-variation-distance between the
probability measure Py (l“b(l : T)) and P (l"b(l : T)) of the en-

tire observed loss-sequence 1°°(1 : T) is upper-bounded as follows: for
T>2,

i 2 ol )i (ro-m)

k*=1

Vin2 - 4
< r; € \log, T \/ = Ep, [N +3-Ep, [N4],  (73)
o

where Ep [N®] denotes the expected number (under the probability

measure Po) of times that the algorithm switches, and Ep, [NCk]

denotes the expected number (under the probability measure Py) of
times that the algorithm asks for costly full-feedback.

Proor. According to Pinsker’s inequality (Theorem 12.6.1in [9]),
we have

Drv (7’0 (l"b(l : T)) e (lOb(l : T)))
< \/g Dkt (Po (190 (1 1)) [Py (1001 2 7).

Then, according to Lemma A.1, we have

Drv (Po (l°b(l : T)) [P (z°b(1 : T)))

VIn2
< ; w/long'E
o

: \/2E¢>0 N5 ] + 2B, [NK| # k] + KB, [NeK| = ke].
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Thus, according to Jensen’s inequality, we have

1 i Dry (Po (10121 2 (£ 7))

k*—l

€
2 N ra 1?
K
ZJZE%[ |+ 28, [N # K] + KB, [N = I
k*=1
1

<

Z Epo k*

n2 l € {
ng -
2 o )

2 S ck * % ck * %
+EZE%[N |¢k]+ZEg>O[N |=k]}.

k*=1 k*=1

Finally, we have

Il( i Dty (900 (,ob(1 : T)) [Pe- (lob(l : T)))

€

4
log, T ZE%0 [NS] +3Ep, [Nek],

where the inequality is because, when we sum over all k*, (I) the
event for switching from or to each k* at time ¢ are counted twice
(ie., when k* = k(t) and k* = k(¢ — 1)), and (II) the event for asking
for costly full-feedback when k(t) # k* are counted K — 1 times
(i.e., when k* € [1,K] — {k()}).

O

D PROOF OF LEMMA A.3
For the convenience of the reader, we re-state Lemma A.3 below.

LEMMA A.3. The expected regret of any deterministic online algo-
rithm 7t is lower-bounded as follows,

E [Costﬂ(l : T) — Cost9PT(1 : T)]

> % B % % Dry (7>0 (10b(1 : T)) 2% (lob(l : T)))
k*=1

+BE [N°] + BoE [N”k] , (74)

where the expectation E is with respect to both Py« (-) and the ran-
domness of choosing the optimal arm k*.

Proor. First, we let Ni» denote the number of times that the
algorithm pulls the optimal arm k*. Then, we have

E [Cost”(l : T) — CostFT(1 : T)]
K

= D B[e(T =N + iE [N] + B |N]

k=1

k*:k]

—eT- £ Z Ep,. [Ng]+BE [N] + B [ch]
k*_l
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Next, since Ny« < T, we have
Ep,. [Ng+] — Ep, [Ni+]
<T-Drv (Po (z°b(1 : T)) [Pe (ZOb(l : T))) .
Thus, we have

i Ep,. [Nj] <T i Drv (730 (lOb(l : T)) e (z°b(1 : T)))

k*=1 k*=1

K
+ Z Egp, [Ni+]

k*=1
=1 ey [P0 (100 1) [ (7)) 1
k*=1

Hence, we have

E [Cost”(l . T) = CostOPT(1 : T)]

> eT - % i Drv (730 (z°b(1 :T)) e (zobu : T)))

k*=1
- % + BiE [N°] + BoE [NCk]

N % ~ % Drv (Po (l"b(l . T)) “Pk* (IOb(1 : T)))

+BE [N°] + BoE [N“k] ,

where the last inequality is because K > 2.

E PROOF OF LEMMA A.4

For the convenience of the reader, we re-state Lemma A.4 below.
LEmmA A4. Let l/’c(t) denote the clipped loss of I (1), i.e.,
I (t) = min{max{li(t), 0}, 1}.

Next, we use Reg’ to denote the regret of the decision sequencek(1 : T)
made by the online algorithm under the clipped loss I (t), i.e.,

T T
Reg' 2 )" I () (1) + BiN* = 3" 1L.(1) = Bu.
t=1 t=1

Similarly, we use Reg to denote the regret of the same decision sequence
k(1 : T) but under the unclipped loss I (1), i.e.,

T T
Reg 2 " Iy () + BIN = D" I (£) = 1.
t=1 t=1

Then, we have
T
B[Reg'] > E[Reg] - —. (75)

where the expectation E is with respect to both Py (-) and the ran-
domness of choosing the optimal arm k*.

To prove Lemma A.4, we first prove Lemma E.1 below.
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LEmMmA E.1. With a probability larger than g, the loss I1.x (1 :
T) generated by the MHM adversary is in the feasible range [0,1].
Specifically, for T > max{fy, 6K},

Pr{l(t) e [0,1], forallk € [LK],t € [LT]} > (76)

[ NS, |

Proor. (Proof of Lemma E.1.)

First, we upper-bound of the variance of the generated loss I (¢).
Notice that the parent time in (7) is defined in a same way as that
in [10]. Moreover, similar to definition 1 in [10], we define the depth
of the Gaussian process G(1 : T) to be

4(6) 2 max {Ip(0)]+lp(0] +1].
i.e., the maximum number of the precedents and the descendants
plus 1 (for time ¢ itself). According to Lemma 2 in [10], the depth
d,(G) is upper-bounded by Llogz TJ + 1. Thus, the variance of G(t)
is upper-bound by (I_logz TJ +1)- o2. Remember that MHM adds a
new Gaussian noise y (t) with o variance. Therefore, the variance
of G(t) + yx(t) is upper-bounded by (|_log2 TJ +2) - o2, which is
less than or equal to 2log, T - ® when T > 6K.

Next, we can lower-bound the probability in (76). Since a stan-

Y
dard Gaussian variable x satisfies that Pr {|x| >y} < e” 2, we
infer that

Pr {|G(t) + ()] = \/4 -2log, T - 02 -lnT}
G(1) +yx (1)

=Pr > V4InT
\2log, T - o2

SE_ZIHT

1
,172.

According to the union bound, we have that for all T > 6K,

P G(t) +yk(t)] < f4-2logy T 02 -InT
r{kgi}c(“g[li%l () +yi ()] \/ ogy T+ o n}
K
>1-— >
T

Nl

Moreover, according to (12) that o = we have

1
9log, T~

1
\/4 -2log, T-02-InT < 3clog, T = 3
Therefore, we have that for all T > 6K,

1] 5
P G(t) + < =12-.
r{kgi}g] tgf‘i);]' () +yr ()] 3} .

Hence, we have
1 15
Pr {G(t) + 5 +yr(t) € [g g] , forallk € [1,K],t € [l,T]}

> =, (77)

Nl

Finally, according to (12), we have € < % for T > max {f, 6K}
Lemma E.1 then follows.
m}
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ProOF. (Proof of Lemma A 4.)

We follow the arguments in [10]. We use Q to denote the event
{le(t) € [0,1],for all k € [1,K],t € [1,T]}. If Q occurs, we have
Reg = Reg’. If Q does not occur, note that the expected difference
between the loss of the optimal arm and that of any other arm at
any time ¢ is at most €, conditioned on all decisions that occurs
before time t. Thus, we have

E [Reg — Reg/|-Q] < €T.
Hence, we have
E [Reg] — E [Reg’| = E [Reg — Reg’|-Q] - Pr(-Q) < % (78)

which concludes the proof.

F PROOF OF LEMMA 3.3

Proor. To prove Lemma 3.3, we consider a static solution OPT’
using the single arm in k*(n) for all time ¢ = 1,...,T. Since the
length of each episode is % and k* (n) is the optimal arm all the
time, the subroutine ¥ (K, k* %) produces a regret lower-bound

¢
equal to Q (f (logz %) (%) ) for each episode. Moreover, since the

total cost of the optimal static solution OPT must be smaller than
or equal to that of OPT’, we have,

o) ()
_o (f (logz I) nl—s“ré)

=Q (f (logz

R*(T)>2n-Q

T 1_§ éf
lngK)(logzK) T), (79)

where the last step is because n = log, K.

G PROOF OF THEOREM 3.4

Proor. First, we prove that in the first time-slot of the u-th (u =
1,..., U) episode, for both cases (i.e., f2 > %Kﬁl and f; < %Kﬁl),
the probability of picking each arm k is

Pr {kROCF [u] = k} = pROCF[y). (80)

(i) When p, > %K P1, (80) is trivially true.

(i)When f» < %K P1, we prove (80) by mathematical induction
(similar to the argument in [14]).
Base case: (80) is obviously true for u = 1. Next, we assume the
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induction hypothesis that (80) is true for u = ug. Then, we have

Pr {kROCF [up+1] = k}

- pr {kROCF [uo] = k} " [ug + 1]
K

+ 0 Pr (KR fug) = K} (1= p™[ug + 1]) - RO [uo + 1]
k'=1

WROCF[uO +1]

ROCF k
=pp luo]-
k W]I:OCF [u ]

wROCF [uo + 1]
+ ZPROCF ( k ROCF[ ] ) ngCF[uO_'_l]'

Then, according to the definition of the probability pROCF[ ] in

(20), we have

Pr {kROCF[uo +1] = k}

wiOFug]  wRO[ug+1] K wROT ]
Z | WROCF [y o] wROCF ] +k/ YK WROCF[]
wROF [ug +1] WO [y + 1]
(  wROCF [y ) 2K wROCF [y 4 1]
wROCF [y + 1]
Z ROCF[uO]
K w0 [ug] - ,EOCF[uo-Fl] wROF [ug +1]
+k/:1 Z ROCF[ ol Z ROCF[uO+1]'
Noting that
wiOF [ug +1]  E w0 [y + 1] wROF [ug +1]
SK WROCF[yg] ~ 4 §K \ROCF[y,] " $K \ROCF[ 1]’

we thus have

ROCF[u + 1]

ROCF _ Wi 0

Pr {k [up+1] = k} Z ROCF[MO Y
PROCF[uo +1],

where the last equality is because of (20).

Now, we can calculate the regret attained by ROCF for both cases.

D) If o > %Kﬁl, according to Exp3 analysis [1], we have that,

K
RROCF(p) o K 1 quT+ﬁ1—
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2
According to (22), we have 7 = {(%ﬁl) : (KIn K)_% T%J Thus, we

have
ROCF nkK
R (T)< + = ryK ( ﬁl) (KInK)~ STS|T
T
+p1 5
3 1 1
{(%ﬁ1)3 (KInK)™ T%J
2
InK 1 3
< n—+—;7K(§/31) (KInK)™5 T3T
n 2 4
T
+ p1 5 . (81)

(gﬁl)g (KInK)~3 T5 -1

We consider the first two terms and the last term on the right-hand-
side of (81) one-by-one. For the first two terms, according to (22)

3,[3 1
5{/;/313 (KInK)3 T5.

(82)

-1
that n = (%ﬁl) ’ (an)g T_%,we have

2
mK 1 (3,\
n—+5;71<(1/31) (KInK)“5 T3T =

2
For the last term, since (%ﬂl)a (Kan)_% T3 > 2 when T >

128K InK
2
9p;

, we have

( ﬁl) (KInK)“5 T35 -1 %( /51) (KInK)“5T5. (83)

Combining (81)-(83), we have

RROCE(T) < §{/§+z€/E
2V 9

(i) If po < %K P1, according to the shrinking-dartboard analy-
sis [14], we have that

1
B (KInK)3 T5.

nK T
RROCF(T)< + qu+ﬁ1 (InK+ry )+ﬂ2;.

2
According to (22), we have 7 = {ﬂ; (In K)_% T3 J Thus, we have

InK

1 2
RROH(T) < +-n|f3 (k)3 T%J T

T

+ 1 an+17—
{ﬁz (InK)™3 T3J

+ﬁ2

MBZ (InK)~ 5T3

< ln—+ 17/32 (InK)~ ST3T
n

T T
+ﬂ2ﬁ +p1 an“'U—
By (InK)"3 T35 -1 ﬁz (InK)~ 5T5 -1

(84)
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We consider the first two terms and the last two terms on the right-
hand-side of (84) one-by-one. For the first two terms, according to

_1
(22) thatp = g, ° (an)% T_%, we have
InK 1 2 3 1 :
= 4 opBl (InK)STIT =263 (InK)3 TS, (85)
n 2 2

2 11
For the last two terms, since §; (InK)™5 T3 > 2whenT 2 SILZK,
2
we have

2 _1.1 1.2 1.1
By InK)™3T3 —12 5/3’23 (InK)™53Ts. (86)
Combining (84)-(86), we have
3 1 1
RO (T) < 2B, (InK)3 T5 +26; (nK)5 T5
+p1 (InK +2InK/Bs)

IA

;132% (InK)3 T5 + B InK (1+2/B2) .

H PROOF OF LEMMA 4.2

Proor. To prove Lemma 4.2, we start from focus on the term
on the left-hand-side of (32). Specifically, for each sub-episode
(u,v), given the history H[u — 1] and the chosen working group
kROW [u, 0], we have that for each time t € [ty g, ty o + 72 — 2],

S wOW(t+1)
1 kekROW [1,0]
In

n2 >

kekROW [,0]

WrOW (1)

inW(t)e—nzlk(t)

2 wROW (1)
U] fROW [ 0]

keﬂf(ROW[

1
=—'7—21n Z

kekROW [1,0]

ROV (e O], (87)

where the first equality is because of the updates of the weight
Wﬁow(t) in (27), and the second equality is because of the updates

of the probability ﬁgow(t) in (26). Next, from (87), we have

> wOW(+)
1 kekROW [1,0]
In

n2 >

kekROW [4,0]

1
Z_U_Zln Z

kekROW [1,0]

:—Ulzln(l—qg- Z

kekROW [1,0]

+%ry§- Z

kekROW [1,0]

WrOW (1)
PO (1= maleto) + g0
ROV (1)

ﬁi‘OW(r)li(t)), (88)
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where the inequality is because e™ < 1 —x + %xz for all x € [0,1]
and n2l (1) € [0,1], and the equality is because of the re-arranging
of the terms. Then, from (88), we have

T WOV (r+1)
1 kekROW [4,0]
In

n2 >

kekROW [1,0]

1
>-tom ¥

kekROW [4,0]
1o
tom AZ
kekROW[y,0]

DN A OIXOEE T (89)

kekROW [4,0]

WROW (1)
ROV (D) (1)

POV (I (t)

where the first inequality is because In (1 — x) < —x for all x, and
the second inequality is because lﬁ(t) < 1forallk andt.

From now on, by utilizing the relation in (89), we relate the
expected total loss of ROW inside each sub-episode to the log-sum-
exp function gz [u, v]. Recall that for ga[u, v], we define L [u, 0] =

fuobTs—2 ) \ WEOW [4] .
t;’u,uz I (t), and ngW[u] 2 Zk—w}:w’[u]' By moving
kekROW [, 5]

the term %172 from the right-hand-side of (89) to the left-hand-side,
and then taking the sum of both sides of (89) for all time-slots
t € [tyo, tuo + 72 — 2], we have

tuo+T2—

2
>, D Voo

I=tuo | ekROW[y,0]

S WOVt

u,o -2 »

L1 fuots N LT 1 (1)
S - n - + —n2(12 —

no A X WOV 2

kekROW[y,0]
. )y ‘;V]Ijow(tu,v +12-1)

< 1 1 kekROW [y,0] 1
< ———In N + —1n2T2

2 . ) Wgow(tu,v) 2

kekROW [1,0]

1 SROW [, 1. —12Li| 1
=——1In ule melelwol {4 2 7 90

” > AVl S (90)

kekROW [1,9]
where the first equality is because of the telescoping sum. The sec-
ond equality of (90) is because of the update of the weight Wgow(t)
in (27) and (25), and the definition ofﬁgow [u] in (31). Finally, no-
tice that for any working group kROW [y, 0], we have that, at the
last time-slot t = t;, , + 72 — 1 of the sub-episode,

D BVt + - Dheltuo+ -1 <1 (91)

kekROW [4,0]

By combining (90) and (91), we can get (32).
O

REMARK 2. Notice that when T is not divisible by o, the number
of time-slots in the last sub-episode of the last episode may be smaller
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than t2. In this case, we only need to take the sum of both sides of
(89) up to time T. As a result, the loss Li[u,v] only contains the
loss I (t) up to time T. Moreover, the term %r]zrz in (90) will be
%172 - mod (T, 72), where mod (T, 72) denote the remainder when T is
divided by t5. Then, for the last sub-episode of the last episode in this
case, the term %ﬂz’l’z in (32) will also be %ryz - mod(T, t2). (This is
why the sum of%r]zrz over all sub-episodes in (133) is equal to %I]zT.)
However, for the convenience of elaboration, we simply use %r;z 73 for
both cases that T being and not being divisible by 7.

I PROOF OF LEMMA 4.3

To prove Lemma 4.3, we first prove Proposition .1 below. Lemma 4.3
then directly follows Proposition L.1.

ProrosrITION L.1. Consider the log-sum-exp function

L (&
- n (Z Pke_”l") .
T \ia

where Zle Pk =1,and0 < pp <1 forallk.Ifn - x| I <In2,

and . > 0 for all k, we have

K
_% In (kzzl pke-'?’k) <E[l] - g - Var(l), (92)

where E[I] = ©X_ ply and Var(l) = ¥x_, pr (I — E[1])%.

ProOF. (Proof of Proposition I.1.)
First, we have

1 K
——In (Z pke—fﬂk)
T iz

[ K

1

= L |3 prenBIIHEND)
’7 ,I;

pre” 1B e—rﬂE[l]}

pre TEELD | LR (93)

‘H MN EMN

=
~

1

Notice that we assume 7 - kmax I <In2,and [y > 0 for all k.
=1,...K

Thus, 5 (It —E[1]) < In2and 7% (It — E[I])? < In2 for all k. Next,
from (93), we have

1 K
-—In pke_'ﬂk

K
<[> p (1—n(lk—E[z]>+§n2 (lk—E[mz) +E[l]
k=1
1 K
=——In|1+ 0° > p (b — B[ |+ EL1], (94)
k=1

where the inequality is because (i) e™ > 1—x+ %xz forallx <In2
and (ii) 7 (I — E[l]) < In2 for all k, and the equality is because
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E[l] = ZII<<=1 Pilk. Finally, from (94), we have

1 K
—=In (Z pke”lk)
O Vot
<1 (e%vz Ziilpk(lk—EUDZ) +E[1]
n
—E[l] - g Var (1) .

where the inequality is because (i) 1+ 2x > e* for all x € [0,1n 2]
and (i) 5 (It = E[1])? < In2 for all k.
[m}

Proor. (Proof of Lemma 4.3.)
Notice that we have 5272 < In2, and Li[u,v] € [0, 2] for all k.
Hence, Proposition .1 implies that Lemma 4.3 is true.
[m}

J PROOF OF LEMMA 4.5

To prove Lemma 4.5, we first prove Proposition J.1 below. Lemma 4.5
then directly follows Proposition J.1.

ProrosITION J.1. Consider the log-sum-exp function

1 K
——In pke_'ﬂk ,

where 2115:1 P =1,and0 < pr <1 forallk.Ifn - || < In2 forall
k, we have

K
—% In (Z Pke_’ﬂk) > E[l] - n - Var(l), (95)

k=1

where E[I] = X pili and Var(l) = XX_ pr (I — E[1])%.

ProOF. (Proof of Proposition J.1.)

First, notice that Proposition 1.1 and Proposition J.1 consider the
same log-sum-exp function —% In (Zle pke_”lk). Thus, we still
have (93). However, different from Proposition 1.1 that gives an
upper bound of the log-sum-exp function, Proposition J.1 gives a
lower bound.

Since 5 - |l| < In2 for all k, we have n (I — E[l]) = -2In2.
Next, from (93), we have

1 K
- =In (Z pke_”lk)
L Ve

K
2~ | " pi (10 e~ EUD + 0 (- EID?) | + 10
k=1
1 K
2_5111 1+ " pr (e — B | +E[1], (96)
k=1

where the inequality is because (i) e™ < 1 — x + x2 for all x >
—2In2and (ii) n (It — E[I]) > —21n 2, and the equality is because
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E[l] = Zszl Pkl Finally, from (96), we have

1 K
——In pke_'ﬂ"

> _1 In (3772 Shet Pk(lk_E[l])z) +E[1]
n
=E[l] —n-Var (D),

where the inequality is because 1+ x < e* for all x.

ProoF. (Proof of Lemma 4.5.) )
Notice that we have 173 < In2, and L}:OW [u,0] € [-71, 71] for
all k. Hence, Proposition J.1 implies that Lemma 4.5 is true.
O

K PROOF OF LEMMA 4.6

In Proposition K.1 below, we develop a new expression for the
variance

K K 2
Var(l) = ZPk (lk - ZPklk) - (97)
k=1 k=1

Proposition K.1 will be used to prove Lemma 4.6 and Lemma 4.7.

ProrosiTION K.1. For the variance Var(l) in (97), we have

K

> Pt ey — i) (98)
k1,ko=1,
k1#k;

Var(l) = % .

Proor. (Proof of Proposition K.1.)
Lemma K.1 is true because

K
> prpr (e — Ik,

ki k=1,
ki1#k;
K K
Z Piy Pk, (lﬁl + liz) - Z 2Pie, Py Uiy Ik,
k1,kz=1 ki,k2=1
|SE ki#k;
K K K
Z Z prly -2 Z Piey ey Z Piclk
=1 ke fr=1 k=1
k’;ek k#k;
= ZZPk (1-pe) I} -2 Z Pry iy (Zpklk Pkllkl)
k=1 k=1
K K
=2 ZPkli -2 (Z Pklk)
k=1 k=1
=2-Var(l).

We can now proceed with the proof of Lemma 4.6.

ProoF. (Proof of Lemma 4.6.)
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First, according to Proposition K.1, we have

Var( u,v] |‘H kROW[ ])
1 N A 2
=5 Z AV [l o™ [u] (Li, [, 0] — L, [u,0])°.
K1,k €kROV [14,0],
ky#koy
(99)
Next, we derive (i) the relation between pROW[ ] and pROW[ ],and

(ii) the probability of choosing each working group kROW [u,v]. For

ow
(i), recall from (24) that pROW[ 1= %. Moreover, recall
k=1 Wk
ow
from (31) that pROW[ ] £ ZWE 1[411;]0\)‘/[14] , which is calculated
kekROW [ 5]

based on the chosen working-group kROW [u,v]. Then, we have

"ROW[ ] _ W]EOW [u]

p
g T WOVl
kekROW[y,0]

ROV él wiOW [u]
él W/EOW [u] ken&m% [u0] vl
=% [l - . 1 ]
kekROW [0 él WO u]
_ pgow[ 1. S 1p£ow = (100)

kekROW[4,0]

where the third equality and fourth equality are because of the

update of the probability pROW[ ] in (24). In other words, the

ROW [ ] ROW [u]

conditional probability p is simply the probability py
divided by the sum of the pgow[ ] inside the chosen working-
group kROW [

group kRO

u, v]. For (ii), the probability of choosing each working
Wy, 0] is

Pr {ni;ROW[u, o]|H[u - 1]}

»

kekROW [1,0]

Pr {kEOW [u] = k|H [ - 11}

.Pr {@Q‘ﬁu, 0] = kROW [y, 0] - {k}|k§0w [u] =k, H[u- 1]} }

1
= Z POV ] - (101)
ke]&ROW[u,v] (M—l)

where the last equality is because of (24) and because ROW chooses
the secondary arms uniformly (see Step 2 in Algorithm 4). Then,
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from (99)-(101), we have

ERROW[u,u] [Var (L[u, o] |]1A§Row[u, U]) )7‘([14 - l]]
= Z Pr {]&ROW [u,v]\‘H[u - l]}

kROW [w,0]
1 A N
2 BV ] (L, [w o] - Ly [w.o])?

Ky ke €kROW [1,0],
k1#ks

Sy oy p,EOW[](K—l_l)

kROW[u o] kekROW[u o] M-1

ROW ROW
PROW [4] pROW [y
Z ! 2 5 (Lk1 [u,0] - Ly, [u, 0])2,
ki,k
EH%RO{V[Z]U]’( X > Pgow[u])
ki#ky kekROW u,0]

(102)

where the first equality is because of (99), and the second equality
is because of (100) and (101). By re-arranging the terms on the
right-hand-side of (102), we have

E]}?;ROW[u,z,] [Var (L[u,u]|]f§ROW [u,v]) H [u — 1]]
ROW ROW
o 5 5 PROWV [u]pFOW [u]
- 2.(K—1) Z pROW[ ]
M—1) kROW [y, 0] ky,kp €KROW [11,0], k

Kiths kekROW [1,0]

(L, (0] = Ly, [w,0])% . (103)

Finally, from (103), we have

Birow (0] [Var (L[u, o[ROW [y, U]) ‘7‘([11 B 1]]

1
> —&m T > > RO Ll OV u]
M~=1) ZROW [y, ] ky,kp €KROW [11,0],
k1#ks
 (Li, [ 0] = L, [w,0])°
K-2 K
(M—2)

= M2 N ROV ulpoY [u] (L, [, 0] - L, [u,0])°
2 (M-1) K omn,
k1#ks

M-1
=X_1 - Var (L[u,v]iﬂ[u -1]),
where the inequality is because D pgow [u] < 1, the first

kekROW [1,0]
equality is because there are (ﬁ:i) working groups containing
both arm k; and arm k», and the second equality is because of
Proposition K.1.
O
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L PROOF OF LEMMA 4.7

Proor. First, based on the definition of the variance, we have

Bjrow [y, [ (LROW JJEROW 4,1 : V)‘W u—l]]
3T i [l (ERO% )
k=1
2
- (Zpiow[u]iiow[u]) Hu - 1]}
k=1

< Egrowy v

ZPROW ul (iiow[ul)z 'W[u - 1]} . (104)

k=1

Next, from (104), we have

ERROWMV] |Var (EROW [u] W [u,1: V] ) [ [u - 1]
Z pROW

(Ll 00 ()] = Lygow [, vu(k)])z 1 - 1]]

( ) Z EkROW[u 1:V]

. (Lk[u, oy (k)] - Lkgow[u] [u, vu(k)])2 “H[u - 1]},
(105)

K-1
< M=—1 IE‘:']kp‘OWuIV]

ROW[ ]

where the inequality is because of the calculation of the loss differ-
ence Lgow [u] in (28), and the equality is because of the linearity of

wiv] i with re-

spect to the randomness of EROW [u,1: V]. Thus, it can be expanded
into a sum over the randomness of the primary arm k§0w [u] and
the randomness of the sub-episodes where each secondary arm k
is chosen. Then, from (105), we have

the expectation. Notice that the expectation E]&ROW[

Brow[u 1] [Var (iROW[uH]ngOW[u, 1: V]) |7{[u - 1]]
k-1)2 & &
< (m) Z Z {PE%V\X[ LUl

k=1 kgow[u]:l
v
v=1

Pr{ou(k) = {03} - ROV [u] (Ll 0] = Lygow L1, v])z] }
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Moreover, when k = k(I){O " u], we have Ly [u,v] — LkROW[u] [u,0] =
0
0. Thus, we have

Birow .1, ][Var (LROW[ JJKEOW [, 1: V] )(74 u—1]]

K-1 K K
— ROW
< (m) Z Z {kaOW[u] [u]
k=1 kROW [y ]=1,
KROW [4/] £
>

v=1

“ (i

Pr {wu(k) = {0}} - PRV [ ](Lk[u,v]—Lkgow[uj[u,v])z]}

) Z Z pi%%[u][u]
k= 1kROW
kROW[u]

Dt

v=1

ROW (Lk [u, 0] - Lk(}}ow[u] [u, U])Z]

\4

_ UK 1) ZVar (Llu, o] [H[u - 1]), (106)

M-

where the first inequality is because the probability

Pr {ou(k) = {0}) =

(107)

~| =
[

and the last equality is because of Proposition K.1.

REMARK 3. Notice that when K — 1 is not divisible by M — 1, some
arm could be chosen as a secondary arm again in the V-th sub-episode.
In this case, besides vy, (k) = {v}, we need to consider v, (k) = {0, V}.
Then, the first inequality in (106) becomes

Bgaowpy) | Ver (EFOV TV 1: v)) |7-l[u -1]]
K K

K-1)° ROW
< (M — l) : Z Z {kaOW[u] [u]
k=1 k(}fow[u]:l
kROW[u]

ZPr{vu(k) 03} - POV Lu] (Ll 0] ~ Lygowy, [01)

' Z Pr {wu(k) = {0,V}} - pROY[ul (Ll 0] + Ll V]

v=1
2
}. (108)

To get an upper bound for the right-hand-side of (108), let us first
focus on the terms inside the bracket “[-]”. The first term inside the

_ Lk{fow[u] [u,0] — Lk{)‘OW[u] [u, V])
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big bracket "[-]" is trivially upper-bounded by twice of itself,

3 Br e = (0] POl (10 - Loy )

=1

V-1
<2y Priouk) = (o)} - " [ul (Lelw o] - Lygowp,[w.0])
=1

+2-Pr{ou(k) = {V}} - pROW[u ](Lk[u,V]—Lk(z)zow[u][u,V])zA
(109)

Moreover, note that
(Lilw 01 + Liclw, V1 = Lygow g, [1,0] = Lirow, [ V] )2
< 2 (Lilw o] = Ligowy,, [u,v])2
+2 (L[, V] = Lygowy, [ V])2 .

Thus, the second term inside the big bracket "[-]" can be upper-
bounded as follows,

V-1
2 Priou®) = 0.V o 1 (Lilw o + L, V]

2
- kaow[u] [u,0] — Lk(’fOW[u] [u, V])

P (0u(8) = (0.0} pfOTul (L] — Eygowy ol

M<}

7
+2 ) Prioy(k) = {0,V}} - pfO"u ](Lk[u, V] = Lygowy,, [u. V])Z.

(110)

11
=N

<
Il
—

Note that the probability that the secondary arm k is chosen in the
sub-episodev = 1,...V — 1 is simply % Therefore, the sum of the
first term on the right-hand-side of (109) and the first term on the
right-hand-side of (110) is equal to

V-1
2 3 (Pr{ou(k) = {o}} + Pr{ou (k) = {o,V}})
v=1

2
. plljow[u] (Lk [u,0] — Lk{fOW[u] |u, v])

V-1

2ZK

v=1

ROW[ ](Lk[u,o] = Lyrowpy,) [u,v])z. (111)

Similarly, the probablllty that the secondary arm k is chosen in the
sub-episode v = V is also M=1 = Therefore the sum of the second term
on the right-hand-side of(109) and the second term on the right-hand-
side of (110) is equal to

V-1
2 (Pr {ou(k) ={V}} + Z Pr{vy(k) = {o, V}})
v=1
Pfow[ ] (Lk [w, V] - Lk(z)eow[u] [u, V] )2

=2 Alf ROV u ](Lk[u, V] = Ligowp, [u, V])z. (112)
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Finally, combining (108)-(112), we have

Bgaowpyy) | Ver (EFOV TV 15 v)) (W[u ~1]]
K K

K-1 ROW
<2(im) % 2 el
k=1 KROW L1,

kROW[ ]ik

\4
v=1

2
ROW [u] (Lk[u, v] - Lk{fOW[u] [, 0]) ]

_4K-1)
M-

Z Var (L{u, 0] |H[u - 1]). (113)
Therefore, when K — 1 is not divisible by M — 1, there will be an
additional factor 2 in (41), i.e., (41) will become

M-1
4K-1)

1 | var (ERO™ ] [RO% w1 v ) [T - 1]
(114)

Z Var (L{u,v]|H[u—-1]) =
’ E]kROW[u,l:V

This will affect the choice of the parameters, i.e., the relation between

2
n1 and ny in (36) will become 12 > 32 (M 1) - 11, and the constant

¢y in (46) will become cy = 4\6/(11(1 1)

M PROOF OF LEMMA 4.4

Proor. Our proof of Lemma 4.4 follows three steps. First, we

upper—boundEﬂngOW[uJ:V] [gg [u] )7‘([14 - l]] .Second, we lower-bound

Eﬂ&ROW[u,lzv] [gl [u] )?{[u - 1]]. Third, using the relation between

n1 and n2 in (36), we relate these two bounds.
Step 1: Since 1272 < In 2, we have

EH;ROW[u’I:V] [gz [u] ‘W[u - 1]]
S 1
= ; EI&ROW[M,U] [ - ’7—2

.In Z pgow [u]e~neLiluo]

kekROW[1,0]

W[u—l]}

v
- Z Bgrowpy 1) [ka}ow[uj [u,0] ‘W[u - 1]]
=1

< i Bgsowyo) [B [L1w01[EOY [wo] | [H[u - 1]
v=1

- ';—2 : M— -ZVar(L w0 [H[u-1])
\4

= 2 Bisow 1y [Lkgow[u] [u. 0] ‘7{[“ - 1]] (115)
v=1

where the equality is because of the definition of g3 [u] in (35) and
the linearity of the expectation, and the inequality is because of
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Lemma 4.3 and Lemma 4.6. Let us focus on the first term on the
right-hand-side of (115). According to (31), we have

W/I:OW [u]

S wOWu
kekROW [1,0]
W[EOW[

PO [u] =

u]
K
3 wWROW[u]
k=1
Z W]leW[u]
kekROW [1,0] § wrOW ]
ROW[ ]

= P . (116)

S POV

kekROW [1,0]

We let

K
E[L[u,0]|H[u-1]] Z
k=1

u]| Ly [u, v], (117)

denote the expected loss of full feedback with regard to the ran-
domness in pROW[ ]. Thus, according to (116) and (117), we have

Bgsow ) [B [L1w01[EOY [wo] | fH[u - 1]

= Z Pr {I&Row[u, o] |7'{[u - 1]}

krROW [wo)

> AV [ullelu, 0]

kekROW [1,0]

=YY v (Kl,l)

KROW [14,0] k€kROW [11,0] M-1

PROV [u]
) S pRoW k]
ROV w0l | grow (o]

2 AV ko]

(M 1 kROW [u,0] kekROW[u 0]

=E [L[wo]|H[u-1]], (118)

where the second equality is because of (101) and (116), and the
fourth equality is because there are (]I\(,Izll) working groups contain-
ing each arm k. Then, from (115) and (118), we have

E]I%ROW[u,LV] [92[“] [u— 1]]

|4
< > E[Lluo][H[u-1]]

o=1

_ 2 _-ZVar(L u,o]|H[u-1])

\4
= 2 Bivow 1] [Lkgow[u] [u, U]‘W[u - 1]] . (119
=1
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Step 2: Since 171 < In 2, according to Lemma 4.5 and Lemma 4.7,
we have

EH%ROW[M’LV] [91 [u] "7’{ [u-— 1]]
> Bgrowy, 1v] [E [EROW[quROW [u1: V]] "H[u - 1]]

2K - 1)

-1 - e

1

) ZVar (L{u, o] [H[u - 1]). (120)
Let us focus on the first term on the right-hand-side of (120). We
have

Bgsow gy |B [FROV [l O w15 V] | [H(u - 1]

K
= Piow 111
KROW[y]=1

-Eq;

kROW [1,1:V [ KROW ] ]

Z pROW ]ZROW [u] :|

= Z p,‘j.%vvi [u]

kROW [u

’ ZPEOW[H] : E]&ROW[”,I:V“C(}){OW[”]] [I:ROW[”]] >
(121)
where the second equality is because of the linearity of the ex-
pectation, and because the probability pROW[ ] is independent of
the choice of the working group kROW[u, 1 : V]. Notice that the
conditional probability that arm k is chosen as a secondary arm in
each sub-episode (conditioned on k not being the primary arm, but

unconditioned on the events in other sub-episodes) is % Thus,
from (121), we have

Bgsow gy | B [EROV [l O w15 V] | [H[u - 1]]

K
S ]ZPROW
kgOW[u]
Vg 1 Bl 0u (k)] = Lygow [, 0 (K)]
Z K-1 M-1
v=1 K-1
K
S e 1sz0W
kROW[ ] 1
\%4
7 Bl 00 = Lygow [, 01|
v=1
\4
=ZE[L[u,u]|¢([u—1]]
=1

\4
- Z EkROW[u’l:V] [Lk(‘fow[u] [u, 0] ‘7‘{[14 - 1]] . (122)
v=1

Li[wo, (k)J—LkRow[u] (w04 (k)]
M T =0.

When k = kg OW [u], LROW [u] =
Thus, it does not affect the first equality of (122) Then combining
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(120) and (122), we have

E]ngOW[u,LV] [91 [ul|H [u - 1]]

14
> ZE [Llw o] |H[u—1]]
=1
2K

_1) 14
e -ZVar (L[, 0]|H[u - 1])

M<

ROW[ulV [LkROW[u u,v “7{ u— 1]] (123)

—_

Step 3: Finally, let us compare (119) and (123). The only difference
is the second term on the right-hand-side. According to (36), 2 >

16 (M 1) - 1. Hence, we have (37).

N PROOF OF LEMMA 4.8

ProOF. We start from considering the first term on the left-hand-
side of (43). First, we have that for all episodes u = 1, ..., U,

K )
L 3 pROW el
A Vst

=——In|————|, (124)

K
2 whOW[y]
k=1

where the first equality is because of the update of the probability
pEOW[ u] in (24), and the second equality is because of the update

of the weight wROW[ ] in (29). Then, according to (124), we have

]

1

U

D Eu-1) {E]&Row[u,l:v] T

u=1
(Z ROW —mLROW[u])
k=

1

= Z Egfu-1] T

g w OW[u+l]
e 'ﬂ[u—l]”

kROW [u,1:V]

,—".

§ ROW[ ]
K
U % WOV u+1]
1 k=1
= ZEROW —’7—1111 <
i PRl
=1
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Thus, we have

U
Z Eﬂ[u—l] {E]&ROW [4,1:V]

u=1

1
m

K .
-In (Z Pgow [u]e_mLiow[”])
k=1

]

u 1 k=1
= Erow Z -—In

= ]EROW ——1In s (125)

where the first equality is because of the linearity of the expectation,
and the fourth equality is because of the telescoping sum. Next,
since w}:ow[l] =1 for all k, from (125), we have

U 1
;Ew[u—u {En;mwmx/] T
K 7 ROW
-In Zpﬁow[u]e*m% Wl u - 1]
K
=Epow |—— Z YU +1] +ln—K. (126)
p n

Notice that the second term on the right-hand-side of (126) is the
first term on the right-hand-side of (43).

Then, let us focus on the first term on the right-hand-side of
(126). We have

K
1
Erow |—— In E WROW[U+1]
m k

k=1

1
-U—llnwgg‘;V[Uﬂ]

_l ln( -m XL ILEOPT[H])]
n1

U
RO W
2, Ll

u=1

< Erow

= Erow

= Erow (127)

ROW
Wi opr [U+

ROW[ ]

K
where the first inequality is because }; WEOW[U+1] >w
k=1

1], the first equality is because of the update of the weight w

in (29). Notice that if kOFT is chosen as the primary arm, ie.,

kffow[u] = KOFT LRgP\?/[u] = 0. This will not affect

the last equality. On the other hand, the conditional probability
KOPT 4

, we have

that arm
(conditioned on k not being the primary arm, but unconditioned

is chosen as a secondary arm in each sub-episode

on the events in other sub-episodes) is % Thus, from (127), we
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have
Erow |—— an WROW U +1]
U
Z Hlu-1] Z pi%\vxv] [u]
u=1

KEOW [1]=1

K-1 M-1

' Vo — 1 Lgoer [w,0] = Lk})‘ow[u] [u, 0] ]
v=1 K-1

ROW
Z P KEOW [ [u]
kROW u] 1

\4

{Lkopr [u,0] - LkUROW[u] [u, U]} } (128)

o=1

Then, from (128), we have

Erow

T
< Z Liorr (1)
=1
U
- Z Efu-1]
u=1

——ln WROW U+1
m Z ]

|4
u] Z Lk(I){OW [u] [u, Z)]
v=1

(129)

K
3 (pgs:x[

KEOW [u]=1

where the inequality is because of the linearity of the expectation.
Finally, combining (126) and (129), we have (43).

O
O PROOF OF THEOREM 4.1
Proor. We use
T
LossfOW(1:T) 2 Z row (7 (1) (130)
t=1
and
T
OPT . A :
Loss?PT(1:T) 2 (min_ ; I.(t) (131)

to denote the total loss of ROW and OPT, respectively. According
to the upper bound of the switching costs of ROW in (44), we have

RROW(T) < max {EROW [LOSSROW(I : T)] —Loss%FT(1: T)}
Lk (1T)

T
+ min {M,K — M} - {—} (132)
)
In the following, we focus on calculating the worst-case differ-

ence between the expected total loss of ROW and the total loss
of OPT, i.e., the first term on the right-hand-side of (132). First,
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according to Lemma 4.2, we have

Erow [LOSSROW(l : T)]

tuotta—1

U \4
= Z E(H[u—l] { Z E]ngOW[u,U] l Z Z PROW(t)
u=1 o=1

=tuy [ ekROW [1,0]

-lk(t)‘ﬂ[u—l]”
U

\4
< Z Eqi[yu-1] { Egrow 4,01 [gz [u, ]
u v=1

=1

. %17212 +1fH[u - 1]”

o o) |92 01|~ 11]}
v=1

1 T

+ EUZT + L—z

(133)

where the inequality is because of Lemma 4.2. Next, according to
the relation between gz [u, v] and g [u] in (35), from (133), we have

Erow [LOSSROW(I : T)]

< ) Eqfu-1 {Eﬂ%ROW[u,lzv] [92 [u]“H[u - 1]]}

U |4

+ZEW[u 1] {EkROWulv ZLkROW ol [w,0]|H][ u—l]}}
u=1 v=1
1

+omT+|— (134)
2 T

Notice that the values of the parameters in (46) satisfy the conditions
in (36). Thus, Lemma 4.4 holds. Then, applying Lemma 4.4 to (134),
we have

Erow [LOSSROW(I : T)]

-3 B 1) {Bgsow iy |on 1= 1]}

\4
+ Z E?‘([u 1] { kROW[u,l:V] Z LkOROW[u] [U, U] |7'{[u - 1]]}
v=1

1
+-mT+|—
2’72

(135)

Then, according to Lemma 4.8, from (135), we have

L InK 1 T
Erow [LOSSROW(l : T)] < Z lkOPT(t) + ’7—1 + 5}]2T+ ’75

Since (132)-(135) hold for all loss sequences I;.x (1 : T), we have

Erow [LossROW(l : T)] - ZT: Lovr (1)

1 InK {T
< -mT+—+|—
2 m 2

, for all loss sequences I1.x(1: T). (136)
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)

(137)

Finally, combining (132) and (136), we have

1 InK T
RROW(T) < 5,72’]‘4. r’;—l +min{M,K — M} - L'_

(137) is the same as (45), which can be used as a reference for tuning
the parameters.

In the following, we elaborate how we get the exact form of
the final regret in Theorem 4.1. First, according to (46), we have
nm=—m=L_ andr = [IHZJ Thus, according to (137), the regret

16(%)
of ROW is upper-bounded as follows,
K-1 )2 InK

RROW (T < T+16
(T) '72 M-1 12

+ (min{M,K —M}-f1+1) —— +min {M,K — M} - 1 +1

T
2]
1 min{MK-M}-B+1 K-1\* InkK
<[+ 2T + 16 —
2 In2-n; M-1 n2
+min{M,K — M} - f1 +1. (138)

The value of 12 is then chosen to approximately minimize the right
hand side. Specifically, according to (46), we have

B InK 4K - 1)
NS v min (MK - M} 2 M-1

448(K-1)?InK
2+21

o=

ST

Thus, for T > , we have

16(§+2ﬁ1)
448( +min {M,K — M} - 2/31)(M—1)2

1 1
<y = <h2--. (139)
28 2

Finally, combining (138) and (139), the regret of ROW is upper-
bounded as follows,

2 <

RROW(T) < (% +2(min {M,K - M} - py + 1)) naT

K-1\* InK

Ty S R Yl V) O
M-1 12

_8(K-1)

M1 +m1n{MK M} - 261 VIn KNT
+min{M,K—M}~ﬁ1+l.
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